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Abstract: Considering fuzzy duration of activities, this study presents a novel project scheduling approach
following Trapezoidal Fuzzy Numbers (TrFN). The purpose of proposed approach is applying a fully fuzzy linear
programming with a method to find its optimal selution. In this study, two LP Models are used in order to
calculate earliest and latest events time in project scheduling problem and then another method is used to solve
proposed fully fuzzy linear programming problem. Proposed method presents a simple integrative L.P Model and

also results in no negative or in feasible solution in latest time calculations. Finally, to better illustrate the

presented method, a numerical example is solved and the results are discussed and compared with existing

methods.
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INTRODUCTION

Scheduling is deemed to be one of the most
fundamental of the
management science. There are several methods for
project scheduling such as CPM, PERT and GERT. Since,
too many draw backs are involved in methods estimating
the duration of activities these methods lack the capability
of modeling practical projects. In order to solve these
problems, a number of techniques like fuzzy logic, Genetic
Algorithm (GA) and Artificial Neural Network (ANN) can
be considered. A fundamental approach to solve these

and essential bases project

problems is applying fuzzy sets. Introducing the fuzzy set
theory by Zadeh (1965) opened promising new horizons
to different scientific areas such as project scheduling.
Fuzzy theory with presuming imprecision in decision
parameters and utilizing mental models of expertsis an
approach to adapt scheduling models mto reality. To this
end, several methods have been developed during the last
three decades. The first method called FPERT was
proposed by Chanas and Kamburowski (1981). They
presented the project completion time in the form of a
fuzzy set in the time space. Gazdik (1983) developed a
fuzzy networl of an a priori unknown project to estimate
the activity duration and used fuzzy algebraic operators
to calculate the duration of the project and its critical path.
This work is called FNET. An extension of FNET was
proposed by Nasution (1994) and Lorterapong and
Moselhi (1996). Following on this, McCahon (1993),
Chang ef al. (1995) and Lin and Yao presented three
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methodologies to calculate the fuzzy completion project
time. Other researchers such as Yao and Lin (2000),
Chanas and Zielinski (2001) and Chen (2006) using fuzzy
numbers, presented other methods to obtain fuzzy critical
paths and critical activities andactivity delay.

Herroelen and Leus (2005) reviewed the fundamental
approaches for scheduling under uncertainty: reactive
scheduling, stochastic project scheduling, fuzzy project
scheduling, robust (proactive) scheduling and sensitivity
analysis. Masmoudi and Hait have presented a fuzzy
model for project scheduling. Based on tlus modeling,
two project scheduling techniques, resource constrained
scheduling and resource leveling are considered and
generalized to handle fuzzy parameters. A Greedy
algorithm and a Genetic algorithm are provided to solve
these two problems and are applied to civil helicopter
maintenance domain.

Previous research on network scheduling using fuzzy
theory provide methods for scheduling projects. These
methods, however do mnot support backward pass
calculations in direct manner similar to that used mn the
forward pass. This is mainly due to the fact that fuzzy
subtraction 18 not proportionate to the inverse of fuzzy
addition. Therefore, these methods are incapable to
calculate project characteristics such as the latest tumes.
In this study, a new method is introduced for project
This method
developed based on a number of assumptions and
definitions in the fuzzy set and project scheduling. Tn the

scheduling in fuzzy environment. is

fuzzy project network considered in this study, we assume
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that the duration of activities are Trapezoidal Fuzzy
Numbers (TtFN). The project characteristics such as fuzzy
earliest and fuzzy latest times of events and fuzzy project
completion time are calculated as TrFN by solving two
fully fuzzy linear programming,.

The proposed approach does not use the fuzzy
subtraction operator in its equations. Therefore, the
proposed approach at least yields two important
advantages. The first advantage of this method 1s that no
negative and in feasible solution generated during
calculation of latest times. The second benefit 1s obtained
the optimal solution with solving a simple LP problem.

PRELIMINARIES

This study mntroduces some basic defimtions of fuzzy
numbers and then briefly reviews two L.P Model proposed
by Zareei et af. (2011) and Kumar et af. (2011).

Definitions: Zadeh (1965) introduced the fuzzy set theory
to deal with the uncertainty due to imprecision and
vagueness. A major contribution of fuzzy set theory is its
capability of representing vague data. The theory also
allows mathematical operators and programming apply to
the fuzzy domain. In the following, some basic important
defimtions of fuzzy sets are given.

Definition 1: A fuzzy set A ina umverse of discourse X
is characterized by a membership function u,(x) which
associates with each element x in X a real number in the
mterval [0, 1]. The function value p,(x) is termed the
grade of membership of x inA.

Definition 2: A trapezoidal fuzzy number A can be
defined by (a, b, ¢, d) and the membership function p; (x)
is defined:

0 Xx<a
x4 a<x=<b
b-a
pﬂ(x): 1 b<x=c (1
x-d cex=d
c-d
0 x>d

Definition 3: Tet, 4 and B be two trapezoidal
fuzzy numbers parameterized by A = (a, b, ¢, d))
and B = (a,, by, ¢, d;), respectively then the operational
laws of these two fuzzy numbers are as follows
(Zimmerman, 1991):
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DB = (alablacla d1)@(32:b2:02>d2) (2)
= (al+a2’bl+b2’cl+cz’d1+d2)
. @E = (31, bp s dl)Q(az, bz: C,. dz) (3)
=(a,-a,, b;-b,, ¢-¢;, d;-d,)
A®B=(a,b,c,d)®a,.b,, c,d,) (4)
=(a,;xa,, byxb,, ¢ xe,, d;xd,)
AoB =(a. b c.d)@(a, by, cpdy) (5)

=(a,/d,, b /c,, ¢,/b,, d,/a,)

Definition 4: The ¢-cut of a fuzzy set A 1s a crisp subset
of X and is denoted by Lai and Hwang (1992):

[AL: {X‘HA(X)ZOL} (6)

Definition 5: A ranking function is a function ®: f(R)-R
where f(R) is a set of fuzzy numbers defined on set of real
numbers which maps each fuzzy number into the real line
where a natural order exists. Let A = (a, b, ¢, dybe a
trapezoidal fuzzy number then:

a+b+c+d
4

R(A) = (7

CPM under linear programming formulation:
Zareel et al. (2011) have been proposed two LP Models
for calculation of earliest and latest time of events. In this
study, these models are reviewed. Consider a project
network S = {V, A, T} in which V 1s a finite set of events
and AcVxV is a set of arcs with crisp activity durations
and by means of function T, T: A-R", the activity
durations in the network are determined. The T, is
denoted as the time period of activity (1, 1)eA. LP Model
for calculation of earliest events time (F) in a project
network with n nodes is formulated as follows:

F=min{E +E,+.. . +E) (8)
s.t: E>E+T,, E, E unrestricted in sign ¥ (1, j)¢A. Where
the objective 1s finding the lowest quantity of events time.
The constraints show the preceding relationship between
events and denote that mn activity 1) with tail event 1, head

event j and activity duration T;, occurrence time of event

i

] 1s at least E+T, in other words event j occurs at least T
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time after occurrence time of event i. Backward pass is
done after forward pass by assignation of earliest event
time of node n(E,) as latest event time of node n(T.,). This
equation 1s added as a constraint to LP Model for
calculation of latest times and the objective changes to
find the maximum quantity of events tune:

G =max(L, +L,+...+L_) 9

E=L.L, L=

i

st LxLA+T umrestricted m sign V (1, J)EA.
The activity duration in project network usually has

12

ambiguity, so precise estimation of them is impossible. To
consider the ambiguty, fuzzy numbers are applied as
activities duration. In this study, we denote activities
duration as positive TrFNs. We denote fuzzy activity
duration of ij as T; where we have:
T = (t1]> i 1]: 1])

using fuzzy numbers as activity duration, Eq. 9 will be
rearranged as follows:

F=min(E, +E, +..+E)) (10)

5.t EJ 2E~‘+T“J . ¥ 1 =1,2, .., n Smilar to Eq. 8, the
objective is finding the lowest value of earliest event
times. The difference to Eq. 8 1s that the activities duration
1s fuzzy. Also using fuzzy numbers as activity duration,
Eq. 6 will be rearranged as follows:

G =max(L +L,+..+Lg,) (1)
st L, =L +T,, E =L , L,=0. Note that 0 is a crisp zero
(0 =(0,0,0)). Zareei et al. (2011) have been proposed a
procedure to find the membership function of earliest and
latest times of events by calculating lower and upper

bounds of earliest and latest times considering different &
cut of fuzzy duration.

Solving fully fuzzy linear programming problems: In this
study, we describe the proposed method by Kumar et al.
(2011) for solving Fully Fuzzy Linear Programming
problems (FFLP):

(12)

Maximize (or minimize) (C* @ X)

Subject to A@X =17, X 1s a non-negative fuzzy
numbers where:
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The steps of method are as follows:

Step 1: Substituting, the above:

C=lg ) X=[x ], A= a0

The above FFLP problem may be written as:

=[5,

Maximize (or minimize) (ZJ 1

Subject to:

X, 1s anon-negative trapezoidal fuzzy number.

Step 2: If all parameter &, %, &, and b are represented by
trapezoidal fuzzy numbers (p, g 1, t), (X, ¥, %, W),
(ay, by, ;. dy) and (b, g, h, f), respectively then he FFLP
problem, obtained in step 1 may be written as:

Maximize (or minimize) > (pj, q;, 1, t)@(x, ¥}, 2, W)

(14)
Subject to:
S @by 0 00 (5 Y 2. W) = (b g b L)
wi=1,2,...m

(X, ¥, z, w,) 1s a non-negative trapezoidal fuzzy number.

Step 3 ASSIlIn]Ilg (a‘q: bq) C1]: d1 )®(Xj yp Zj W) (mq) n1]: 1>
p;;) the FFLP problem, obtained in step 2 may be written
as:

Mezxdmize (or minimize)

: 1s)
EHZ]=1 (pj,q],r], J)®(Xl’yl’ Z]’W)
Subject to:
> (m,.n,, u,pu) (.g.h,f)
wi=1,2, ..,

(X, ¥, z, w,) 1s a non-negative trapezoidal fuzzy number.

Step 4: Using arithmetic operations defined in study the
fuzzy linear programming problem, obtained in step 3 1s
converted into the following CLP problem:
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Maximize (or minimize)

. (16)
EHZJ = l(pJ’ qJ’ I-J:' tl)®(xl’ y]’ ZJ’ WJ)

imu:bi,wﬂ,z,...

,m

1=1
Sn,=g,¥i=12,.,m
1=1
>o,=h,¥i=1,2,..m
1=1
Spp=f,7i=1,2,.,m
1=1

¥i%;20,2-y, 20, w-z, 20 Yi=12,..,m

Step 5: I'ind the optimal solution x;, v, z and w; by solving
the CLP problem obtained in step 4.

Step 6: Find the optimal solution by putting the values of
X, ¥, and wiin X, =(x,y,2,.w,).

PROPOSED METHOD

In this study, a new method for project scheduling in
fuzzy environment 1s mtroduced. This method
developed based on a number of assumptions and

18

definitions in the fuzzy set which defined in study. First
we combine two LP Models to calculate the earliest
and latest time of events in fuzzy sense proposed by
Zareel ef al. (2011) which described m study then, we
use the proposed method by Kumar et al. (2011) which
study to solve Fully Fuzzy Linear
Programming problems (FFLP).

describe 1n

In sample fuzzy project network considered m this
study, we assume that the duration of activities are
(TrFN).
characteristics such as fuzzy earliest and fuzzy latest times
of events and fuzzy project completion time are calculated

Trapezoidal Fuzzy Numbers The project

as TtFN by solving two fully fuzzy linear programming.
The steps of the proposed method are as follows:

Step 1: Specification the activity duration as Trapezoidal
Fuzzy Numbers (TrFN).

Step 2: Depiction the project network according to
executive logic of projects.
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Step 3: Writing Eq. 10 to obtain the earliest times of
events with considering the trapezoidal fuzzy number as
to activity duration specified in step 1 and the project
network specified in step 2.

Step 4: Solving the obtained model in step 3 by using the
presented method by Kumar et al. (2011) and specify the
earliest times of events.

Step 5: Writing Hq. 11 to obtain the latest times of events
with considering the trapezoidal fuzzy number as to
activity duration specified in step 1 and the project
network specified in step 2.

Step 6: Solving the obtained model in step 5 by using the
presented method by Kumar et al. (2011) and specify the
latest times of events.

NUMERICAL EXAMPLE

In this study to confirm the validity of proposed
method, a numerical example which was studied by
Soltani and Haji (2007) is experimented. The network
representing a structure of project is given in Fig. 1.

The durations of activities are positive TFNs
(Table 1). The fuzzy start time of this example is (0, 0, 0, 0).
According to proposed method structure, the step 1 is
presented in Table 1 and the project network is shown in
Fig. 1.

In step 3 wing the proposed method in study, we
calculate the earliest event time of events by solving the
Model (10), so the problem is formulated as follows to
calculate the earliest event time:

F=min(E +E,+.+E,)

Table 1: Duration of activities

Activity Duration

(1,2) (25, 28, 32, 35)
(1,3 (40, 55, 65, 70)
2,4 (32, 37, 43, 49)
(3,4 (20, 25, 35, 40)
(2,5 (35, 38, 42, 45)
(3,6) (42, 45, 55, 60)
@, 7 (60, 65, 75, 85)
(5,7 (65, 75, 85, 90)
6.7 (15,18, 22 26)

Fig. 1: The project network (Soltari and Haji, 2007)
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Subject to:
E,-E-S =T, E-E-S,=T,
E,-E,-S,=T,.E,-E,-§, =T,
E,-E,-S, = T,,, B,-B,-8, = T,
BE,§, = T, B8, = T,
E7 -Eﬁ—ég = mﬁ, Ei s are positive TFNs

Let E _(e e, e e“) 2111(31(§k=(s'k,52

IR R RS
model may be written as:

. st ) the above

k* Yk

Pt . 1 1 1 1 1 1 1 2 2
Minimize: R(e,+e,+e,te, te.te,+te , e e+

2 2 2 2 2 3 3 3 3
e;te;te;te;tel, e/ te;teste,

33003 A 4 A 4 4 4 4
e,te,te;, e e e te,te,Te Tel)

Subject to:

fé s, = (25,28, 32, 35)
&is1 = (40, 55, 65, 70)
8ls! =(32,37, 43, 48)
st = (20, 25, 35, 40)
si = (35,38, 42, 45)
s;‘ = (42, 45, 55, 60)
gis% = (60, 65,75, 85)
&ls! = (65,75, 85, 90)
&iss = (15, 18,22, 26)

Es are positive TENs. The above fuzzy linear problem is
converted into the simple CLP problem. The optimal

solution of this CLP problem is: e,' =0; e’ =

0, e’ =0;

)

Finally, the fuzzy optimal solution of earliest time is

given by:

EB = (52 57,67 70)

E, = (90,92, 92, 92)
E. = (70, 70, 70, 70)
Eﬁ -

(112,112,112,112)

E, = (164, 167, 171, 175)

And the fuzzy optimal solution of latest event time is

given by:
=(0,0,0,0)
13 = (48, 48, 48, 48)
L, = (63, 66, 70, 70)
L, = (90, 95, 101, 103)
L, = (85, 86, 90, 93)
L

. = (149, 149, 149, 149)

L, = (164, 167, 171, 175)

COMPARATIVE ANALYSIS

In this study, the proposed method is compared with
Soltam and Haji’s Method (Table 2) in finding the earliest

and latest event times.

This comparison shows that the results of proposed
method are so close to those of Soltam and Haji
presented, although in some cases the proposed method
presents the closed intervals which justify the validity
of proposed method. In this study, also the optimal
solution of numerical example using the Zareei et al.

et=0,e) =25 ¢’ =28, ¢’ =32, ¢' =35, ¢ =52, (2011) method is obtained as follows. Review of this
e=57.e) =67, ¢e' =70, ¢! =90, /=92, ¢ = 92, result for ¢ = 1 show that the interval (145-175) is

S =928 = 70, e = 70, e = 70,8 =70 e,/ =112; obtained in the earliest and latest time for final event
e =112/ =112,e) =112, ¢! = 164; e/ =167, = 171, and it’s very close to the result of proposed method
et=175. (Table 3-6).
Table 2: The comparison of earliest and latest event times

g, L

Event (i) Proposed approach Soltani and Haji (2007) Proposed approach Soltani and Haji (2007)
1 (0,0,0,0) (0,0,0,0) (©,0,0,0 0,0,0,0
2 (25,28, 32,35 (25, 28, 32, 35) (48, 48, 48, 48) (25, 32, 48, 60)
3 (52, 57, 67, 70) (45, 55, 65, 70) (63, 66, 70, 70) {45, 55, 65, 70)
4 (90, 92, 92, 92) (60, 80, 100, 110) (90, 95, 101, 103) (65, 80100, 110)
5 (70, 70, 70, 70) (60, 66, 74, 80) (85, 86, 90, 93) (60, 7090, 105)
6 (112, 112, 112,112 (82, 100, 120, 130) (149, 149, 149, 149) {110, 127, 153, 169)
7 (164, 167, 171,175 (125, 145, 175, 195) (164, 167,171, 175) {125, 145, 175, 195)
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Table 3: Calculation results of lower bound of earliest times

o B! EL Bl B} El EL EL
0.1 0 25.3 41.5 62 60.6 83.8 126.1
0.2 0 25.6 43.0 64 61.2 83.6 127.2
0.3 0 259 4.5 66 61.8 874 1283
0.4 0 26.2 46.0 68 62.4 89.2 130.0
0.5 0 26.5 47.5 70 63.0 91.0 133.0
0.6 0 26.8 49.0 72 63.6 928 135.0
0.7 0 27.0 50.0 74 64.2 94.6 137.0
0.8 0 27.4 52.0 76 1.8 96.4 140.0
0.9 0 277 53.5 78 65.4 98.2 142.5
1.0 0 28.0 55.0 80 66.0 100.0 145.0

Table 4: Calculation results of upper bound of earliest times
. EY EJ E ES EV EJ E

0.1 0 34.0 69.0 108.0 79.4 129 193
0.2 0 34.0 69.0 108.5 78.8 128 191
0.3 0 341 68.5 107.0 78.2 127 189
0.4 0 338 68.0 106.0 77.6 126 187
0.5 0 33.5 67.5 105.0 77.0 125 185
0.6 0 332 67.0 104.0 76.4 124 183
0.7 0 329 66.5 103.0 75.8 123 181
0.8 0 326 66.0 102.0 75.2 122 179
0.9 0 323 63.5 101.0 74.6 121 177
1.0 0 320 65.0 100.0 74.0 120 175

Table 5: Calculation results of lower bound of latest times

o LY Lt Lt L Lt Lt Lt
0.1 0.0 25.3 45.1 65.6 60.6 110.8 1261
0.2 0.0 25.6 45.2 66.2 61.2 111.6 127.2
0.3 0.0 25.9 453 66.8 61.8 112.4 1283
0.4 0.0 26.8 46.0 68.0 63.0 113.8 130.0
0.5 0.5 29.0 48.0 70.5 65.5 116.5 133.0
0.6 0.0 30.2 49.0 72.0 67.0 118.0 135.0
0.7 -0.5 31.4 50.0 73.5 68.5 119.0 137.0
0.8 0.0 33.6 52.0 76.0 71.0 122.6 140.0
0.9 0.0 353 53.5 78.0 73.0 124.0 142.5
1.0 18.9 44.2 64.0 84.0 79.0 129.0 145.0

Table 6: Calculation results of upper bound of latest times

o LIU L2U LEU Ldu L u LﬁLT L;U
0.1 0 588 69.5 109 103.5 167.4 193
0.2 0 57.6 69.0 108 102.0 165.0 191
0.3 0 56.4 68.5 107 100.0 164.0 189
0.4 0 55.2 68.0 106 99.0 162.6 187
0.5 0 54.0 67.0 105 97.0 161.0 185
0.6 0 528 67.0 104 96.0 159.0 183
0.7 0 5l.6 66.5 103 9.0 157.8 181
0.8 0 50.4 66.0 102 93.0 156.0 179
0.9 0 49.2 65.5 101 91.0 154.0 177
1.0 0 48.0 65.0 100 90.0 153.0 175

CONCLUSION

In this study, we developed a linear programming
formulation for calculating earliest and latest time of
events assuming activity duration time as TrFN fuzzy
number. The optimal solution of earliest and latest times
15 generated by solving the proposed models m case of
fuzzy CPM problem. Applying this approach, no
infeasible and negative solution 1s generated. The second
benefit is obtaining optimal solution with solving a simple
LP problem.
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