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A A-Convergence Theorem in CAT (0) Spaces
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Abstract: In this study, researchers introduce a new iterative process for two non-expansive map
satisfying the condition (TT) in CAT (0) space and establish A-convergence theorem for the proposed

process under condition.
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INTRODUCTION

The study of CAT (0) spaces was imtiated by
Kirk (2003). He shows that every non-expansive
single-valued mapping defined on a bounded closed
convex subset of a complete CAT (0) space always has a
fixed point. The fixxed pomt theorems in CAT (0) spaces
has applications in graph theory, biology and computer
science (Bartolini et «l, 1999, Dhompongsa and
Panyanak, 2008, Espinola and Kirk, 2006, Park, 2010).
Dhompongsa et «l. (2005, 2007) obtained some
convergence theorems for different iterations for
non-expansive single-valued mappings in CAT (0)
spaces. Many researchers mtroduced and studied
kinds of iterative for single end multi-valued mappings
in Hilbert spaces (Kirl, 2004; Laowang and Panyanak,
2010; Panyanak, 2007, Razani and Salahifard, 2010;
Sastry and Babu, 2005).

The purpose of this research 1s to study the iterative
scheme define as follow: Let, C be a closed convex subset
of a complete CAT (0) space and T,, T, : C=C be two
non-expansive mappings with F(T ) n F(T,) # ¢&. Suppose
{x,} 18 generated iteratively by x,6C:

z =y, Tx, ®-7v )x,
¥, =B Tix, © (1-B,)x, M)
X, +1=a, Ty, ®1-a )T,z

For all n>1 where {e,}, {B,; and {y,} are real
sequences m (a, b) < (0, 1). Researchers show that the
sequence {x,} is A-convergence to a common fixed
pomnt T, and T,

CAT (0) SPACES

Let, X, d be a metric space. A geodesic path joiung
xeX to yeX (or more briefly, a geodesic fromx to y) is a

map ¥ from a closed interval [0, 1]= R to X such that
v(0) = x, y(I) = y and d(y(t), v(t"y = |t-t'|, for allt, t’
e [0, 1]. In particular 13 an 1sometry and d(x, y) = 1. The
immage v 15 called a geodesic (or metric) segment
joining x and y. When it is unique, this geodesic is
denoted by x, y. The space (X, d) is said to be a geodesic
space 1if every two points of X are jomned by a geodesic
and X 13 said to be uniquely geodesic if there 1s exactly
one geodesic joining x to vy, for each x, y ¢ X A
subset Y < X is said to be convex if Y includes every
geodesic segment joining any two of its points. A
geodesic triangle A (x-x;) in a geodesic metric space
(3, d) consists of three points in X (the vertices of A) and
a geodesic segment between each pair of vertices
(the edges of A). A comparison triangle for geodesic
triangle A (x,-x,) in (X, dy is atriangle & (x-x,)=A i the
(%, - %) euclidean plane R such that 4w (£.7) = d (x;, x)), for
i, je {1, 2, 3). A geodesic metric space is said to be a CAT
(0) space (Bridson and Hafliger, 1999) if all geodesic
triangles of appropriate size satisfy the following
comparison ax-iom. Let, A be a geodesic triangle in X and
let A be a comparison triangle for A. Then, A is said to
satisfy the CAT (0) mequality if for all x, yeA and all
comparison points (57) € 2 d(x, y) < d_, (xy) - Lt is known
that in a CAT (0) space, the distance function is convex
(Bridson and Hafliger, 1999). Complete CAT (0) spaces are
often called Hadamard spaces. Finally, researchers
observe that if x, y,, y; are pomts of a CAT (0) space and
if y; is the midpoint of the segment [y,, y;] which
researchers will denote by 5 @y: then the CAT (0)
inequality mplies: 2

2
d[x,yl@yzj < ld(x,yl)2 +
2 2 (2)

1 1
Ed(X=Y2 )2 _zd(YPYZ)Z
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A geodesic metric space is a CAT (0) space if
and only if it satisfies inequality Eg. 2 (which is
known as the CN mequality).

Let X be a complete CAT (0) space and {x,} be a
bounded sequence in X. For x € X set:

r(x, {x,})=Lim sup, ., d(x,x,)
The asymptotic radivs r({x,}) of {x,} is given by:
r({x,)=inf {r(x, {x,}) :x € X}
And the asymptotic center A ({x,}) of {x,} is the:
Al 1) = xeXir{xix, ) =r({x,})}

Also, a sequence {x,} mn ametric space X 1s said to
A-converge to xeX if x is the unique asymptotic center of
fu,} for every subsequence {u} of {x}. In tlis case,
researchers write A-Lim,_x, = x and call x the A-limit of
{Xaf-

Two mappings T, T, C-X is said to satisfy
condition (IT} if there exist a non-decreasing function
f: [0, e=] =[O, eo] with £ (0) =0, { (1) =0 for all re (0, «) such
that:

Zzld(xi,Tlx) =f(d(x,F(T, )N F(T,)

The following lemma will be useful for proving the
main results in this study.

Lemma 1: Tet, (X, d) be a CAT (0) space
(Dhompongsa et al., 2005). For x, yeX and te [0, 1], there
exists a unique point z€ [x, y] such that:

d{x,z) =td(x, y)and d(y, 2) = (1-1)d(x, y)

Researchers use the notation (1-t) x & ty for
the unique z.

Lemma 2: Tet, (X, d) be
(Dhompongsa et al., 2005). Then:

a CAT (0) space

dil-tHx®ty, 2 =(1-t)d(x, z)* +
td(y, 2)" — t(l- d(x, y)*

Forallte [0, 1] and x, v, zeX.

Lemma 3: Every bounded sequence m a complete CAT
(0) space always has a A-convergent subsequence
(Kirk and Panyanak, 2008).

24

Lemma 4: If C is a closed convex subset of complete
CAT (0) space and if {x,} is a bounded sequence in
C, then the asymptotic center of {x,} in C
(Dhompongsa et al., 2007).

is

Lemma 5: Let, C be a closed convex subset of a complete
CAT (0) space X and let T: C-X be a non-expansive
mapping. Then conditions {x,} A-converges to x and
L, . d (x, Tx) = 0, mply x ¢ C and Tx
(Dhompongsa et al., 2005).

X

A-CONVERGENCE THEOREM
Here, the main result is presented.

Theorem 1: Let C be a non-empty closed convex subset
of a complete CAT (0) space X and T,, T;; C-C be
non-expansive mappings with F(T,) n F(T;) # ¢. Suppose
x,€Cand {x,} 1s defined by Eq. 1. Then }\Ed(x“,x*) exists,
for all x"eF(T ) N F(T,).
Proof: Let, x eF(T,) n F(T,) researchers have:

diz,,x") = d( v, Tx, ®(1-m)x,, x") <y,
d(Tx, , x)+(1-y,)d(x_, x")

Then:
diz,,x) <y, d(x,,x)+ -y, )d(x,,x)=d(x,,x7) 3)

On the other hand:

d(y,. x) = dB,Tx, ® (1-B,)x,,x)<B,d
(Tx,, xD)+(1-p,)d(x,,x"

diy,, x)=Bdix_, x I+ (1-p)d(x_, x) = d(x_, x)

(4)
By Eq. 3 and 4, researchers have:
dix, +1, x)=d{e, Ty, ®(1-0,)T,z,, x")
<a d{Ty,, Tx)+(1-a )d(T,z ,T,x")

<a,d(y,, x)+1-a,)d(z,, x)
=d(x,, x)

Consequently, d (x+1, x)<d (x,, x). Then d (x,
x<d (x,, x) for all nx1. This implies that {d (x,, x)}
is bounded and decreasing. Hence, limd(x,.x") exists.

Theorem 2: Let, C be a non-empty closed convex subset
of a complete CAT (0) space X and T,, T;; C-C be



J. Modern Mathe. Stat., 6 (3-6): 23-26, 2012

non-expansive mappings and satisfying condition (IT)
with {F(T) N (T,) # ¢. Suppose x,6C and {x,} is defined
by Eq. 1. Then the sequence {x,} convergence to
commeon fixed pomt F(T,) n F(T,).

Proof: Let, x'e F(T,) N F(T,):

diz,, x YV =d{yTx, &0-y)x_, xY
< Ynd(TIXnD X$)2 + (l_ Yn)d(xn: X$)2 -
v.(1-7,0d(Tx,, x_)* =v,d(Tx,, Tx")* +
-y, )d(x,, x) =y, 1-v)d(Tx,, x,)’
Hence:

d(z,, XY <d(x,x) -y, (1-y,)d(Tx,, x¥ )

Also:

dly,, x ) = dB,Tx, ® (1- B, )x,, X"
<B,d(T,x, ,.x ¥ +(1-B,)d(x, ,x"Y -
B, (1-Bd(Tx,. x, 3 < Bd(Tx,,x"¥ +
(1-B,)d(x,.x") = B, 1-B,d(Tx,.x,)’

Hence:

Ay, XY <dix, x) - B, (1-B)d(Tx, x) (6

On the other hand, researchers have:

A, +1Lx Y =d(a, Ty, ®A-a,)T,z,.x )
<o, d(Ty,,x V¥ +(1-0 )d(T,z ,x' ¥ -
a, (1-a)d(Ty,, T,z,) <o diy,,x ) +
(1-a,)d(z,,x )Y —a, (1-a,)d(Ty,,T,2,)

By Eq. 5 and 6, researchers have:

dix, +1,x7 <o (d{x, ,xY —B, 1-B,)d(Tx, ., x" V) +
(-0, )(d(x,, x ) =7, (1 v, )d(Tx,,x") )~
a, (1—a )d(Ty,, T,z ¥ =d(x,x"Y - B,d
(Tx,.x, ) =y, (-7, ) 1-0 )d(Tx,,x ) -
o, (1-o)d(Ty,, T,z ) <d(x_,x ) —ap.d
(Ty%,, %, ) =¥, -7, )(1— 0, 3d(Tix,,, %, )°

Since, {w.}, {P.} and {y,} are real sequences in
[a, b] < (0, 1), researchers have:

a(l-b) d(Tx,,x, ¥ +a* 1-b)d(Tx,.x, ¥
<o B d(Tx,,x YV +v, (-7, )1-o )d(Tx_x ¥

<d(x,,x) —d(x, +1,x")’

25

And so:
>l -b)d(Tx,,x )<
n=1

And:

Mot (1-b)d(T,x,,x, )< ®
n=1

This implies that:

limd(Tx_,x )=0lmd({Tx ,x )=0 {7)

Now by condition (IT), researchers conclude:

limd(x,,F(T)~F(T,)) =0

That 13, there exists a subsequence {x,} of {x,} and
sequence pk in F(T,) N F(T,) such that:

dix,.pk )< 2% for all k
Since:
1
dix,,,.pk)=d(x,., pk)<2—k

It follow that:

dipk+1, pk)=dix,,,.pk+ 1+

1 1 1

d(x pki< S Jrz—k < SEt

nk+ 12

This mnplies that the sequence pk 1s cauchy and
then is convergence to p € C since:

d(pk, Tp)= d(T,pk, Tp) = d(pk,p) fori <= {1,2}

And pk-p as koo, it follow that d(p, Tp) = 0 for
all T =1, 2 and thus, peF(T,) n F(T,). Therefore, {x,}
convergence strongly to p. Since, limd(x,.p) exists, then
{x,} convergence strongly to p, common fixed point T,
and T,.

Theorem 3: Let C be a non-empty closed convex
subset of a complete CAT (0) space X and T, Ty
C-C be non-expansive mappings and satisfying
condition (IT) with F(T,) n F(T,) # ¢. Suppose x,cC
and {x,} is defined by Eq. 1. Then {x,}, A-converges to
common fixed point of T, and T,.

Proof: Let Ww (x,) = UA ({u,}) where the union is taken
over all subsequences {u,} of {x,}. Researchers claim that
Wao (x)c F(T) nF(T,). Letu e Ww(x,) then there exists
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a subsequence {u} of {x,} such that A ({x,}) = {u}. By
lemma and there exist a subsequence {v,} of {u} such
that A-limyv, = veC, also Eq. 7 implies that lim,
d(v,, T,v,) =0, lim, d(v,, T,v,) =0, thenv € F(T ) n F(T,).
Now, researchers claim that u = v. Suppose not since,
veF(T )NF(T,), theorem exist. From the
unicqueness of asymptotic centers, researchers have:

lim dx, )

limsupd(v,,v)<limsupd(v u)
<lim supd(u,,u)
<lim

=lim

n—sco

supd(u,.v)
supd{x_,v)

=lim

n—sco

supd(v,,v)

A contradiction and hence, u =v € F(T,) n F(T,). To
show that {x,} A-converges to common fixed point of T,
and T, it sufficient to show that Ww (x,) consists of
exactly one point. Let {u,} be a subsequence of {x,}. By
lemma, there exists a subsequence {v,} of {u} such that
A-lim, v, =ve C Let A ({u})={u} and A ({x})= {x}.
Researchers have seen that u = v and veF(T )NF(T,).
Researchers complete the proof the uniquness of
asymptotic centers:

lim supd(v,,v)<lim sup, d(v_,x)
<lim supd(x,,x)
<lim supd(x,,v)

n—sm

=lim supd(v,,v)
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