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Abstract: This study examines a stochastic effect of the government policy on the income of individuals to
explain the aggregate income of individuals whose salaries are increased and invested when received. A single
(distribution) probability mass function which accommodates both the risk-free and risky income 1s presented
herein. The result confirms that the aggregate income (wealth) of an individual is distributed according to power
law. This distribution is used to solve the Black-scholes PDE. Tt 1s discovered that ¢ (the measure exponent of
the power law) lies between (1.2, 2.46) with the empirical data. We further used this distribution as a special
(case) utility function to represent explicitly the optimal policies when there are mimmum capital requirement.
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INTRODUCTION

Tt is well known that the tail of the income distribution
obeys a power law:

B() = CT ~*
Where:
I = Thecome
¢ = Pareto exponent
C = Normmalization constant

Research reveals that the tail exponent fluctuates in
a certain interval over years. For example, Souma (2002)
and Feenberg and Poterba (1992) reported that the Pareto
exponents o of Japan and the US income distribution
hover around an mterval (1.5, 2.5) using tax returmns data.

Levy and Sclomon (1997), presented a non-
conventional approach for studying the distribution of
wealth in society. Their finding confirms that power law
distribution of wealth (with exponent ¢ = 1.36) has
important implications as to the degree of inequality in the
society (Slottje, 1989) and as the distribution of stock
market fluctuations. Many researchers have attempted to
explain the power-law in income distribution by utilizing
a multiplicative stochastic process (Manrubia and
Zanette, 1999).

In this study, we consider a stochastic effect of
government policy on the income of an individual. We
view income process as follows: They are two assets
which an individual can invest i the economy that yields
mcome. One 1s the riskless mcome I,(t) which has
constant interest rate (e.g., job) and the other 1s the risky
income I,(t) which follows the geometric brownian motion

with constant coefficients. The differential forms are given
by dI(t) =T I, dt, dL,(t) = pl, (t)dt+ol,(t) dB(t) where B(t)
15 a standard brownian motion on a probability space
(Q, F, P) (Lim and Choi, 2009). The F is a o-algbra
generated by B(t), t=0 (Karatzas and Shreve, 1998) for
infinite horizon case.

We present in this study, the distribution of the
aggregate
government policy (upward adjustment of risk-free
(salary) and risky income (nvestment). This distribution
1s shown to follow the power-law distribution. We further
use this distribution as a special case utility function to
solve the Black-scholes PDE generated by associating the
Ito’s formula to the linear form of the risky income.

income of an individual base on the

INCOME AND INCOME DISTRIBUTION

Consider a system of large set of elements 1 which are
characterized each by a time-dependent variable, Ti(t) (for
definiteness one can think of a set of mvestment1=1, ...
N each owning an income I, Assume that the typical
variations of I are characterized by a stochastic
multiplicative law:

L(t+1) =y, (t+ DL (1)

Where, y; 1s a stochastic variable with a finite support
distribution of probability f(y) and I"s are normalized I’s
such as to fulfill at each:

3Lt =[IP(, hydl =N (2)
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that is we have represented actually the relative wealth of
each investor. In this case, this consists in subsidizing
individuals as not to fall below a certain poverty line Ty(t)
so, we limit from below the allowed values of T,(t)=T,(t)
(Manrubia and Zanette, 1999).

Suppose in Nigeria nation d+1 income are received by
mdividual continuously on a fixed tume-horizon [0, T],
0<T<ee (through salary).

The portfolio of the mvestor 1s made up of risk free
and risky income. The risk free income evolves according
to the differential equation:

dI,(t) = ()T, (1), I, (0) =i, 0 <t<T (3)

The remaining d risky income is modeled by the linear
stochastic differential equation:

dL(t) =L (t)[a, (t)dt + X b, (1) )
A7, (D1 (0)=1,,0<t<T

for 1=1,2,..,d Here, 7 = {Z{t) = Z,(1), ..., Z[t), F,0<t<T
18 a d-dimensional wiener process on (£, F, P) and the
augmentation under P of F, = 0(Z; = O<s<t), O<t<T. The
interest rate {r(t), F,; O<t<T} as well as the vector of the
mean rates {b(t) = (by; (1)1 .0 Fr Otz T} are assumed to
be measured, adapted and bounded, uniformly 1n (t, w) €
[0, T]*Q (Karatzas et al., 1987). The stochastic process
for the value of each risky mcome (in local-currency
terms; Naira) is:

dL (0 = oL, () dt + oL (D dZ (), i=1, . N (5)

and the aggregate mcome (wealth) of the investor, X, say
follows a diffusion given by (with time suppressed):

dX =HdI +r(3{ -HI) dt (6)
Where:
H={H}.., (7)

represents the proportion of wealth mvested mn the risky
mcome with time, t. Equation 5 1s the investment policy
defined by an F-adapted process. Putting Eq. 5 into 6
gives:

dX = [1X+HI (e - 1)] dt+HlodZ (8)

where, ¢ - r 18 the nisk premium. If H is a replicating
portfolio that would track the value of the wealth of the
investor (Osw, 2008):

G(t) = V(L 1) )

Ito’s formula on Eq. 9 gives:

2
a—v+lczlza\2{+ﬂa—v—rvzo (10}
a2 al a1

Equation 10 1s the Black-scholes PDE with terminal
condition V(I, T) = g(I). It is a well known fact the Black-
scholes PDE can be used for all European contracts
depending on the pay off function g(T). For example:

European calls g(T) = (1 - K)*
European put g(I) = (K - I)*
Digitals calls g(I) = V(1= K)

The function C = V(I, 0) when I =T of the Furopean
call 1s given by the equation:

CLK,1,1,0)=10(d)-Ke ™ (d,) (11)

Where;
dlzln(I/K)+(r+62/oc) 12)
oVt
d, =d, —ot (13)

and @(.) 1s the cumulative normal distribution function:
2(y) = ijm e/ 2dy
g =

The parameters that enter Eq. 11 are:

= The exercise price or strike price
The exercise date

The price of the underlying asset
= The interest rate

= The volatility

= T
Il
—~
=
|

Of these 5 parameters, the first 4 are observable at
any given tme (r is known for short expiration date)
{Osu, 2008). The volatility of the underlying asset 1s not
directly observable. For each value of the volatility
parameter, we obtain a different theoretical investment
value. Conversely, it 1s easy to show that each possible
investment value (n the range of the formula) there
corresponds a volatility parameter.

This 1s a consequence of the fact that the Black-
scholes option premium is a strictly increasing fimction of
0. The mnplied volatility of a traded call 13 defined by the
value of o that solves the equation C (I, K, K, r, 0) =
market price of the call. At anytime t€[0, T], the value
function V(I, t) of a call option involves o share of
investment and P, units of monthly pay off funds in form
of salary where:
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o, = C(I,T) = @(d, (I,T) (14)
B, =C,T)—os, 1

Proposition 1: If the value function is (i) replicating
then:
V, =C(L, T)vte [0, T]
and (11) self-financing then:
20, =16@(d,) + 2KrT@(d,)e =0

Proof : We write the value function as Eq. 11 so that:

@id,)
C, =@d,.C, = IG\/%

c =% oy Kre o), ©, = T2
T

T 2J_
¢ =tke " @(d,), C, =— " @(d,)

Consider a portfolio made of «, stocks and [, risk less
asset:
V.o=al+p
=12(d )+ C(L O~ 1L(d, )
=C({,t)

Hence, V 1s replicating. We now verify that V 1s
self-financing. Write :

dv, =d X dl e 25
ol al
_died - Ear | e+ 1281 ar
al ol

2
:a—c+lczlza—c+ Iac

o 20wt e

lo@i(d,) - o'’
+Kre " @(d)+—F=&(d)+1I1@(d ) —

e (d,) > (d,) {d)

GI\E

= @(d,)+Kre "@(d,)=0
= Io@(d, )+ 2Kre T &(d,) =0
= 2C (asrequired)

Derivation of aggregate mass function as a special utility
function: Investors in markets (including markets for
msurance and energy risk) often find that these markets
are mcomplete. In order to price contingent claims in these
markets, it 1s necessary to use assumptions about the

agents in the economy and their preferences in order to
determine an equivalent martingale measures to use for
pricing. One approach is based on an expected utility.
Congsider an economy at time t consisting of individuals
with function over income given by Cochrane (2001):

U(L,1L,)=U(L)+EJU(L, )] (15)

Where, F, is the conditional expectation operator over
future states at time t+1. If we consider the marginal
propensity to consume and marginal propensity to
invest, we may write:

E[U(I,)]=8+BU,I ) (16)

Where, O and [ are the marginal propensity to
consume and marginal propensity to nvest then Eq. 15
becomes:

U(It ? It+1) = UC[t) + 19 + BUC[P It+1)

or;
U(Inlm):w (7
1-B
Theorem: Given Eq. 17, the special utility function 1s
given as:
If(HDL)
V(1) = A (18)

Proof : Let U(I) = ADL(t) where, A(t) 1s the total stochastic
growth rate of mvestment by an investor. If these growth
rates are independently and identically distributed random
variables with density function f{4) and that the average
normalized size must stay constant that 1s:

j; MO =1

we can express Hq. 17 in terms of cumulative distribution
of L(t) (Teanmides and Overman, 2000), V(I, t) gives:

va,m):# [ G[ )F(K)dk (19)

1
—t
A

where all values of A such that the mvestments at t+1 are
equal 1/4.4 =1 is are accounted for and p(®) = [ddt =0
(Hewitt and Stromberg, 1960). Equation 19 now becomes
(Levy, 2001 ):

V() = 116J‘G[;JFOL)dX (20)

this equals:
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vix) = %J.f()u)g(x —ada
B 1)

Translating back to original variable [ = ¢*, we have
(Osu and Alfred, 2008):

17(1 +or)

1-8

ViD=

Solution of Black-sholes PDE by the special utility
function: Without loss of generality, we assume the
wealth of an nvestor in a finite horizon follows the
process:

dl =1 ()dt + oLdZ (t), G =0+ (22)

The resulting PDE using the standard approach to
stochastic dynamic programming with Ito formula 1s the
backward Black-scholes PDE given by:

2
W10V
a2 ar’

+(a—y)l%—\l[—r\f:0 (23)

Where, v = 0 is the market price of risk so that:

2
OV 1 Lpd VOV (24)
a2 a1

Denoting the proportion of wealth mvested 1 asset
iby I =1, 2, .., n), the investor’s problem at time t can be
written as:

—(1+ae)

V(I)—maxE{ITl } (25)

subject to the dynamics of wealth as in Eq. 22.

Where:
¢ = Vector volatilities
dZ = Vector of diffusion shocks with dot product 0.dZ (t)

We have considered an investor who wishes to
maximize the expected utility from terminal wealth (here
mtermediate consumption is not considered because it
has no effect in the model), T, with utility being given by:

I*(H—cﬂ)

V(IT) = 1_B

where, 0=<<B<1 so that the constant relative risk aversion is
equal to p (if p = 1, the utility function is V(I = Inl;). By
Das and Uppal (2004), the investor can allocate funds
across 1 = {0, 1, .., n} assets: a riskless assets
denominated in U.S dollars (i = 0), a risky U.8. equity
index (i = 0) and risky foreign equity indexes, 1= {2, ..., n}.

Proposition 1: If the function V(I t) defined in Eq. 25 1s
the solution to the PDE defined n Eq. 24. Then a>0 1s a
solution the characteristic equation:

W —a-— g (26)

The positive root is:

a—l{HJH 28r } (27)
2 G +2

This is the pareto exponent of the special utility
function. The exponent carries over to the distribution of
income 1 (Nirei and Souma, 2003). From Eq. 27, we
determine ¢ when oand T are known. Y is the cumulative
of the interest rate from investments and the rate of
government policy in upward salary adjustment. We
obtain different values of & by the data analysis made
from the collection of aggregate mcome (from salary and
investment) of individuals.

The values are estimated from the income growth
rates of 400 low income, 400 middle mcome and 400 high
income ndividuals in civil service (Umuahia Abia state
Nigeria) during 2005-2009.

The growth rate for the low income mndividuals has
mean 1.53 and standard deviation 0.22. Then the
normalized income has an annual standard deviation
0.22/1.53. That 1s as for o, we use a constant 0.22/1.53.
The income growth rate r = 0.2425. Applying r = 0.2425
and 0 = 0.146 to Eq. 27, we obtamn ¢ = 1.2. For the middle
income individuals, the growth rate has mean 4.8234 and
standard deviation 0.1696, r = 2.09 normalized anmnual
standard deviation 0.1696/4.8234 = 0.0352 and ¢« = 2.02 by
Eq. 27. The ligh income individuals have mean 4.8,
standard deviation 0.17, r = 3.66, normalized annual
standard deviation 0.17/4.8 = 0.04 and ¢ = 2.46 using
Eq. 27. Figure 1a-¢ shows the income of individuals with
different values of the parameters (1, 0, &) due to different
investment policies. By the method of change of
independent variable, Eq. 24 becomes:

1 o x (28)
EGDV+ a*? DV-TV=e
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2590=0.146 — p=09
r=02435 ___p-qy @
0.=12
20
1
20

Normalized income

Fig. 1: (a-c) A power law distribution of aggregate income
between different individual and their propensity
to invest. It implies a relation between the rank of
an individual in the wealth hierarchy and lus
wealth. Figure 1 shows sets of individuals with the
same salary but different investment policies p.
The straight lines are the power law fits on a log-
log scale

The homogenous part of Eq. 28 gives (Osu et al.,
2009):

DZV-{Z—?—l} pv-2Ly-g (29)
[8) [8)

with a positive root:

yoLlf2e, 2o ) e
2 o’ o’ G’

Equation 30 equivalent to that in Nirei and Souma

(30)

[N —

(2003) is the Pareto exponent if the lower bound does not
STOW.

CONCLUSION

We have considered a stochastic effect of the
government policy on the income of individuals. We
obtained inEq. 18 a formula (Nirei and Souma, 2003) which
we claimed 1s related to the pareto law i the mvestors’
wealth.

Equation 18 1s the optimal policy of an investor when
there are minimum capital requirements. The investors’
wealth increases (decreases) according as P(0<p=<1)
increases (decreases).

B actually is the marginal propensity for the investor
to save that 1s mvest for future hence to avert risk of
falling back below income level if the government policy
becomes a downward decrement of salaries of her workers
(as normally 1s the case m some develop countries in
resent times). We obtained explicitly in Eq. 27 a formula
for the power law exponent of income distribution. This
exponent is volatile and large (1.2-2.46) because the
income of individuals has a lower bound growing as fast
as the entire distribution due to salary upward adjustment
by the government policy.
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