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Necessary and Sufficient Conditions Where One I'-Semigroup is a I-Group
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Abstract: In this study, researchers have studied the I'-algebraic structures and some characteristics of them.

According to Sen and Saha, we defined algebraic structures: I'-semigroup, ['-regular semigroup, I'-idempotent

semigroup, I'-invers semigroup and I'-group. Theorem 2, 3 and 4 proves the existence of I'-group and gives
necessary and sufficient conditions where one I'-semigroup is a I'-group. Finally, theorem 5 shows necessary
and sufficient conditions where one T'-regular semigroup is a I'-group. In addition, for every T'- algebraic

structure that we mentioned before we give an original example.
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INTRODUCTION

Idea for I'-algebraic structures follows from I'-ring
which notion has been introduced by Nobusawa
(1964). Theory of I'-semigroup is expanded in a natural
way while as foundation we take in the theory of
semigroups.

Definition 1: Let:
S=da bc..}
and

I'={w B, v}

two nonempty sets. A mapping £ SxI'x8-8 or f: (a, «,
b)-c;a, b, c e S; o € I" called ternary operation in S and I".
This operation we denote by (.} or by (+).. The element
(a, &, b) we denote simple by acb. Operation f is
commutative if Va, b€ S, ¢¢ € I, satisfies condition:

ach = boa
Operation f 1s associative if 1t satisfies condition:
(aub)Pec = aw (bPc), Ya, b, ce S, i, pe T
Definition 2: Let:

S=da bc..}

and

I'={w B, v}

two non-empty sets. Order pair (S, () is called
T'-algebraic structure.
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Definition 3: A T-algebraic structure (S, (\)r) 1s called I'-
groupoid if it satisfies condition:

(1) Ya,beS, a fel=aubesS

Example 1: Let:
S=fa=4z+3,zeZ}=4{.-13,-9,-5,-1,3,7,11,15,..}
I'sfa=4z+1,zeZ} =4.-11,-7,-3,1,5,9,13,..}

twosets. fa=4z+3,b=4z+3ande =4z, +1 wherea, b
€ Sand ¢ € I'. Then:

acb =4z +3+4z, +1+4z, +3
=4(z +z,+z, +1)+3=4z+3e 8

Therefore (3, (+)r 18 I'groupoid where operation (+),
or agb 1s addition of integers.

MATERIALS AND METHODS

In defimition 4, we defined I'-semigroup by I'-
algebraic structure and examined few examples by using
some of their characteristics. Next, briefly present
defmition of I'-subsemigroup (Saha, 1987), also defimtion
of ideal i I'-semigroup (Saha, 1988).

Definition 4: A T'-algebraic structure (S (\); is called I'-
semigroup if it satisfies condition:

(1) Va,be S, ael'=aube S
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(ii) Va, b, c € S; «, B el (aub) pc = ax (bpe)

I'-semigroup we can definite alse n this way: A
T'-groupoid (5, ()- satisfying the associative law 15 a I'-
semigroup:

{aeb)Pe = awe (bPe); (Va,b,ce S, a, el

Example 2: Tet S be the set of all integers of the form
6z+1:
S=1l6z+1:2e Z} ={ ,~11,-517,13,.]

and I be the set of all ntegers of the form 6z+5:

C={6z+5 z€ Z} ={--,—13,-7,-1,5,11,17, 23,--}

Then order pair (3, (+);) 15 a I'-semigroup where ach
denotes the addition of mtegers.

Solution
Closure property: If

a=6z +tLb=6z,+lz,z,cZ

o=06z'+52'€eZ

then:
ach =6z +1+6z+5+ 6z, +1

=6(z, +z, +z'+ 1)+ 1=6z+1€ 8

therefore, pair (S, (1) is a grupoid.
Associative property: If

a=6z,+L,b=6z,+1, 27,2, c Z
and
a=6z+5 B=6z"+5 2z z"€e Z
then:
(aob)Pe={6(z, + z, + 2'+ D+ 1} + 62"+ 5+ 6z, +1
=6(z,+z,tz,tz+z"+2)+1=6z+1

From the other side:

ao(bfc) =6z +1+ 6245+ (6z, +1+ 62"+ 5+ 6z, + 1)
6(z,tz,tz, +tz+z"+t D)+ 1=6z+1

Consequently,
(acb)Pc = ao(bfc)

We now prove that the pair (S, (+); 15 a [-semigroup.

Example 3: Let S be the set of all matrices of type:

45

and I" be the set of all matrices:

[ Yo

We can prove that the system (5, () is I'-semigroup,
where operation (. )y is the product of the matrices.

Solution
Closure property: If

a 0 a,
A= A, = L ALA,ES
b, 1 b,
and
x 0
o= ,acel
[0 1
then:
a 0)x 03a, O
AOA, =
b, 1]10 1]|b, 1
(fax 0)fa, O
lbx 1)[b, 1
[ axa, 0} fa 0
Cibxa,+b, 1] |b 1
where,
axa, =a,bxa, +b, =b
and

AoA,eB

Associative property 1s true because the product of
the matrices 1s associative and relation 1s evident:

(A GA,)BA, = A0{A,BA,)
since the algebraic system (3, (\); is I'-semigroup.

Semigoup S can be considered always like I'-
semigroup if operation in S expands in Sw{l} where 11 =
1 and la = al = a, (1#a), ¥a € 3. Hence, Su{l} is
semigroup with identity element. If we define ab = alb
and I' = {1} in tlus case S 13 Isemigroup. Therefore,
principal results of the theory of semigroups can be
expanded i the theory of a I'-semigroup.

Lemma 1: If S is a semigroup, I' = {1} and ab = alb then
S is ["-semigroup.

Proof: From defimition 4, it 1s evident.



J. Modern Mathe. Stat., 4 (1): 44-49, 2010

Definition 5: Let S be a I'-semigroup. Subset M of Sis I'-
subsemigroup of I'-semigroup S if MI'McM, where:

MI'M ={mon:m,ne M0}

Other alternative way of defining I'-subsemigroup M
of semigroup S can be found by Saha (1987).

Example 4: Let 5 =[0. 1]and

1
F—{—:ne Z+}
n

Then S 1s I'-semigroup. But subset:

oot

is I'- subsemigroup of I"-semigroup 3. We can see that:
McSandmene M, Ym, ne M; Ve e I

Determination of ideal in I'-semigroup S, although not
according to the defimtion provided by Saha, the 1dea and
some characteristics were taken from Saha (1988).

Definition 6: A left (right) ideal of a I'-semigroup S 1s
non-empty subset T of 3 (I=S, T#¢) such that SI'T=I
(II'S<T). Tf T is both a left and right ideal, then we say that
Tisanideal of 8. Let Q non-empty set of S.Q 1s quasi-ideal
of I'-semigroup S if QI'SNSI'QcQ.

Definition 7: A T'-semigroup S is left (right) simple if it has
no proper left (right) ideal. A T'-semigroup 3 1s said to be
simple 1if it has no proper ideal.

Definition 8: An element acS is said to be a regular in the
I'-semigroup 5 if acal'SI'a, where:

alrsSla = {(acb)Pa:be S0, P I}

A T-semigroup S is said to be regular if every
element of S 1s regular.

Example 5: Tet A = {1, 2, 31 and B = {4, 5} betwo
non-empty sets. Let S = {f, g, h} I'= {u, B, v, 8, 6, b},
where f, g, h are maping from the set A to the set B and «,
B, v, 8, 8, ¢ are maping from the set B to the set A. They
are defined by:
1 23 1 23 1 23
4 4 4 5 5 35 4 4 5
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and:

¢

4 5 8 4 5 4 5
1 17/ 2 20773 5
45 45 45
0= 2=
TS TS (i
Where, 1f = 4, 2f = 4, 3f = 4 and similarly others. We
can see that:

3

fofdf =f,gogvg =g . hBhoh =h

For example: if 1e AN feS, we have 1f = 4. From the other
side:
1{fafdf ) = 1 (afdf) = 4a (B
=1f(6f)=48(f)=2f =4

We proof fafdf = f Therefore, S is regular I'-
semigroup. We can give another definition about regular
I'-semigroups.

Definition 9: A T-semigroup S 18 called regular I'-
semigroup if for any aeS exists beS, «, pel’ such that
a = (aeb) Pa.

Example 6: Let S be the set of all 2x3 matrices over the
field and I" be the set of all 3%2 matrices over the same
field:

S =08y )l =X, )s

then S is regular I'-semigroup where AaB (A, BeS, ael’)
denote the product of the matrices. Indeed for AeS, we
can chose cel’ such that:

(AGAA= AGA = A
Definition 10: An element ecS is said to be an idempotent
of I'semigroup S, if exe = e for some cel’. In this case, we
call e an ¢-idempotent. S is a idempotent I'-semigroup if

and only if every element of S is idempotent.

Example 7: Let

ol e e b

Then 3 15 a idempotent I'-semigroup.

y

Definition 11: Let S be a ['-semigroup and acS. If for beS
exists ¢, Pel such that a = (acb)Pa and b = (bpa) ub then
b is called an («, B) invers of a. In this case researcher
write:
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be vi(a)

Proposition 1: If S 15 a regular I'-semigroup and aes, then
VE(a) # @ for some «, Pel’.

Proof: If S is a regular I'-semigroup, then for some aeS
exists beS, «, el such that a = (agb)Pa. For element x =
bPacbes, we can prove that xeVi(a) . Indeed:

(acx)Pa = (acbPacb)pa = (avbfa)obfa =acbPa=a
and
xPacx = bf{acbPa)obfacb = bplacbPa)ab = bfaob =x

Then: xe VE(a)

Definition 12: A T'-semigroup S is called a inverse I'-
semigroup if every element a of S has a unique (w, P)-
inverse, whenever (¢, 3)-inverse of a exists.

Proposition 2: A regular I™-semigroup S is a inverse I'-
semigroup if |Vita)l=1 for all aeS and for all ¢, Pel.

Proof: It 1s evident from defimtion 12.

Theorem 1: Let S be a inverse ['-semigroup and a5, o,
Bel'. If «?eviw), then aga™ is P-idempotent and a~Pa
1s g-1dempotent of S.

Proof: If S is a inverse I'-semigroup, then for acS and «,
Pel™ exists unique inverse element oe vi{a) such that a
=aga ' Paand a”' = a' Paca”’. Element (aga " )eS is a
P-idempotent:

{aca " P(aca™y = ao(a 'Paca ) =aca”
and element a~'Pais a a-idempotent i S:
(a”'Ba)x{a”'Ba) =a'PlacaBa) =a Pa
RESULTS AND DISCUSSION

Initially we create semigroup S, (Chinram and
Siammai, 2009). In Theorem 3 and 4, researchers proof
necessary and sufficient condition where semigroup G, 1s
a I'-group. Furthermore, we have determined necessary
and sufficient condition where regular and inverse
semigroup G, is a I'-group. Now we will create the
semigroup S,

Let S be a I'-semigroup and @ be a fixed element of T".
If a, beS, define operation o in S by, ach = axh, ¥a, beS.
Then, S is a semigroup.
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Proof:

(1) Wa, beS; qel’ = ach = azbeS, w-fixed element of T’

(11) WVa, b, ceS, zel’ we have ac(bec) = ac(bac) = ac(bue)
On the other hand:

{aob)ec=(acb)-c =(acb)ac =ac(boc)
Since:
{(aob)oc=ao(boc)=(3,0)issemigroup

We dencte this semigroup by S,.

Example 8: If

o[l Deerfenfy ]

is fixed element of I Then S, is semigroup, where
operation is the product of matrices. We took definition of
I'-group from Sen and Saha (1986) which in a free form

appears as:

Definition 13: A T'-semigroup G 1s called a I'-group 1f G,
is group for some ael’ (Sen and Saha, 1986).

Example 9:1fS={6z+1:ze Z} and I' = {5} from example
2. We can see that S; 13 semigroup:

(1)
(i1)

ach=acb=(6z +1)+5+(6z, +1)=6(z, +2, +1)+1=62+1c 8

Ya=6z tLb=6z, +1e8,0=5T

ao(boc)=[(6z +1)o(6z, +1+ 5+ 62, +1)]
=6(z,+z,+Z, +2)+1=6z+1(acb)oc
=[(6z, +1)o(6z, + D] o (6z, + 1)
=(6z, +1+5+ 6z, +1)o (62, +1)
=6(z +z,+z,+2)+1=6z+1
Comnsequently, 3; 13 I'-semigroup and denoted by Gs.
We can see that G, 13 I'-group. Identity element in G 1s -

5eQy:
—S5o(6z+1)=-5+5+6z+1=6z+1e G,

Ya=6z+1e G,,db=-6{z+2)+1c G,
acbh=6z+1+5+[-6(z+2)+1]=6z+6—-6z—-12+1=-5

Consequently, G; 1s I'-group. Siumilarly, we can see
that G, 1s I'-group for all ael.

Theorem 2: G, is a I'-group if and only if G is simple
I'- semigroup .
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Proof: Suppose G is simple, then G is right simple and left
simple. Let acG, consider the set acG. We can show that
aa( 1s a right 1deal in G. Since G 18 right simple we have
actG = G. Simnilarly, we can show that Goa = G. Hence, a°G
= G and Gea = G for any a€G. Then from the known
(Ljapin, 1960) result it follows that G, is a I'-group.
Conversely assume that G, s a group and ¢, be the
identity element in G,. Let I be a left ideal in the I'-
semigroup G and a€l. Then there exists beG such that boa
= e, Hence, e, = bea =baa = €l. Let ceG. Then ¢ = cee, =
cete€l. This shows that G = 1. Sumilarly, we can show that
G has no proper right ideal. Hence G both left simple and
right simple I'-semigroup. Then G is simple ['-semigroup.

Corollary 1: G, 1s a I'-group if and only if G 5 a I'-
semigroup and if it has not proper 1deal.

Proof : From Theorem 2 and definition 6 and 7 is evident.

Theorem 3: Let G a I'-semigroup and cel. G, 1s I'-group
if and only if G does not have proper quasi-ideal.

Proof: Suppose that G does not have proper quasi-ideal.
Let ae@G, consider the set aG. Then:

(acGII'G m GT(aaG) C (aaG )G = ac(GTI'G) C acG

Therefore, acG i3 quasi-ideal. But G does not have
proper quasi-ideal, then axG = G. Similarly we can show
that Gaa = G. Hence, for every a€eG we have acG = Gea =
G. It shows that G5 a I'-group.

Conversely, suppose that G, is a group and Q is
quasi-ideal of G. Let acQ, then:

G=Goa=a0G =acG M GuacQI'GMGIQcQ

Consequently, G = Q. This shows that G does not
have proper quasi-ideal.

Theorem 4: Let G be aI'-semigroup if G, 1s I'-group for
some ctel” then G, is I'-group for all el

Proof: Let G, be a group. Consider the sets aPG and GPa;
acQG, pel’. Now (apG) aG =ap (GaG) = aPpG and Ge (Ga)
= (GaG) Pa = GPa. Hence, aPG 1s aright ideal and GPa is
a left ideal in G, Since G,is a group we have apG = G and
GPa=G. Then a«Gy = G and Gyea = G for all aeG. Hence,
from known result it follows that Gg 1s a group.

Theorem 5: A regular I™semigroup G will be a I'-group 1if
and only if exf = fue = f and epf = fPe = e for any two
idempotents e = e¢te and £ = {pf of G.
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Proof: Suppose G is a I'-group. Let e = ete and { = {pf of
G be two idempotents in G. Then e is the identity element
of the group G, and f is dhe identity element of the group
;. Now feG,,. Hence eof = foe (e-identity of G, ) and eof =
eaf, foe = fue. This shows that exf = foe = £ Similarly epf
= fPe = e. Conversely, suppose that the given condition
holds in a regular I'-semigroup G. Let acG. Then there
exist ¢, Ppel” and beG such that a = ae (bPa) = (acb)pa. Let
e = bPa and f = agb. Hence ece = e and {pf = { are two
idempotents in G . We shall show that G, 1s a group. Let
¢ = (cyd)dc be an element in G where v, 8€l” and deG.
Then:

(cydB(cyd) = [(cydBclyd = cydand (d8c)y(dSc) = dc
are 1dempotents. Now:
eac = eaf(cyd)dc] =[eaf{cvd)]dc = {cyd)dc=¢
and

cote = [oy(d8c)]oe = oy[(ddc)ae] = cy{dde) = ¢

Hence, ecc = eec = coe = cge = ¢ for all. Again fPe=e.
Hence, (ach)Pe = e. Then ac(bPe) = e. Also

(bBe)ata = b eofacb)fa]=bPleafPa)]
bf[{eaf)Pa]=bB(fPa)=bfa =e

Hence, for a there exists bPe in G, such that:
ao(bPe)=(bPe)ca=e
Hence, G, 1s a group.

Example 10: If

s_{[g g}a,b,cez},r_{[g g]x,yez}

then 3 1s I'-semigroup. For fixed element:
20
o= oel’
We can see that G, is I'-group. Identity element is:

.

a 0 4 [dta 0
A= LA™ =
b ¢ b A+

0
2]15 °A =EtotA = A

J;A,A“EGa:AoA" =A
C
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Theorem 6: An invers I'-semigroup G will be a I'-group if
and only if exf = fue = f and epf = fPe = e for any two
idempotents e = e¢te and £ = {pf of G.

Proof: Inverse I™-semigroup G always is a regular I'-
semigroup. Hence, the remaining part of proof of Theorem
6 follows from Theorem 5.

CONCLUSION

A T-semigroup G is a I'-group, if G is simple or G does
not have proper quasi-ideal or ideal. A regular or invers
T'- semigroup G will be a T'-group if G satisfies condition
in theorem 5 or 6.
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