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Abstract: Many useful properties of statistical distribution are revealed by transformation of random variables,
however not many of the logic of beta distribution have been investigated by convoelution techniques. This
study investigates the statistical properties of the beta-exponential distribution defined by Nadarajah and Kotz.
Specifically, it studies the distribution of the sum of two random variables from beta-exponential distribution
using the convolution method. The probability density function (pdf) and the cumulative distribution (cdf) of
the convoluted distribution were obtained. Also, derived are various statistical properties of the distribution
which include moment, moment and characteristic generating function, skewness and kurtosis, hazard function
and the entropy. The parameters of the distribution were estimated using the maximum likelthood method. The
convoluted random variable was found to be unimoedal and leptokurtic which makes it a more powerful
distribution for analysis of financial data. The hazard function behaves in much the same way as that of

Convoluted Beta-Weibull Distribution (CBWD).
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INTRODUCTION

Modelling of mterrelationship among naturally
occurring phenomena 15 made possible by the use of
distribution function and their properties. Thus a number
of statistical distnibutions function and ther
generalization have been proposed and defined in the
literature, most of which are found to be useful in
studying naturally occurring phenomena particularly
where the variables assure values between O and 1.

Various methods exist in defining statistical
distribution. Some arise from modelling naturally
occurring events while some arise as functions of one or
more distributions. Sun (2011) give example of a random
variable T which 1s said to have a t-distribution if
T=2/JW/N where t has the standard normal distribution
and W has the Chi-squared (¥* distribution with n
degrees of freedom. Many useful properties of such
distribution are revealed by transformation of random
variables while another approach is the convolution
technique which is rarely used. Among the useful
distributions applicable to real life data and the logit of
beta distribution are the beta-pareto (Akinsete and Lowe,
2008); beta-laplace (Kozubowslki and Nadarajah, 20083,
beta-weibull (Famoye et al, 2005), beta-normal
(Eugene et al., 2002); beta-exponential (Nadarajah and
Kotz, 2006) and beta-Gumbel (Nadarajah and Kotz,
2004).

This  study investigating  the
statistical distribution properties of the Convoluted

focuses on

Beta-Exponential Distribution (CBED). Beta exponential
distribution was defined by Nadarajah and Kotz
(2006). Suppose X, is a random variable having the
beta-exponential distribution with parameters a;, b, 4,
1e, X, ~ BE(a, b, A,) and X, has a beta-exponential
distribution with parameters a,, b, and 4,, i.e., X,~ BE(a,,
b,, 4,) then it 1s desired to obtained the distribution of the
of the convolution of X, and X,. That is the distribution
of the random variables 7, = X, +2{,. Researchers obtained
the probability density function (pdf) and the cumulative
distribution function (edf) of the convoluted distribution.
The statistical properties of the distribution that are
obtained include moment, moment and characteristic
generating function, hazard function. Following Sun
(2011), the parameters of the distribution are obtained by
the method of Maximum Likelihood Estimation (MLE).

LITERATURE REVIEW

The beta distribution is a widely applied statistical
distribution in the literature. The beta distribution 1s used
to model various kinds of data m life testing, survival
analysis, i the study of
uncertainties arising in actuarial science, economics and
finance (Nadarajah, 2005). The derivation of the beta
distribution as a ratio of two independent and identically
distributed random variable is standard results in the
literature (Akinsete, 2008). If X is a beta random variable,
the probability density function (pdf) of X is given by:
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J(_%xal(l—x)ﬁ_l; O<x<lia>0 B=0
(1)

Many distributions have been generalized in recent
years by either compounding them with beta distribution
or as logit of the beta distribution. From Sun (2011), the
cumulative distribution function (edf) for the generalize
class of distribution for the random variable X is

f(x)=

generated by applying the inverse cdf of X to a beta
distributed random variable to obtain:

1

Gix)=
% 5ap

J.DF(X)ta’l(l—t)B’ldt; O<a, 0<p (2

The corresponding probability density function (pdf)
from G (%) is given by:

1

g(x)= Fix) "1 F) [P Fi(x) (3)
1] [1- )

where F'(x) = f{x) is the pdf of X

The Beta-Exponential Distribution (BED): The

exponential distribution is perhaps the most widely
applied statistical distribution for problems in reliability
studies. The beta-exponential distribution defined and
studied by Nadarajah and Kotz (2006) 1s generated from
the logit of a beta random variable. In the study, the
researchers provide a comprehensive treatment of
statistical properties of the beta-exponential distribution.
The study also discusses and derives expressions for the
moment generating function, characteristic function, the
first four moments, variance, skewness, kurtosis, mean
deviation about the mean, mean deviation about the
median, Renyi entropy and the Shannon entropy.

This study proposes a generalization of the
exponential distribution with the hope that it would attract
wider applications in reliability. The generalization 1s
motivated by the following general class.

If G denotes the cdf of a random varnable then a
generalized class of distribution can be defined by:

Fx)=1;(ab)la>0andb>0 (4)
Where:
B, (a,b
1 (a,by = 20
B(a,b)

Denotes the incomplete beta function ratio and:

15

B, (a,b)= jjwa"(l—w)b"dw 3

Denotes the incomplete beta function. The researcher
defined the beta-exponential distribution by taking G to
the cdf of an exponential distribution with parameter A.
The cdf of beta-exponential distribution then becomes:

Fx)=1_ cmlab)ix>0a>0,b>0,A>0 (6)

and the corresponding pdf as obtained by Nadarajah and
Kotz (2006) is:

A
fx)= exp(—bax) (l-exp(-rx))*";
(x) Bab) p(=bAx) (1-exp(-Ax)) %
Xx>0,a>0,b=>0,A>0
This distribution is the generalization of the

exponentiated exponential distribution defined by
Gupta and Kundu (2003) when b= 1. The beta-exponential
distribution reduces to the exponential distribution with
parameters bh anda=1.

Besides its mathematical simplicity when compared
to other beta compounded distributions, the beta-
exponential distribution can be used as an improved
model for failure time data. The distribution exhibits both
increasing and decreasing failure rates and the shape of
the failure rate function depends on the parameter a.

THE CONVOLUTED BETA-EXPONENTIAL
DISTRIBUTION (CBED)

Density and distribution function: According to
Nadarajah and Kotz (2006), the beta-exponential random
variable X 1s defined as:

A

M) = 50b)

a-1
e_b}“’([l—e_h} X>0,a>0,b>0,A>0

(8)

Let, X, be distributed as beta-exponential distribution

with parameters a,, b, 4,, i.e, X = BEP{a, b,, A,) and let

¥, have beta-exponential distribution with parameters a,,

b, A, 1e, X = BEP(a,, b,, A,) then we seek the distribution
of Z =3, + X, for X, = BEP(a,, b, A,

Flxpy=— b (9)

= e_blllxl |:1 — e—}wxl Tl
B(alabl)

For, X, = BEP(a,, b,, A,):

fxp) =2 e

~bahax, [l,e—lzxz Tz_l (10)
B(a,,b,)
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Since, X, and X, are stochastically independent, the corresponding cdf of the conveluted beta-exponential
jomt distribution of X, and X, are expressed as: distribution can be obtained using:

2% e*(b17"1X1+b2}°2X2) (1 _e MEi )aﬁl (1 _e %2 )ag—l F{Z)=P(Z<7), IZ f(t)dt

A"1 2
fixx,)=
" B(a,,b, }B(a,,b,) J-be Ao, 477 [1 -t } &t
(11) bA, - by,
For simplicity we let a, = a, = 1. Therefore: bb, AR, jz(f_b R }"t)d
2 —_ 1 t

(blll_ bzlz) ¢
bb, A%, {f‘bz%t A T

By using the concept of convolution of the two b —b, [ -b2A, b,
random variables, researchers may write the pdf of 7 as: bbb, AR, { g rbhE 1 1 }

= + + e
b17L1' bzlz _bzlz b17L1 bzlz b17\'1

fixx,) = 7\‘17\‘21011[)2'5'7“]111}(l Phtara]

Z
f(z)=| f(Z-v)f,(v)d
@=L 0 LS WA W
—[brh (23D | —bahg -
= [ byb, a e ey (b, - b, )| b, b,
~hyhz =y (hohg=lydg )
=bb AR, € j 14)
bb, A A6 o 7lhaia i) Z Researchers see immediately that:
b b, 0 (12)
~byiz lim F(Z)=0 and lim F(Z)=1
bb, Ahe™m [1- etz lim F(Z)=0 and lim F(Z)
by =By bbb AR, |1 1 -
lim (1-e7)-——(1-7)
_ (bbaR,) efhzlz,z[lfefz(h,lrhzxz)] 2 (b, - DA, )| DA, b,
(b, - b)) bb, A, 1 (15)
b, =0,b,>0,L>0,Z=>0 (b17‘*1_bz7‘*z) bA, bA,
The above 1is the pdf of the convoluted bb, AA, (blhl *bzlz) _
beta-exponential distribution of the random variable 7. To (blh1 - bzhz) bA, b,
show that [ (z) 1s a pdf, researchers require that [“f(zdz=1" lim F(z)=1
i}
Z—sc0
J- _ J-mb bk, € bata” [1_6{(13,1143212)}12‘
b A —b, 7L Shape of the PDF: The shape of the convoluted
blb2 Ak, J- otz [1_ G_Z(blll_b212):|dz, beta-exponential distribution 1s investigated as:
(b17\'1 - bzkz )
b, A, Z —[bid —byAy )2
fim 200 Az biby Aghy #0742 {14 (b ~bshs) } 16)
e blhl_bzhz ! f(z):
(b2 - bahy)
—bghyZ —bZ
bm bb, Ah, | £ N 1
fe b17“17b27“2 7b27“2 7b17“1

limM 0—0— L,L
t=ob A —bA, b, bA,

b1b2 7\‘17‘*2 (b17\,1 _bzhz) _
(b17\'1 - bzkz ) bzkz b17\'1

cdf (2)

(13)
This shows that the proposed convoluted
beta-exponential distribution 1s a real pdf (Fig. 1). The Fig. 1: The graph of cdf (b; =2, b, =3 and A, =2, A,=4)

z

16
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Fig. 2: The graph of pdf for different parameter values

By differentiating the above with respect to 7 and set

equation to zero, we have:

bb, A, [(—bzhz)ﬂ’bmz+blklf’blllz}

f'
(Z (b17“1 7b27\‘2)
f'(z):O
b17‘*1 bzlz A b7
M R Ly M b, £ | =0
(b1h17bzhz) |: 14 277 }

Solving for Z, to give:

1

Z=———— |InbA —Inb,A
b — b, [ ™ 2 z]

where, b,A,#b,A,, Z>0. This shows that the distribution is
umimodal. It can be observed that the smaller the value of
b, by, the thicker the tail, respectively and the smaller the

values of A, and A,, the longer the peak (Fig. 2).

Hazard function: This is given by:

f(z)

hi{z)=
-

f(z)— bb, LA, et [l—f’f(h‘ll’bzlz)z}

. (blhl _bzkz)
F(Z): blkl (17 g'bz?uzz)_bz 7L2 (17 g-blllz)

(blhl _bzkz)
b, £ 1 g O
h(z): (blhl —b27\.2)
1- blkl (17 g*hzlzz)ibzhz (17 g*blllz)
(blkl 7b27\‘2)

bz - bib A, | £7050F — g0 |
[blkl .e—b;_l;Z o bzhzg—blllz}

(an

The behaviowr of the hazard function as Z
approaches zero and as it approaches infinity is as:

blbz ;\‘17\‘2 [ﬁ‘bzlz m_ Pt (U):|

b= bt 0 g
lim hiz) = lim DDA A, [gfhglzz’[m'zlb N
N Y W
ba, if b, <b i
@ = {bjxlz i bzkz >bihi
(19)

Moments and moment generating function: The moment
generating function of a random variable Z 15 defined as:

M, (t)=E{#%)
M, (1) = blekl}W) J‘:_etzg—bzlzz [1 _ g—(bl?q—bzlzz}dz

(blhl _bzkz
= Mjmg‘(bzlz—t)z _ [ﬂ—(blxl—b212)z :|dZ
b, —bA, ~0
= MJ“D{V(‘QM*QZ _ ﬂi(blllftjzdz
(B2~ by, )0
_ b1b27\"1k2 i g_(bzlz—t)z . g_(blll_f)z :|m
(b1k17b27\«2)_*(b2127t) 7(b1k17t) .
0 + 0 _
B e U R GRS
= (blkl—bzhz) 0 N 0
(b2 -t) (b 1)
ble;\‘IA‘z 1 B 1
b1k2 - bZA“Z bZA“z —t blkl _t
M, t= bb, AR,

(b, —t) (bk, —t)
g -t) (bt
by, byh,

t Y £ Y
Mt=|1- 1-
{ blkl} { bZAZJ
-1
blkl b27\"21

It then follows from the above that the characteristics
function of Z is.{t) = B(1"*%):

. -1 . -1
|t ot (20)
%0 [1 blhlj {1 bzhzj

17
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From the above one may generalize that if x,, 1 =1,

2,... m are identically distributed random variables, each

with convoluted beta-exponential distribution, the

morment generating function ¢ (t) of S, =X, + ..+ X can
be expressed as:

it

d’z“)‘lj}[lﬁ

Moments: The moment generating function 1s found as:

-1 -1
Mzmz[ltj [l t j
b17\‘1 b27\‘21

By definition, the rth moment of the random variable
7 is expressed as Table 1:

2D

(22)

T

Bt

-1 -2
mm—l[ltj[ltJ+
b27\‘2 b17\‘1 b2 2

-1
1 [1 t J
17\‘1 bZA"Z

E(7) —Mé(@—ﬁ{l%} [1%} N

2772

E(Z)=— M, (0],

b

1 o Y o Y 1 1
- - 1_ - =
blhl bzkz bzkz b27\"2 blkl
I R XS
bA, biA,
(23)

The first four moments are:

b T BRI b A+ by A
blkl bZA‘Z
E(z')=2[ b3, 0,2, b7, 7by7A |

E(z')= 6] b A by A, + b, a0y As" + b+ b2 |

E(z)

Bz 24?;%;%;%;2 + bR + }

brat + b7 + b A + b

Estimation of variance, skewness and kurtosis

Table 2:

V(2) = E(Z)-[E2)]

1 1
— 7+ [
} {blhl bzhzj

~ 1 1 1
=2 bAb A DAL DA
11=27%2 171 27"2

18

2 2 2 1 2 2
ViZ)= T a T | e v T
baboh,  bAT bid, \bIAL D3R bADbA,
1 1

11 (Y (Y
bl WAL Wb (b,
24

The skewness and kurtosis will be obtained via the
cumulant generating function.

Entropy and asymptotic behaviour: Entropy 1s a device
used to quantify the uncertamty or randomizes m a
system. It is defined as:

R(s)= % Log [f(sz)dz} where s>0 ands= 1

As for the CBEP researchers have:

R(s)= L log J: M ( gtk g—hmz)s dz
=5 (bl?\‘l - bza‘z)

= Llong(g‘bﬁzz _ prbhe )s dz
I-s (bl?\‘l *bzhz)

- log _BibaAdy +log J'w(gszlzz 7f’b1112)s &
1-s b1)‘1 _bZAQ 0

:L 3§ 10 b +log j [?](71)1 (E—h2121)91 (f-blllz) &
1-s Ay — by, "\l

,L 9 10: ble)‘lAQ +log j“’ [?](71)1 E-bmx[ﬁ)z i gy
1-s b —bk, Gl

:L S bbAR, +log E[SJJ@(_ﬁ gl aabs | g
1-s bA —-bh, ioid )

( f—[bglg(s—nw,lu]zj

=L 3 101 bR +log s ./ (_1)—1
1-s b, —byk, Fli) -(b, -1+ b4 )|,

= L g log bleA'lAQ +10g 2(71)_14 5 07%
1-s b —b.A, i 1 b, (s—1)+bAid

:L Slog bbA R, +log 2(71)1 S %
1-s b, —b.A, i= 1) bhs—b, +bAi

T [
1-s bA, —bA, im0 \1 bAs+(bA —bAi

(25)
Asymptotic behaviours: Here, researchers investigate the
asymptotic properties of the convoluted beta-exponential
distribution. When 7 - 0 and 7 - < what is the behaviour
like:
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Table 1: The mean of the CRED with different parameter values

Mean of 7, (by)

by=2 b =3 b, =4

Aq 1 2 3 4 1 2 3 4 1 2 3 4
A=1

1 1.50 1.00 0.83 0.75 1.33 0.83 0.67 0.58 1.25 0.75 0.58 0.50
2 1.00 0.75 0.67 0.63 0.83 0.58 0.50 0.46 0.75 0.50 0.42 0.38
3 0.83 0.67 0.61 0.58 0.67 0.50 0.44 042 0.58 0.42 0.36 0.33
4 0.75 0.63 0.58 0.56 0.58 0.46 0.42 0.40 0.50 0.38 0.33 0.31
A=2

1 1.25 0.75 0.58 0.50 1.17 0.67 0.50 0.42 1.13 0.63 0.46 0.38
2 0.75 0.50 042 0.38 0.67 0.42 0.33 0.29 0.63 0.38 0.29 0.25
3 0.58 0.42 036 0.33 0.50 0.33 0.28 0.25 0.46 0.29 0.24 0.21
4 0.50 0.38 033 0.31 0.42 0.29 0.25 0.23 0.38 0.25 0.21 0.19
A=3

1 1.17 0.67 0.50 0.42 1.11 0.61 0.44 0.36 1.08 0.58 0.42 0.33
2 0.67 0.42 0.33 0.29 0.61 0.36 0.28 0.24 0.58 0.33 0.25 0.21
3 0.50 0.33 0.28 0.25 0.44 0.28 0.22 0.19 042 0.25 0.19 0.17
4 0.42 0.29 0.25 0.23 0.36 0.24 0.19 0.17 0.33 0.21 0.17 0.15

Table 2: The variance of the CRED with different parameter valies

Variance of Z (by)
b,=2 b,=3 by,=4
Aq 1 2 3 4 1 2 3 4 1 2 3 4
A=1
1 1.25 0.50 030 0.31 1.11 0.36 0.22 017 1.06 0.31 0.17 0.13
2 0.50 0.31 0.28 0.27 0.36 0.17 0.14 0.13 031 0.13 0.09 0.08
3 0.30 0.28 0.26 0.26 0.22 0.14 0.12 0.12 017 0.09 0.07 0.07
4 0.31 0.27 0.26 0.25 0.17 0.13 0.12 012 0.13 0.08 0.07 0.07
A=2
1 1.06 0.31 017 0.13 1.03 0.28 0.14 0.09 1.02 0.27 0.13 0.08
2 0.31 0.13 0.09 0.08 0.28 0.09 0.06 0.04 027 0.08 0.04 0.03
3 0.17 0.09 0.07 0.07 0.14 0.06 0.04 0.03 0.13 0.04 0.03 0.02
4 0.13 0.08 0.07 0.07 0.09 0.04 0.03 0.03 0.08 0.03 0.02 0.02
A=3
1 1.03 0.28 014 0.09 1.01 0.26 0.12 0.07 1.01 0.26 0.12 0.07
2 0.28 0.09 0.06 0.04 0.26 0.07 0.04 0.03 0.26 0.07 0.03 0.02
3 0.14 0.06 0.04 0.03 0.12 0.04 0.02 0.02 012 0.03 0.02 0.01
4 0.09 0.04 0.03 0.03 0.07 0.03 0.02 0.02 0.07 0.02 0.01 0.01
bb,AA "o
limf(z)= lin —2"2 (ﬁ*w - e*W) bb,A A, b b,
L(Z, b,b,,ALA, )= e
20 et blhl B bzkz ( DA 2) b17\a1 - b27\«2 i=1 ( )
bbb A A
(1=
1T By taking the In of both side:
lim f(z) = lim bk, (f*hﬂz(w) — i) ): 0
Fosco Eose b — boh n
171 R} b1b27\«17\»2
In L(Z, bl,bz,kl,hz) =In| ————
b17“1 o b27“2

This affirms the ummeodality of the distribution. .
In H(g—b;_l;;_zl _ g—blxlz,)

Maximum likelihood estimation of parameters: In =1
this study, method of maximum likelihood estimation
will be used Tet 7, 7,.7, be a random sample
of n identically and independent distribution

Taking the partial derivative with respectto by, b,, 4,
and A, researchers have:

n

random  variables each with the proposed Z(;LIZ g-bl?qz.)
distribution. Therefore, the likelihood function 15 found B_L: L _ nh, 4 4=l
a5 8b, bbAA, (bA —bh,) £ A

19
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57L_n l, A +Zn: lghl?q)
&b, b, bib.A L pbakaZy ik,

1 | S

(3,7, £
_nbAR, ni, n 1221:( ik ) n o nh, Y Zn: -7, FALE
blbzhlkz (blkl _ bzhz) ﬂ—bzlzz, _ ﬂ—blllz, b2 b17\»1b27\42 2 g (3—1321221 - g—blllzx)

oL 1 7\,2 n Z1 g’bz?hzz)
—+n| —+ — R, - -
8b, b, bAbA, i=1 (f haks _ grtihA )

oL _ nb1b27\.2 B nbl N n b1Z1 g*hlllzi _ [1 B b1 JJr n Zl g*hlllzi

677\'2 b b AR, (b17\'1 - bzkz) Z: (3_b2l2z‘ - g_b‘llz‘) -t 7\.71 bA, —b,A, = (g—b212z, AL )

S_L:n 1 b Z gbxz
8, A b -bh, : (g% )

67L nbb,2, _ n{-b,) N :, —b, 7, pbakaE . LJr b, . Z": y st
2 (blllbzkz) H - (g‘bzl’zzn B g‘blllz.)

8., bbAA,  (bA -b,) E(g-w._ Iy 2

The maximum likelihood estimates of bi.by.% and A, can be obtained by solving the resulting equations numerically.

Internal estimation and tests of hypotheses: For mterval estimation of the parameters (bl,bz,xlgmd 12) as well as the tests
of hypotheses we use the Fisher information matrix to obtain:

2 2 2 2 2 2 2
n[ b.b,, J _ 8'b, 8b,8b, 8b, 5%, 8b, 8%, 8b,5b, &b, 8b, 52, 8b, 8%,
ALA 2 2 2 k} 2 2 k} k}

ohe )| g 8L ) ff SL ) S o FL ) o SL Y f &L ) o FL Y 5L
3b,6M, 5b,5, 5, 50, 5%, 5b,5, b5, A%, 30,

(26)

Elements in this matrix can be obtained by connecting from the first derivatives earlier obtained:

52L ) 72 n Zzg—(h,xﬁhzlzzi)
—— = —nb*—nil (b, —bA S Tl s
5b1 no, na, ( | 2 2) 12([(132)22, _g*bﬁqza)
(SZL n Zgg—(hlxﬁhzxz)z)

= nby —nAl (b, - bh,) " ALY

2 1=1

b (ﬂ raha % _ - hlxlz,)2

5L n Zzg(bllﬁbzlz JE;
S gt nb} (b — b, ) - b

67L1 ) (g‘bzlz Z _ ﬂ_bl?“l Z )

5L _ 72 (byhy +bhg )Z;

o, —=-nA +nb; (b, —b,A, ) bl Zgbmz e
8L n Zlﬂf(bﬁ' +hhaZ;)

6b1b2 = *1’17\417\«2 (b17\«1b2b ) ;\‘17\‘ ; (-e it g’hlllzi )2

SiL izl P izlz e (g—bzlzz, _ g )2 + Z“:Zl kT
-1 i= i= i=
&b 8A, n(blhl - bzbz) +b : (g-b212z, _ ) :

20
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Cumulant generating function: The cumulant generating function for the distribution is:

Note that curnulant K, are the coefficient of t*/n;:

K, ()= In(

K3_2[

t
A

1

3 3
1 }+[1} ., n=73; K4—6{
1771 bZKZ

1

7’ 2:

-1 ‘ - 1
o) (i) Fe

1Y (1
- + -
blkl b27\"2

1 n
— | +
[blhl} [

2
J , N=12;

4 4
+|— | |,n
b17\‘1 bzkz

1y
bZA‘Z

v
n!

=4

Skewness and kurtosis: The skewness and Kurtosis will be obtained using the first four cumulant Table 3 and 4.

Skewness =

2

M

Table 3: The skewness of the CRED with different parameter values

n, K, +3K:

2
2

. K
; Kurtosis= —
K

2
2

Skewness of z (by)

b=2 b =3 by=4

Az 1 2 3 4 1 2 3 4 1 2 3 4
A=1

1 14.76 2.16 17.95 11.07 1040 16.29 16.41 17.26 11.18 12.09 17.62 16.84
2 18.00 9.43 17.50 11.27 10.52 16.24 16.49 17.22 11.15 12.09 17.63 16.83
3 16.67 10.09 17.92 11.45 10.50 16.13 16.52 17.18 11.13 12.10 17.63 16.83
4 14.76 11.29 17.83 11.98 10.64 15.92 16.68 17.06 11.07 12.10 17.65 16.83
A=2

1 10.99 9.29 17.51 11.21 10.50 16.26 1647 17.23 11.16 12.09 17.62 16.83
2 14.76 9.64 18.00 11.25 1044 16.21 16.46 17.22 11.16 12.09 17.62 16.84
3 17.29 10.02 17.83 11.44 1051 16.14 16.53 17.18 11.13 12.10 17.63 16.83
4 18.00 10.61 17.87 11.68 10.56 16.03 16.60 17.13 11.11 12.10 17.64 16.83
A =3

1 9.95 9.36 17.01 11.35 10.62 16.26 16.55 17.21 11.14 12.09 17.63 16.83
2 12.24 291 17.67 11.43 10.53 16.16 16.53 17.18 11.13 12.09 17.63 16.83
3 14.76 10.37 17.98 11.55 10.51 16.08 16.55 17.15 11.12 12.10 17.64 16.83
4 14.76 9.16 17.95 11.07 1040 16.29 1641 17.26 11.18 12.09 17.62 16.84
Table 4: The kurtosis of the CBED with different parameter values

Kurtosis of z (by)

by=2 b, =3 b, =4

Aq 1 2 3 4 1 2 3 4 1 2 3 4

A =1

1 20.40 24.00 4477 81.60 49.20 44.77 54.00 80.88 90.71 408.00 80.88 96.00
2 24.00 81.60 196.80 362.82 44.77 80.88 183.60 343.32 81.60 192.00 179.08 326.40
3 44.77 196.80 464.26 841.30 54.00 183.60 442.80 816.35 80.88 258.67 421.67 787.20
4 81.60 362.82 841.30 1512.74 80.88 34332 81635 1485.67 96.00 408.00 78720  1451.29
A=2

1 90.71 81.60 80.88 96.00 210.32 196.80 183.60 179.08 37818 6168.00 34332 326.40
2 81.60 96.00 179.08 326.40 196.80 179.08 216.00 323.52 362.82 1632.00 32352 384.00
3 80.88 179.08 421.67 787.20 183.60 216.00 402.92 734.40 343.32 898.67 440,98 716.31
4 96.00 326.40 787.20 1451.29 179.08 323.52 734.40 1373.26 32640 768.00 71631  1305.60
A=3

1 210.32 196.80 183.60 179.08 480.15 464.26 442.80 421.67 858.08 31128.00 81635 787.20
2 196.80 179.08 216.00 323.52 464.26  421.67 402.92 440,98 841.30 7872.00 734.40 716.31
3 183.60 216.00 402.92 734.40 442.80 40292 486.00 727.92 816.35 3672.00 727.92 864.00
4 179.08 323.52 734.40 1373.26 421.67 44098 727.92 1283.63 787.20 2328.00 864.00 129408
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CONCLUSION

In this study, researchers provided the mathematical
treatment of the properties of the Convoluted Beta-
Exponential Distribution (CBED) proposed by Nadarajah
and Kotz (2006). The properties obtained among others
mclude moment, moment and characteristic generating
function, the entropy, the hazard function and the
cumulant generating function. The estimation of
parameters is approached by the method of maximum
likelihood. The properties were compared with that of the
Convoluted Beta-Weibull Distribution (CBED) introduced
by Sun (2011). From Table 1 and Table 2, the mean of the
CBEP decreases when A, and A; increase while the mean
of the CBWD deceases as the b, and b, increases.

The computed variances of CBED are all less than
that of CBWD except at A, = 1. The skewness of CBED are
larger than that of CBWD. This implies a fatter tail of the
former than the latter.

22

Similarly in Table 4, CBED possesses larger kurtosis
value than the CBWD. This confirms the leptokurtic
tendency of the distribution. These findings establishes
that like the exponential power distribution of Gray and
French (1990) and in line with the findings of Peters (1991)
the CBED which displays high skewness with fat tails and
leptokurtic provides a reasonably good fit for stock return
data.
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