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Abstract: This study describes a two-step second order inverse polynomial method for the numerical solution

of ordinary differential equations with singularities. The scheme 1s based on rational functions approximation

technique and its development and analysis 13 based on power series expansions (Taylor and Binomial) and
Dalhquist stability test method. The scheme is convergent and A-stable. Numerical results show that the

scheme 18 accurate, effective and efficient.
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INTRODUCTION

The most popular methods for numerical solution of
differential methods
developed by Runge and improved by Kutta and the

equations are Runge-Kutta
linear multistep methods as discussed in'"™. These
methods are based on the polynomial fimctions, whuch are
normally smooth and with sufficient continuous
derivatives. When such methods are use to solve
differential equations with singularities they are found to
be inefficient and inaccurate. To solve differential
equations with singularities, an alternative method that
takes into account the peculiar nature of the equation
becomes imperative!* ™.

This peculiarity is taking into account by the method
to be developed. The method is based on inverse
polynomial functions. The point of singularities of the
function is chosen to coincide with singularity of the
solution, so that the resultant method will step over the
singular points and behave micely in the neighborhood of
singularities.

Therefore, mm this study, we assumed that the
numerical solution method of an Imtial Value

Problem (IVP).

Y' = fixy) y(0) = ¥, (1)

i1 which there are low order discontinuities is chosen to
be of the general form
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whose the parameters bj’s are real valued constants
and y, 1s the numerical approximations to the solution at
the point x = x, and k, 1s the step number and order of the
methods.

The objectives of the study are to determine the
numerical values of the parameters, by’s for k = 1,2,
computerized and implemented it on a microcomputer for
numerical solution of some typical differential equations
with singularities.

Determination of the coefficients of the methods: Setting
k=1 inEq. 2, we obtained a general one step formulae in
the form

A 3)
Yo 1+bx,

Assuming that |x|<1, then by the adoption of
binomial expansion theorem on the right hand side and
1gnoring terms of order higher than one, we have

Vo= |1-bix [+ 0(x?) 4

The first order Taylor expansion of y,., about point
(x,.y,) gives
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yn+l = yn+ hyln + 0 (hz) (5)
Substituting for y,., in (4), we obtamned
vy, +hy', +0(h%) =y, —byx, +0(x%) (6)

The coefficient b, is evaluated by imposing the
condition that Eq. 6 agrees term by term. Hence, we
have

_blynxn = hY'n (7)
leading to
-hy’
— (8)
yﬂXﬂ

Substituting this into Eg. 3, we obtained a one step
integrator of order 1 in the form

©)

This incidentally coincides with inverse FEuler
method, Fatunla®™. The formula had been used for
numerical approximation of the solution of stiff and
non-stiff  ordinary  differential equations and the
performance has been found to be satisfactory.

Simnilarly, by setting k = 2, m (3), we obtamned a
2nd-stage method as

Yu

S (10)
1+bx, + bx’

yn+2

Adopting binomial and Taylor’s series expansion
method on Eq. 10, then we obtained

2

h n 3
Yn+hYH+7y n+0(h ) (11)

= yn _ynbl Xn _yanXi +ynblzxi +0(X3 )

using term-by-term equality principle in Eq. 11. We
obtained the set of non-linear algebraic equations

_bl Ynxn = hYn’

X, (¥ab,y.bi) =

(12)
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Solving these set of algebraic equations, we obtained

14

b, 2 and
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Substituting for b, and b, m equation (10), we
obtained a two-stage method of order 2 as

2y,

2 , 2 ] ” (14)
Q'Yn -2hYn Ya +h (Q(Yn) _ann)

yn+2 -

The next stage considers the consistency and
stability properties of the schemes

Properties of the formula

Consistency property

One-stage scheme: Subtracting y, from both sides of (9),
we obtained

ey, = 1s)
Yn 1 Yn yn hy;
which on dividing both sides by h, leads to
Yo ~Ya _ YaYa (16)
h y,-hy,

Taking limit, as h tends to zero, on both sides of (16),
we have

Lim(%)%y:f f(x,,y,) (17)

h—0

Suggesting that the one-stage integrator (9) is
consistert.

Two-stage scheme: Similarly, Subtracting y, from both
sides of (14) and dividing by 2 h, we obtained

2_.r h ’ r 2 "

_— 2 —
Yoo Ve _ Ya¥a 2yn( (¥.) —¥.¥a)
2h

(18)

’ h2 s ”
Yo ~hyy, + (200" - y.50)
Taking limit on both sides of (19) as h — o, we have

lim (19

Yara —¥a ’
e

h
is

Implying that the two-stage scheme (14)

consistent.



Res. J. Applied Sci., 2 (1): 13-16, 2007

Stability property: Applying the numerical integrator (14)
to the Dalquist™ stability test equation.

¥ =y, y(x,) =y, and Re(A)<0 (20)
asx<bh
We obtained a finite difference equation
yo1=| =y (1)
! 1-xh ™"

with  as 1 the stability function. For the
1-Ah
convergence of the scheme
|u(z)| <1, where z = Ah; Dalhquist™™ (22)
Analysis of (22) gives z<0 showing that the
corresponding interval of absolute stability of the scheme
18 (-0, 0).
Similarly, application of formular (14) to problem (20)
vields

Yn+2 - 2 Yn (23)

2’h

1-Xh+

which leads to convergent solution, whenever the
stability function p(Ah)

1
W) = —— s ()
lfkh+Xh
satisfies the inequality
|u(Ah)| <1

Setting z = Ah, then the absolute stability interval
of the scheme is seen to lie in the Region defined by
set

S={z|uh)| <1}

which comes to, S=(z: O<z<2}

Showing that the two-stage scheme 13 weakly stable
and not suitable for stiff equations. Since the scheme 1s
consistent and weakly stable then it is convergent,
Lambert!? Whenever ih e S

15

NUMERICAL EXPERIMENTS AND RESULTS

In order to demonstrate the applicability and
suitability of the scheme (14), we computerised the
mumerical formula using FORTRAN programming
language and demonstrated it with a well known low order
discontinuous differential equation and a non singular
equation as shown in problems 1 and 2

Problem 1
Consider imitial value problem

v+ 5xzexp5i
y' = yh=0

O<x<l
the theoretical solution is y(x) = -5xlog(2-x), with
singularity at x = 2. the result 1s shown in Table 1

Problem 2
Consider the non-singular equation

g = Y%Y. y(0) = exp(0.2)
1-x
The thecretical solution is

y(x) = exph (1-x)

with singularity atx =1

the results is as shown in Table 2

Table 1: Results of two stage scheme for problem 1

h =.010000

X Y(Xn) Yn en

0.01000 1.2238727362 1.2238725366 0.0000001996
0.02000 1.2263982671 1.2263977306 0.0000005365
0.03000 1.2289812448 1.2289802237 0.0000010211
0.04000 1.2316236459 1.2316219809 0.0000016651
0.05000 1.2343275382 1.2343250581 0.0000024801
0.06000 1.2370950870 1.2370916075 0.0000034795
0.07000 1.2399285599 1.2399238824 0.0000046775
0.08000 1.2428303332 1.2428242437 0.0000060895
0.09000 1.2458028983 1.2457951664 0.0000077319
0.10000 1.2488488620 1.2488392470 0.0000096220
0.11000 1.2519709888 1.2519592096 0.0000117792
0.12000 1.2551721395 1.2551579156 0.0000142239
0.13000 1.2584553493 1.2584383712 0.0000169782
0.14000 1.2618238056 1.2618037370 0.0000200686
0.15000 1.2652808567 1.2652573384 0.0000235184
0.16000 1.2688300312 1.2688026754 0.0000273559
0.17000 1.2724750466 1.2724434354 0.0000316112
0.18000 1.2762198225 1.2761835055 0.0000363170
0.19000 1.2800684944 1.2800269853 0.0000415091
0.20000 1.2840254286 1.2839782029 0.0000472257
0.21000 1.2880952389 1.2880117298 0.0000535090
0.22000 1.2922828036 1.2922223992 0.0000604044
0.23000 1.2965932853 1.2965253242 0.0000679611
0.24000 1.3010321517 1.3009559185 0.0000762332
0.25000 1.3056051911 1.3055199187 0.0000852724
0.26000 1.3103185580 1.3102234090 0.0000951490
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Table 2: Results of two-stage scheme for problem 2

h=.0100
X YXn) Yn en
0.01000 1.0101010099 1.0101010099 0.0000000000
0.02000 1.0204081628 1.0204081631 0.0000000003
0.03000 1.0309278343 1.0309278347 0.0000000004
0.04000 1.041 6666657 1.0416666662 0.0000000005
0.05000 1.0526315756 1.0526315779 0.0000000023
0.06000 1.0638297815 1.0638297854 0.0000000039
0.07000 1.0752688089 1.0752688147 0.0000000057
0.08000 1.0869565108 1.0869565190 0.0000000081
0.09000 1.0989010852 1.0989010955 0.0000000103
0.10000 1.1111110946 1.1111111079 0.0000000133
0.11000 1.1235954861 1.1235955019 0.00000001 58
0.12000 1.1363636137 1.1363636328 0.0000000191
0.13000 1.1494252614 1.1494252839 0.0000000225
0.14000 1.1627906783 1.1627906933 0.00000001 50
0.15000 1.1764705759 1.1764705840 0.0000000082
0.16000 1.1904761854 1.1904761858 0.0000000004
0.17000 1.2048192797 1.2048192724 0.0000000073
0.18000 1.2195122058 1.2195121898 0.00000001 59
0.19000 1.2345679203 1.2345678960 0.0000000243
0.20000 1.2500000279 1.2499999942 0.0000000337
0.21000 1.2658228221 1.2658227787 0.0000000434
0.22000 1.2820513291 1.2820512755 0.0000000535
0.23000 1.2987013560 1.2987012911 0.0000000649
0.24000 1.3157895418 1.3157894651 0.0000000767
0.25000 1.3333333863 1.3333333240 0.0000000623
0.26000 1.3513513884 1.3513513417 0.0000000466
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Fig. 1: Graph of problem 1
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Fig. 2: Graph of problem 2

RESULTS AND DISCUSSION

The problems were solved numerically with the
formular (14) and the results are shown in Table 1 and 2.
In Table 1, Fig 1, it can be seen that the discretisation
errors e, obtained from the solution of the low order

discontinuous equation are sufficiently small, because of
it strong stability property, it converges as the step length
approaches singularity pomt, x = /4. Table 2 and Fig: 2
shows that the dicretisation error obtamed from the
solution are sufficiently small, this shows that the scheme
is very accurate, stable and convergent in solving
singular equations.

CONCLUSION

In this study, we have presented a two-step second
order mverse polynomial method based on rational
functions. Theoretical analysis of the method showed that
the formula 1s consistent and stable. Computational
experiments carried out confirmed the suitability of the
method in solving the singular ordinary differential
equations.

The method may therefore be found useful in the
solution of problems arising from electrical networks,
economy affected by inflations and chemical reaction.

If the Richardson error control is adopted, the results
obtained would be more accurate with mimmum error.
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