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Abstract: If ¢ be a monotically mereasmg function on [a, b] and a(a), a(b) are Finite and f be a Bounded
function defined on [a, b] such that £ € R (x ), m < f < M, ¢ 18 continuous on [m, M] And h(x) = @o f(x) on
[a, b], thenh e R () . In this study, we generalize the above theorem in a suitable forms for both mtegrand and

integrator
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INTRODUCTION

Let ¢ be a n variable continuous function and
f (1 <1 < n) are all Riemann- Stieltjes integrable Functions
with respect to a monotically increasing function . First,
as a generalization of Rudin (1976) we prove h = ¢o
(fi,...T). In the next, we generalize the theorem for all n
variable continuous functions ¢ and n bounded variation
functions £, (1<i < n). At the end we show the essentiality
of the bounded varational property of f; in the above
theorem by a counterexample.

GENERALIZED THEOREMS

In this study, we prove the generalized existence
theorems on Riemann-Stieltjes integrability of functions.

Theorem: Suppose ¢ is a monotically increasing function
on [a, b] and a(e), c(b) are finite and £ eR{«) on [w, b,
m<fi=M, for 1<i<n, @ is continuous on the compact
subset of R", the n-cell C =T, [m, M| and h = @ (f,,..f,)
On [a, b]. Thenh £ R{w) on [a, b].

Proof: Choose £> 0. Since ¢ 13 uniformly continuous on
C, there exists & > 0 such that 8 < ¢ and | @(t)-@(s)|< € 1f
|s-t|<d for s, t eC (Dieudonne, 1960). Since £ £ R(x), by
Riemann criterion of mtegrability there exists a partition P,
of [, b] such that the inequality U (P, f, @)-L(P, £, )<d’
isholdferl <i<n

Let

WP =P ={a=xX.X,....X, 1.X, = D}

The P2 P,andU (P, f, &)-L (P, f, c)<<d*for 1 <i < n.
Let1 < j < m and define:

My = sup{ﬁ(x);x IS [Xj_l,X] ]}
m; = inf{fi(x);x E[X]_I,Xj]}
Mj = sup{(po (f,..0)xhx e [X]_I,Xj]}
m; =inf {po(f,..f x5 e[x . x
m, :(mlj,...,mm)
M, :(Mm---:Mm)

Az{j:lSjSm, MJ—mJH<6}
B

ThenAnB=¢,AuB=1{1,..m} Letje Aandy, z

S [X]rh Xj]: SO mu < f; (Y) < M] aIld mu < f1 (Y) < M]= for
1 <1< nMoreover ,if

Y, = (y)... L))
2, =2, 1,(2Z)
then:
vz

< JOMy —m, )+ (M - m, Y =

= HMJ 7mJH <8

Thus [@(Y)-¢(Z,)| <€ and M-’ < &.

Let j = B, since the sum on n components is not less
than then &7, there exists 1 < k =k(j) <n. Such that,
50

g my =

o

We have:
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i)
ﬁjeZBAa] < ;(Mm —my JAa; <
<3 (M —m DA

jeB

ot (M, —m Ao, €

jeB

< i(U(P,fi,cc)fL(P f,a))< nd

R

Therefore

o SnJr_lé.
29

1€B

Moreover M-, < 2M for 1 < j < m where M = sub

{lo)|; x € [a, b]}. It follows that:

- Z(MT - m:)AG‘J -
1=1
=31 M; —m))Aa, + > (M —m; Ao, =
jeh 1B
gy Ao, +2MY Ao, <
1E4 jeB

< g{a(b) — a{@) + 2Mna/n)
Sohe R(w)on [, b

Theorem: Suppose ¢ is a bounded variation function on
[a,b], e R{eyon [, b], m; < £ < M, for 1 <1 < nandthe
n variable function @ 1s continuous on the n-cell

C= H?=1[mi’M1]

Leth =ge (f,...f) then h ¢ R(x) on [e, b].

Proof: Let V(x) = v, (¢, X), & < x < b 1s the total variation
function of ¢ on [¢. b]. The functions V and V-¢ are
monetically increasing functions on [e, b), f; € R(V-¢) and
fie R(V-et)on [ee, b] for 1 < 1 < n (Royden, 1968). Now the
above theorem implies that h £ R(V) and h £ R(V-a) on
[ce, b]. Therefore, h € R{w) on [a, b].

Theorem: Let ¢, (1 < i< n)are bounded functions on

[, b], m, < ¢, < M oand f € R() on [, b] for a bounded
variation function f and @ 1s continuous on

C= Hln=1[m"M‘]

then f € Rige ¢;) on [, b).

Proof: The theorem of integration by parts (Graves, 1956)
implies that ¢; € R(f) on [a, b]. So @e a; € R(f) by the first
theorem and f £ Rige ;) by integration by parts theorem
once more again.

Now we proceed to show that the bounded
variational property of ¢ 1s essentially m the second
theorem.

Theorem: There exists a non bounded variation function
o and continuous functions f and ¢ all defined on [0, 1]
such that f € R{e) on [0, 1] but @o f ¢ R(e) on the same
interval.

Proof: Let [x] denotes the greatest integer part of x and
1 1
ax)=—-[-]
X %

for x £(0, 1), &(0) = O and f(x) = x. Smce the set of ponts of
[0, 1] at which ¢ is discontinuous is countable, f € R(w) by
integration by parts theorem. Define

@(x) = xsin T
X

for x € (0, 1) and @©(0) = 0, then @° £ = ¢ forx € [0, 1].
Suppose ¢ € R(e) and

J.Dl(p.dot =1
then there exists a fixed partition:

P ={0=x,.%,..%,_.%x, =1}

Such that S(P, ¢, o) <I+ 1 for all partitions P of [0, 1]
such that P 2 P, Let m, n € N such that 1/2n < x, and
consider the partition;

p o 1 2 1
" | T2n+2m+27n+4m+17 T 2n+2j+ 27

2 1 2 11
dn+4j+1" "2n+474n+5"n+2"2n

X, XX, =1

Of [0, 1], obviocusly P, = P, and P, = P;- {0} 1s a partition
of [x,, 1]and

S(P,,p.0)=S3(F.p,0)+

1 m 1
p(x, Nou(x,) - OL(Z)) + ijl[tp(zn N

2j)
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