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Abstract: A point-line geometry of type D; (F), F 1s a finite field , will be constructed to be isomorpluc to the
classical polar space of type Q°(10,F), moreover we present a characterization of such geometry.
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INTRODUCTION

Hanssenes (1998) presents an axiom system for many
point-line geometries associated to fimte buildings
contaimng a polar subspace of rank at least three and
half-spin geometries. Cooperstein (1977) and Cohen (1 883)
gave a characterization for D;(F) as a group 1somorphic
to Q7(10) which is called later Half-spin geometry.
Buekenhout (1982) generalized the characterization to
present a construction of building of type D, and D,
where n>4. Cohen (1984) gave description of two
buildings of spaces of type of D, and D,;. A general
techmque was presented to generate subspaces such as
Grassmannians (1987) A, and A_; that are needed to
recognized a point line geometry D). ;. Z. Abdelsalam and
Mohammad (2005) presented a general case for the class
of geometries D, ; (nz5), D ; mz6) and D, ,(n=7) that 1s a
point-line geometry D,, where k=2 and nzk+3, he also
gave a theorem which -characterized, by axioms on
points and lines, the geometry D, where k=2 and nzk+3
(Abdel Salam, 2006). We see that D, where k=2 and
nzk+3 does not contain the case that n=5 and k=3, so we
present a construction and a characterization of a
point-line-geometry of type D ..

First we present some definition of termmeology’s that
will be used. For most of the following definitions
(Buekenhout and Shutt, 1974).

Given a set I, a geometry I' over I 1s an ordered triple
I'=(X.., D), where X 1s a set, D 15 a partition {X} of X
indexed by I, X are called components and . is a
symmetric and reflexive relation on X called incidence
relation such that:

x.y implies that either x and y belong to distinct
compoenents of the partition of X or x = y. Elements of X
are called objects of the geometry and the objects within
one component X of the partition are called the objects of
type i The subscripts that mdex the components are
called types. The obvious mapping T.X—, which takes
each object to the index of the component of the partition
containing it 13 called the type map T.
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A Pomt-Line geometry (P, L) 18 simply a geometry for
which [I] =2, one of the two types 1s called points; i this
notation the points are the members of P and the other
type 1s called lines. Lines are the members of L. If p€P and
leL, then p *1 if and only if p£l. In pomt-line geometry (P,
L), we say that two points of P are collinear if and only if
they are incident with a common line (We use the symbol
~ for collinear).

The singular rank of a space I' is the maximal number
n (possibly <) for which there exist a cham of distinct
subspaces @=X,cX,c ... <X, such that X, 1s singular for
eachi, X;#X, , i+ j. For example rank(q)=-1, rank( {p} ) =0
where p 13 a point and rank(1)=1 where 1 a line.

x* means the set of all pomts m P collinear with x,
including x itself.

A subspace of a pomnt-line geometry I' = (P, L) 18 a
subset Xc P such that any line which has at least two of
its incident points in X has all of its incident points in X.
<X> means the intersection over all subspaces contamning
X, where X ¢ P. Lines incident with more than two points
are called thick lines, those incident with exactly two
pounts are called thin lines. In a pomnt-line geometry I' = (P,
L), a path of length n 1s a sequence of o+l (x,.x,...x)
where, (x,%,,) are collinear, X, is called the initial point and
x, 1s called the end pomt. A geodesic from a point x to a
point y 1s a path of mimmal possible length with maitial
point x and end point y. We denote this length by d (%, y),
the length of the geodesic from x to y 1s called the
distance between x and y. The diameter of the geometry
is the maximal distance of points.

A geometry I' 1s called comnected if and only if for
any two of its pomnts there 1s a path connecting them. A
subset X of P is said to be convex if X contains all points
of all geodesics commecting two ponts of X.

A polar space 15 a pomnt-line geometry I'=(P, L)
satisfying the Buekenhout-Shult axiom:

For each point-line pair (p, 1) with p not incident with
1; p 18 collinear with one or all pomts of 1, that 1s p*ril.=1 or
else p*=l. Clearly this axiom is equivalent to saying that
P 1s a geometric hyperplane of I' for every pomt p=P.
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A point-line geometry I'=(P, L) is called a projective
plane if and only if it satisfies the following conditions
(Cooperstien, 1977):

¢ TI'isalinear space; every two distinct points x, y in P
lie exactly on one line,

*  Every two lines mtersect in one point,

»  There are four points no three of them are on a line.

A point-line geometry I' = (P, 1) is called a projective
space 1f the following conditions are satisfied:

+  Every two points lie exactly on one line,

e If1, 1,are two lines 1,1, #2, then {1, 1,) is a projective
plane. ( {l,, 1) means the smallest subspace of T"
containing 1, and L.}

A point-line geometry I" = (P, L) is called a parapolar
space 1f and only 1if 1t satisfies the following properties:

¢ I'isa connected gamma space,

+  Forevery line 1; I is not a singular subspace,

* For every parr of non-collinear points x, v; x'Ny* is
either empty, a single point, or a non-degenerate
polar space of rank at least 2.

If x, y are distinct points in P and if sny* =1, then (x,
v) 18 called a special pair and if x*'"y* 1s a polar space, then
(%, y) is called a polar pair (or a symplectic pair). A
parapolar space is called a strong parapolar space if it has
no special pairs (Hanssens, 1986).

Construction of D ,(F):

A,
Ds,:(F)

Polar space A

Consider the classical polar space A = Q' (10, F) that
comes from a vector space of dimension 10 over a fimte
field F = GF(k) with a symmetric hyperbolic bilinear form.
The two classes M,, M, consist of maximal totally
isotropic 5-dimensional subspaces. Two 5-subspaces fall
in the same class 1f their intersection 1s of odd dimension.

The geometry of type D, (F) 1s the pomt-line
geometry (P, L), whose set of points P is corresponding
to the class 5, that is: the collection of all totally isotropic
3-dimensional subspaces of the vector space V and
whose lines are corresponding to the collection of all 5-
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dimensional subspaces of the vector space V that are fall
in the class M,. A point C is incident with a line B if and
only if CcB as a subspaces of V.

To define the collinearity, let C, and C, be two point
(the points are the T.I 3-spaces), then C, is collinear to C,
if and only if the intersection of C, and C, is a T.I 1-
dimensional space. This intersection in addition to the
complement of C, and C, must form a T.I 5-dimensional
space. The elements of the class M, are geometries of
type A, ;(F).

The symplecta of D, (F) are the Grassmannians of
type A, ,(F) that are corresponding to the collection of TL
2 dimensional spaces.

Notation: Let the map '¥: P~ V defined above, 1.e., T(p) 1s
the T.I. 3-dimensional subspace corresponding to the
point p. We will use ¥ for the rest of the geometry; for
example W(D,,) is the TI. 1-dimensional subspace
corresponding to a geometry of type D,, The mverse
map P will be used for the inverse; for example ¥'(C) is
the point corresponding to the T.I. 3-dimensional
subspace C.

THE MAIN RESULTS

Te make a characterization for the geometry D, , we
present the theorem.

Main theorem: Let I' = (P, 1) be a point-line geometry of
type D, ,, then the following are satisfied:

(P)T" 1s a strong parapolar space of diameter 4.

(P,) The symlecta of the geometry are of type A, ..
(P,) If (p, S) 18 a parr of non-incident point-
symplecton, then rank(pn S)= -1 ,0, 2.

(Py) If S, and S, are two different symplecta of D;; ,
then rank (S,n S,) = -1, 0.

The proof of (P,) 1s the proofs of the Propositions 1,
2 and 3. (P;) 1s the Proposition 4, (P,) 1s the Proposition 5
while (P,) from the above construction and the diagram
geometry of D, ..

Propostion: The diameter of the point-line geometry
D, .(F) is equal 4.

Proof: We prove that max{d(p, q): p, q¢P} = 4 Letp, q

be two points in P and ¥(p) = <x,, x,, x>, P(Q) = <, v3»

y,> be their corresponding. Then we have two cases:

o Wipin P(q) = 1-space, say <x>, wherex = %, = ¥y,.
Then P(p) = <x, %, x>, P(q) = <y, v, y5=, ow we
have the following case:
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%N Pg) = P(g),

Then the two points p and g collinear in a line 1 such
that W(l) = <x, x,, X, y5 y7>, sodi{p, @) = 1.

¢ Y(p)n P(g) = 2-space, say, <x, y> where x =%, =vy,,
v =x, = y;and x;* N P(q) = P(q), then the 4-space <x,
V. X5, v; > 18 contamned m a TI 5-space, <u, x5, X, v, y;>=.
Therefore, we find just two points r, s such that P(r)
<, X, X7, P(8) = <u, v, yo> and each of the
following are satisfied:

* ¥(r)n¥(q) = l-space = <>¢>. Thenr is collinear to
q but is not collinear to p,

* W(s)n P(p) = 1-space = <y>. Then s 15 collinear to
p but is not collinear to q.
at the same time P(r) n P(s) = 1-space = <u>. Then
ris collinear to s in a line I where P(I) = <u, x, ¥, X,
y=~.sod(p. ) =3.

* P(p)n Pi{q) = O-space , we have two cases:

-y ¥ip) = <x, x>,
v, ¥ (py= ¥(p),
v ¥ = ¥

Then <x,.X, ¥..y, ¥~ is a TI 5-space and r is a point
such that P(r) = <x,, v, x;, > Since P(ON¥(q) = <y;>,r1s
collinear to q. Let s be another point such that P(s) =
<X, ¥ ¥ then we have a TT 5-space <X X, ¥, ¥: ¥ 7
and P{r) n P(s) = <x,> and s is collinear to r. we show
that s 13 collinear p since T(p)n P(s) = <x,> and < x.,x,,
X3,¥s, Yo form a T1 5-space, so d(p, q) = 3.

yl* M T(p) = <X1= X2>=
yo Bip) = <x, x>
v P(p)= <x, %>

Then P(q) is contained in a Maximal TT 5-space <u, v,
Vi, ¥2» ¥+ Let 1, s and t be three pomts where ¥(r) = <u,
v,y T(s) = <x, v, v and ¥ () = <x,, u, v, then

P n ¥l = <y,
PN ¥is)= <y,
PO NP(P) = <x>,

Thenr is collinear to 1, T is collinear to s, s 1s collinear
totand t 1s collinear to p, so d(p, q) = 4, this complete the
proof.

The following two propositions proved that the
geometry D, .(F) is strong parapolar.

Proposition: D, ,(F) 1s a strong geometry.
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Proof: We prove that the geometry has no special pair.
For any two points p, g where, P(p) = <x,, x;, x> and P(q)
= <y, ¥y, v5~ , there are three cases:

o P(p)nPg) = l-space=<x> x =%, = y,and <X, X,, X,
V., ¥o== 18 a T 5-space. Then d(p.q) =1 and p'n q* =
¢, so 1n this case p and q has no special pair.

» TP(pinTP(g) = 2-space = <x, y>,x = %, = yrandy

X, = ¥, Let<u, X, X, v, y,> be a TT 5-space that
contains the 4-space < x,, X, ¥, ¥,>. Then we find the
two points 1, s such that ¥(1) = <u, y, y> and P(s)
= <u, %, x,>. Therefore r ~ q but r 15 not collinear to p
and s ~ p but s is not collinear to q moreover r ~ s.
Then d(p, q) =3 and p*ng* = @, so in this case p and
q has no special pair.

»  YP(pinP(q) = O-space. This case leads to d(p, q) = 4,
see Proposition 1 and then png* = @, so p and g has
no special pair. From all cases the geometry is strong.

Proposition: D, ,(F) i1s a prapolar geometry:

Proof: Firstly we show that D, .(F) is gamma space, let (p,
1) be a non-incidence pair of a point p and a line 1 where
P(p) = <x,, %, %> and ¥(1) = <u,, u,, u;, u,, u> are the
corresponding image. Then the intersection ¥(p)n¥(l)
has three cases:

o TP(pENP(l)=2-space = <X, y>, X =X;=U,, ¥ = X; = Us.
Then x,*n P(1) = 4-space = <x, v, u,, u;> and we can
find a point r incident to 1 where W(r) = <x, u,, us>.
Since P(r) ¢ (1) and P(p)nP(r) = <x>, p~rie, pl
1s a point.

»  P(pnP(l)=1-space = <x>, x =X, = U,

%' P(1) = 4-space = <x, u,, u,, us>,
%, P(l) = 4-space = <x, u,, u,, U™,

Then there is a point Y(r) = <x, u, u;> where
Y)W (r) =1-space =<x=and (1= = <xx,X,0,u>is
a line meident to the pomts p and r. Then rel and p ~ 1.
le, pnlis apomt.

o P{p)n¥P(l) = O-space,

x NP = 4-space = <u,, u,, us, U,
x,* or X, NP(1) = 4-space = <u,, u,, u,, W.>.

Then there i1s no any TI 3-space mn P(l) intersects
Y(p)in 1-space. i.,e. there is no any point in 1 collinear to
p. Then p'n1 = @. The previous three cases proved that
the geometry 15 a commected gamma space. The remaming
part of the proof is to show that for any two non-collinear
points p and g, p'r q* 18 etther empty, a single point, or a
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non-degenerate polar space of rank at least 2. By
Proposition 1 we showed that for any pair of non-collinear
points p and q, d(p, ) = 3 or 4, then p*r q* is empty and
then for any line 1, 1* is not singular subspace. This
completes the proof.

PROPERTIES OF D, .(F)

The most important properties that will be used for
characterization are related to the relations between the
different varieties of the geometry. The relations between
the points and the symplecta and the relation between
symplecta themselves will be investigated.

Proposition: Let (p, S) be a non-incidence pair of a point
p and a symplecton 5. Then rank(p*n 8) = -1 ,0 or 2.

Proof: Let P(p) = <x,, x,, x,> and P(S) = <y, y,> be the
corresponding TT 3-space and 2-space to the point p and
the symplecta S, respectively. Then there are two cases
for the intersection P(p)n¥P(S):

Case 1: P(p)nP(3S) = 1-space = <x>, where x = x, = y, and
v,'nP(p) = P(p). Then <x,, x,, X, ¥, can be extended to
a maximal TT 5-space, <x,, X,, X, ¥, U> and we can find a
point r, where P(r) = <u, x, y;>. Then

P(SH)c¥(r),
P(p)NP(S) = 1-space = <x>

And <u, x,, X5, X, y,> 18 the corresponding TT 5-space
to the line that 1s incident to the points p and r. ThenreS,
r~p and p*n S is a point i.e., rank(p*m S) = 0.

Case 2: P(p)n¥P(S) = O-space. In this case there are three

cases,

o yP(p) = <x, x> and v, nP{p) = <x,, %> Then
we cannot find any TI 5-space corresponding to a
line incident to the pomnt p and a point r in S. Then
PN S= @ 1,e rank(p'n S)= -1.

+ yyn¥(p) = <x, x> and y; n¥(p) = ¥(p). Since
By, x,)n0, we cannot find a TT 3-space contains P(S)
= <y, v,> and constitute a TT 5-space includes P(p).
Then p*n S = @, i.,e. rank(p'n S) = -1.

o yv'nP(p) = Pp) and y,"F(p) = P(p). Then there
are many points in S collinear to the pomt p that are
D) = <, v, v T) = <,y v and () = <x,
Vi Yo7 Since <y, ¥y, ¥, X,, X5~ constitute a TI 5-space,
all points 1, s and t are contained in S and each of
them is collinear to p. Then pn S is a plane. i..e.
rank(p*n 3) = 2. Then p*n 3 15 either empty a pomt or
a plane 1.,e. rank{(p*n S) = -1, 0 or 2.

Proposition: Let 5, and 3; be two symplecta in D;,(F).
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Then rank(S, n S,)=-1 or 0.

Proof: Let ¥(3)) = <x,, x,» and P(3,) = <y,, v,> be the
corresponding TT 2-spaces to the symplecta S, and S,
respectively. Then there are two cases for the intersection

P(S,)N P(S,)

o WP(S,)NP(8,) = 1-space = <x>, where x =x, =y, and
v P8, =P(8)). Then P(p) = <x,, x, y;> is the TI 3-
space that corresponds to a peint p which contains

P(S,) and (S, i.c.,

IP(SI) c <X1= X, Y1>=
P(5)c <%, %y~

Then Sn\, is a point.

o W(S5,)NP(S,) = O-space. Then there is no any TI
3-space contaimns each of Y(S;) and P(S,), which
means that 5, N S, = @. By the last two cases, rank
(3,nS,)=-lor0.
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