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Abstract: In this study, we will mvestigate some properties of quasi-*paranormal operators and some relations
between normal operators and quasi-*paranormal operators. Also we study sufficient conditions for normal
operators and if T is any quasi-*paranormal operator in H. 2000 AMS subject classification: 47B20 and 47B38.

Key words: Hilbert space, *-paranormal, quasi-* paranormal, riesz operators

INTRODUCTION

Let H be an arbitrary complex Hilbert space and let
B(H) denote the algebra of all bounded operators on
H.We say that a bounded linear operator T on H is quasi
-*paranomal | T*Tx|* < |T” x| || Tx| if for each vector x inH
(Arora and Thukral, 1990). In this study, we consider
normality conditions on a quasi - *paranormal operator T
such that T=Q + C for a compact operator C and a quasi
-nilpotent operator Q. An operator means a bounded
linear operator on a Hilbert space. For an operator T €
B(H), let o(T), 0,(T), o[T), o(T) denote the spectrum,
point spectrum ,continuous spectrum and the residual
spectrum respectively. Let N: () be the Li-space of a quasi
-*paranormal operator T, that 1s N () = {xeH: Tx = ux}. A
vector xeN{p) 15 said to be a proper vector for T. A scalar
18 said to be a proper value for the operator T if there
exists a vector x # 0 such that Tx = ux. Then by some
properties of quasi -*paranormal operators.it 13 easy to
verify that {N.(u): peo(T)} i1s a family of mutually
orthogonal reducing subspaces of H (Arora and Thukral,
1990). In this study, we study some properties of quasi-
*paranormal operators and obtain some sufficient
conditions for normal operators.

PRELIMINARTES

Definitions 1: An operator T on a Hilbert space H 1s said
to be

o  Nommal if T*T =TT*,

¢ (Quasinormal if T commutes with T* T,

¢+  Hyponormal if T*T -TT* >0,

e *_Paranormal if |T *x|* <|T* x|| |[x|| for all x € H.

Definition 2: ( Arora and Thukral, 1990).
An operator T 1s said to be quasi-*paranormal if ||T*
Tx|}} < ||T” x| ||x|| for each vecter x in H

Arora and Thukral (1990) has proved by some
properties of quasi-*parancrmal operators that {N"(u):
peo(T)} 1s a family of mutually orthogenal reducing
subspaces of H.

Lemma 1: (Arora and Thukral, 1990).
Let T be a quasi- *paranormal operator. Then

s+ Forany scalar i, Ny (W) €N )

»  For a fixed scalar p and let N = N.(p) then N reduces
T and T/n 1s normal .

¢ N L N:whenever p # v.

s Ifthe p-space of T are a total family, then T is normal.

Patel (1974) has proved the following theorem.

Theorem 1: et A be a hyponormal operator and let B be
*- paranormal operator. If A and B are doubly
commutative (1.e. AB =BA and AB* =B*A), then AB s a
*_paranormal operator.

In the following theorem we show that if a quasi-
*paranormal operator doubly commutes with an 1sometric

operator then the product 1s quasi-*paranormal.
Theorem 2: Let T be a quasi-*paranormal operator such
that T doubly commutes with an 1sometric operator 3.

Then TS 1s quasi-*paranormal.

Proof: For a unit vector x in H
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TSy (T8 =[s*T*TSx|" <|ST* TS|
et =] <[
[sTx|[[sTx| = |8 T s Tx]
|cTsy | JeTsx].

Hence TS 13 a quasi-*paranormal operator.
MAIN RESULTS

Theorem: 3: If T is quasi-*paranormal then T can be
expressed uniquely as the direct sum T = T, & T, efined
on the product space H =H, &H, with the following
properties.

* H, is spanned by the proper vectors of T
+ T, is normal

« T, is quasi-* paranormal and g, (T,) =¢
* T isnormal if and only if T, is normal.

Proof:

¢ LetH, = X® ,,m{NT (u)}. Then H, is spanned by the
proper vectors of T. Since N.(p) 1s a closed linear
subspace, H, 1s a closed linear subspace implies that
H=H, eH*=H, @ H, where H,=H,* Let T , = T/H,
and T, =T/H, then T =T | @ T, uniquely.

e LetH =NgueN:(x)s.. and let xel, thenx =x, +

X, T.... forany x, € No(u), x, € N{er)...... By Lemma 2,

T =TT x, +%,+

=uT ”‘xu+0:T1 T
=HHX, + 00X, oo
T T x)=T*Tx, +%, +

=puhx, +oTx, +-----
=PpX, + OoX, oo
Thus T,*T, x =T,T,* x. Hence T, 1s normal.

o TetxeH, thenx=0+xe€H=H, & H,. Since T 1s
quasi-*paranormal,

|T, * T =|T* T(0+x)| <
\hﬂ(o+-ijT(o+-xjk:WQ3XMH;x”

for every unit vector x in H. Hence T, is quasi-
*paranormal. We will claim that op(T,) = ¢. Suppose that
g, (T,) # . Let ye 0, (T,). Then there exasts x # 0 € H,
such that (T, - y) x = 0.

36

TO+x)=Tx=v(x)=
v(0+x),v(0+x),0+x<H

Thus x = 0 + x€ N; (y). Hence x 1s in H;. This 15 a
contradiction to H, = H,* and x# 0.

s («)Since T,and T, are normal. T=T, & T, is normal.

T, 0 A
=)T=| .| <HEH,

2z

Since T=T, & T, and T, are normal

T*T 0
T*T=
0 T,*T,
TT* 0
TT *=
0 T,T,*

Thus T, *T,=T, T,*. Hence T, 1s normal.

Theorem 4: If H is finite dimensional, every quasi-
*paranormal operator T is normal.

Proof : By induction on the dimension n of H, forn =1,
every operator 18 normal. Assume the theorem holds for
dimension <n. It can be shown that every linear mapping
1n a finite dimensional space has atleast one proper value
{(Berberian, 1961). By Lamma 2, let p1 be a proper value for
T and let N = N; (p), implies N reduces T and T/, 1s
normal. But N* also reduces and T/, is normal. By the
inductive assumption T is normal.

Definition 3: (Tstratescu, 1981)
A point L e o (T) is called a Riesz point of T if (N(T -
1), R(T-p)) reduces T and the following conditions hold.

Dim N(T - p) <=
T/N(T - p) 1s milpotent (1.e.: a(.) = {0})
T/R(T - ) 13 a homeomorphism.

Definition 4: (Istratescu, 1981)
An operator T € B(H) 15 called a Riesz operator if
every point L € o(T), u# 0is a Riesz point.

Theorem 5: (West, 1966)

Every Riesz operator T on a Hilbert space can be
decomposed into T = C + Q where C is a compact operator
and Q is a quasi-nilpotent operator.
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Let C(H) be the algebra of all compact operators on H.
On H, let m(T) be the image of T € B(H) under the
canonical mapping

7 :B(H)— B(H)/C(H)

Lemma 2: (Yoshino, 1 968)

Let T be an operator of the form T = A + C with a
compact operator C and let M be an invariant subspace
of T.Thenpe o, (T/,, yand u €o (A) imply pe o,(1/,,)
$0, 0, (T/M Yo o (A)

Theorem 6: Let T be an operator of the form T =C+ Q
where C is a compact operator and Q is a quasi-nilpotent
operator. If m (T) is quasi-*paranormal. Then T is a
compact operator.

Proof: First we note that A > 0 implies that ©{A) > 0 and
o(A) = {0} implies o (m(A)) = {0} for each operator A €
B(H). Let T = C + Q with a compact operator C and a
quasi-nilpotent operator Q. Then 7 (T) = w (Q) so that o
(m(T)) = o (n(Q)) = {0}. By hypothesis n(T) is quasi-
*paranormal operator (by considerng B(H)YC(H) as an
algebra of operator on some Hilbert space). Hence we
have ||x(T)= suo {|p|: p € o ((T))} = 0, since w(T) 1s
normaloid. This shows that ©(T) =0 and T is a compact
operator.

Lemma 3: ( Arora and Thukral, 1990).
Let T be a quasi-*paranormal operator such that

T *P1 qu ..... T #Pm Tqm
1s completely continuous for some non-negative integers
Pi9iP249z2 P Y

Then T 1s normal.

Theorem 7: Let T be a quasi*paranormal operator of the
form T = C + Q where C 1s a compact operator and Q 1s a
quasi nilpotent operator. Then T is a normal operator.

Proof: Let T = C + Q with a compact operator C and a
quasi-mlpotent operator Q. Smce T is normaloid, there
exists an element 1, € o(T) such that ||T] = |u,| we may
assume that p, # 0. Since p, € 0,(T) and p, ¢ 0(Q), p, €o
(T). By lemma 3 [[T]| = [, and p, € 0,(T) mply Ho€ 0, (T).
Thus

xeH:Tx=pxim
{(xeH:T*x=p,x}#{0}

To prove the theorem, 1t suffices to follow the proof
of Lemma 3.

Corollary 1: If T is a quasi-*paranormal operator and T**
T? 18 a Riesz operator for non-negative mnteger p, then T 1s
a normal operator.

Proof: Since T* T® is a self adjoint Riesz operator, it
follow that T** T? 1s compact and the result follows from
Lemma 3.

Corollary 2: If T is a quasi-*paranormal Riesz operator on
Hilbert space, then its compact part C= 0.

Proof: Since T is quasi-*paranormal, T is normaloid. Tf
there exists a decomposition with its compact part C = 0,
then T 1s a quasi-mlpotent normaloid operator, 1t follows
thatT = 0.

Theorem 7: Let T =H +iJ be quasi-*paranormal operator.

If

s A real element of o(T) must be zero.
s Jis compact, then T is normal.

Proof: Since T 1s normaloid, ||T|| = |u| for some p € o(T).
Because of condition (1), s not real, “7E;t0 , since L €
o (T)and ||T|| = |u, u € o, (T). Let {x.} be a sequence of
umt vectars such that ||Tx, -Mx,| = 0. Now for § = Im(p),
Bz o0

LetTx =(H+il)=Hx_+ilx_

0 <—HTXn — M, :||(Hxn +1ilx )+ (Re(p)x, +ilm{u)x_ H
=[(Hx, - Re(ux, ) +i0x, - Bx,)
== ||an - an” =0,n — .
Hence

Ix, —px,—0,a8n >

since J 1s a compact operator there exists a vector x such
that Jx, = x. Letx, =x/P thenx, > x. andx # 0.
For.

3

||an - XH:”an —Ix, +Jx, - X”

<[Bx, - Ix, ||+ [1x, - x| =0

Therefore as Px, > xasn— «.
Thus x, # 0, Now,
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HTXn —p.an:H(T— MG, —x )+ (Tx, —ux)
<[(T - ubix, — x,)
<[T - unfee, —x,)

+ HTXn - X,

+|Tx, —px, | —>0asn—o0

Therefore we have Tx,; = px,.
So that the family F = {N; (p): peo(T)} 1s a mutually
orthogonal reducing subspace of T.

Let
Hy =2 @(T){NT(M)}

peo,

Then H, reduces T and the restriction T, = T/, is normal
operator It 1s sufficient to show that T, = T/y* = 0.To
prove the thorem it is sufficient to follow the proof of
Lemma 3.
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