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Abstract: High wall shear stress cause the innermost membrane of an artery or a vein thickening but may also
activate platelets cause platelet aggregation and finally result n the formation of a thrombus and there 1s no
suspicion that height of the stenosis is a more important factor influencing bleood flow than tapering.
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INTRODUCTION

Severe stenosis may cause critical flow conditions,
related to artery collapse which leads directly to heart
attack and stroke. It also causes pressure changes at the
throat of stenosis and shear stress changes direction in
the region just distal to stenosis under unsteady
conditions (Carrocio et al, 2002; Frank et al., 2002).
Different mathematical models have been studied by some
researchers to explore the wvarious aspects of blood
flow in stenosed artery (Smith ez al., 2002; Shukla ef al.,
1980a, b). Tuet al . (1992) have studied the Pulsatile flow
of blood m stenosed artery. Verma and Parihar (2009) have
considered the behavior of blood in stenosed artery in the
presence of magnetic effect and Hematocrit.

Blood is made up of a suspension of particles in a
solution of protemns and electrolytes called plasma.
Erythrocytes, leukocytes and platelets are the main
constituents of blood. The erythrocytes or Red Blood
Cells (RBCs) are more than a thousand times more
numerous than the leukocytes or White Blood Cells
(WBCs) and much larger than platelets. For this reasor,
the flow properties of blood mainly involve the RBCs. The
Hematocrit (percentage of the blood volume that is made
up of red blood cells) 1s the major determinant of blood
viscosity. Imitially red blood cells have round shape
(Fig. 1a). But in people who have sickle-cell anemia, the
blood cells break down. They lose their round shape and
take the form of a sickle, a farmer's implement (Fig. 1b),
(Bonn, 1999). These sickled blood cells get stuck in the
small veins of the body, blocking other red blood
cells from passing. When the flow of blood to a part of the
body 1s reduced, the oxygen supply to that part of the
body 1s cut off and cells begin to die. The wall shear
stress distribution is an important diagnostic factor for
examining the flow characteristics of the blood through

Fig. 1. a) Round red blood cell and b) Obstructed red
blood cell

the arteries. There is no question that tapering is a
significant aspect of mammalian arterial system. Keeping
1n these views 1n this study, an attempt has been made to
find the effects of the stenosis and Hematocrit on the flow
rate, wall shear stress and resistance parameter for
Newtonian flud through the tapered artery.

Development of the mathematical model: For the
development of mathematical model in the present
analysis, following assumptions are made:

+ Blood is assumed to be a Newtonian fluid

+  Motion of the fluid is laminar and steady

¢ The inertia term is neglected as the motion is slow

+  No body force acts on the fluid

¢ There is no slip velocity at the wall

*  Cylindrical polar co-ordinates are used

¢ The axis of symmetry of the artery taken as z-axis

+  Stenosis is mild

¢ Height of the stenosis is much less than the length of
the stenosis

s Tapered artery is taken

s Tapered angle is very very small

However, it is also assumed that there is no flow of
blood in B-direction in the artery, so system is reduced to

Corresponding Author: Nidhi Verma, Department of Mathematics, Birla Institute of Technology and Science, 33031 Pilani, India



J. Modern Mathe. Stat., 4 (1): 38-43, 2010

(r, z) co-ordinates. Therefore, the equations of motion in
r and z directions and equation of continuity are written
as follows (Bird et al., 1960):
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Where
uandw = Radial velocity component and  axial
velocity component, respectively
P = The pressure of flud
n = The constant density of blood
r = Radial co-ordinate
z = Axial co-ordinate
i = Viscosity of blood

Here, the magnitude of radial velocity (u) is very less
in comparison to magnitude of axial velocity (w) (1.e,
u<=w), variation of velocity gradient in z direction 1s very
less in comparison to velocity gradient in r direction:
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also neglected, therefore Eq. 1 and 2 are reduced as:
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It 1s seen from Eq. 5, the pressure gradient 1s the
function of z (p = p (z)) only which caused the motion of
flow, therefore:

dp _dp

9 dz
The boundary conditions are shown as:

M o r=0 6(a)

6 (b)

By applying the boundary conditions, maximum
velocity at the centerline (6 (a)) and no-slip velocity at the
wall (for fimte veloaty, 6 (b)) on Eq. 4, the velocity profile
of the fluid through the artery 1s shown as:

w—{dp/dz}(Rz—rz) (7)

au

Guo-Tao et al. (2004) discussed the physical model of
tapered artery with stenosis. In such a case the geometry
of the artery (Fig. 2) 1s modeled mathematically as follows:

R,-m(z+L}); 0<z<d,

R(z)= Rﬁm(z+L)7hC%q)|:1+cos{¥H dy<z<L, +d, (8)

0
R -m(z+L) Ly+d;<z<L

Where:

R(z) = Effective radius of the tapered artery
R, = The radius of the untapered artery

© = The angle of tapering

H=hcos® = The height of stenosis n tapered artery
L, = The length of stenosis

m=tangp = Slope of tapered vessel

To find the effect of Hematocrit on the flow rate, wall
shear stress and resistance parameter, the relation of
blood viscosity and the Hematocrit which is quite
effective 1s shown as Einstein (1906):

w=p, (1+2.5H) 9
Where:

H = The hematocrit
1, = The viscosity of plasma

Flow rate: Flow rate for Newtonian fluid is defined as:

Q= jznmdr (10)

i
—

< L >

Fig. 2: Physical model and co-ordinate system
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Using Eq. 7 into Eq. 10, flow rate is shown as:

_ il'IZGR4 (11)
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Where, G = dp/dz. Thus, the expression of total volumetric
flow flux for the tapered artery is shown as:

L
Q, _AG Ridz (12)
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By using the geometry of artery (Fig. 2) as shown in
Eq. 8 mto Eq. 12, the expression of non-dimensional flow
rate (nd. Q_ ., ) is shown as:

~ 40
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Where:
A :[(R1 ~mL) (R, ~m(d, + L)ﬂ

B= [(R1 ~heos@-m(d, + L)) ~(R, ~m{d, + L, + L))S}

c:[(R1 —m(d, +L, +L)} —(R, —2mL)5} (14)

By wing Eq. 9 and 13, the expression of
nen-dimensional ¢, m terms of Hematocrit is shown
as:

= 1
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Wall shear stress: The constitutive relationship for the
Newtornian fluid 1s given as:

%)

From Eq. 4 and 11, the wall shear stress, T, for the
tapered artery 1s given as:

L
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n 1]

Using Eq. 8 in Eq. 17, the expression of non
dimensional wall shear stress (n.d.t,, w )
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Where:
1 1
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1
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Similarly, the expression of non-dimensional

1, (n.d.ty) from HEq. 9 and 18 in terms of Hematocrit is
shown as:

T =(1+2.5H)[A, + B, + ] (20)

Resistance parameter: The resistance to flow A
(resistance parameter) 1s defined as follows:

5 = P (;Pu (21)

From Eq. 11 and using the conditions that the
inlet pressure p = p, at z = 0 and outlet pressure
P = s atz =L, the resistance parameter 1s shown as:

L
=M I‘Lf (22)
R
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Thus, the non dimensional resistance parameter, 3, for
the tapered artery 1s given as:

— R4
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1
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1 1
C, = -
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Thus, using Eq. 9 in Eq. 23, the non-dimensional
resistance parameter A for the tapered artery in the term
of Hematocrit is shown as:

~ (1+25H)R/

R
X . LA, +B,+C,] 24

Wall shear stress is an important factor in the study
of blood flow. Accurate predictions of the distribution of
the wall shear stress are particularly useful for the
understanding of the effect of blood flow on endothelial
cells. Since low shear stress has been related to the
mitiation and localization of arteriosclerosis, hence the
post-stenotic zone could be prone to the propagation of
the disease.

From the study, it is observed that there is a negative
correlation between height of stenosis, length of stenosis,
slope of tapered vessel, Hematocrit and the flow rate but
there is a positive correlation between height of stenosis,
length of stenosis, slope of tapered vessel, Hematocrit
and the wall shear stress and resistance parameter in

tapered vessel
Thus, the investigation represents that as the
height of stenosis, length of stenosis, slope of

tapered vessel and Hematocrit mcrease, the flow
rate decreases (Fig. 3a-c) but the wall shear stress
(Fig. 4a-c) and resistance parameter in the tapered vessel
increases (Fig. 5a-c).

Numerical solution of @, (Fig. 3d), = (Fig. 4d) and
(Fig. 5d) for tapered artery is also calculated to
compare with the analytic solution with respect to
shape of stenosis and Hematocrit and it is found
that numerical solutions and analytical solutions are close
to each other.

R =15em,L=2cm,L,=0.0l cm

5734 ®  m=026R,=15emL=2em 1957 (G " A
19.0-
572 1851
5714 18.0-
5.70 1754
5.69- .\‘\. 1701 o . .
5,684 16.54
Sf 5.671 E' 16.0- -=m=10,087 ($ =5.07
d | -.'L. =0.025 g 15.54 --m=0.,034 ( = 2.0:)
5.66 L, =005 15,04 -&-m = 0.008 (§ =0.5%)
3.65+ —b[, =008 14.54
5.641 14.04
5,631 13.5
5.62- 13+ g - -
5.61 . . . . - 12.5 T T T T T
0.10 0.11 0.12 0.13 0.14 0.10 0.15 0.20 0.25 0.30
16 @m— - - 5837 (@ m=026,R,=15cm,L=2cm
3.4 m=1026,R, = 1.5 em,L=2 ¢m, L, = 0,025 cm 5.82
3.2
-= 1 =24.80% 5514 -=L,=0.025
3.0 -8-H=45.00% --L,=0.05
- 11=63.20% & -&L,=0.01
o 2.8 - 7 5.801
; -— > *
F 261 ‘_\'\.
5.79-
2.4+
2.21 5.78-
204 44— & A
577
1.8 T T L} T T T L T T T
0.10 0.15 0.20 025 030 0.10 0.11 0.12 0.13 0.14
Height of stenosis (h cos§ Height of stenosis (h cos 4

Fig. 3: Represents (a, b) the variation of Q, against height of stenosis for different length of stenosis and slope of
tapered vessel, respectively, while other parameters are fixed, represents (¢, d) the variation of Q, against height
of stenosis for different Hematocrit and numerical solution for different length of stenosis, respectively while

other parameters are fixed
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Fig. 4: Represents (a, b) the variation of = against height of stenosis for different length of stenosis and slope of
tapered vessel, respectively, while other parameters are fixed, represents (¢, d) the variation of = against height
of stenosis for different Hematocerit and numerical solution for different length of stenosis, respectively whle
other parameters are fixed
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Fig. 5: Represents (a, b) the variation of & against height of stenosis for different length of stenosis and slope of
tapered vessel, respectively, while other parameters are fixed, represents (c, d) the variation of % against height
of stenosis for different Hematocerit and numerical solution for different length of stenosis, respectively whle
other parameters are fixed
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CONCLUSION

In this study, a mathematical model has been
developed to study the effect of stenosis and Hematocrit
on flow rate, wall shear stress and resistance parameter
through tapered artery under stenotic conditions by
considering laminar flow, rigid walls and Newtonian fluid.
The numerical results for these expressions also have
been carried out.
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