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Abstract: Tn this study, we consider estimation of response bias based on information from both the initial and
the subsample in double sampling with inclusion probabilities m contrast to estimation of the response bias
based on information from the subsample only. The condition, under which either of the two estimators can be
preferred to the other is determined. The relative significance of the contribution of the correlated factors to the
total response varance compared to the contribution by the other factors of response variation noted earlier
by Hansen under a different sample design 1s confirmed. The effect of the replication of the survey for K>1

times.
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INTRODUCTION

The term survey is used in this study to refer to an
investigation, whether complete or incomplete, which
15 concerned mamly with the counting of units
(of analysis) under study, technically known as a census
(Warwick and Lininger, 1975; Raj, 1968) and to a complete
or incomplete investigation, which is concerned with the
collection of detailed mformation, techmcally known as a
survey (Warwick and Lininger, 1975), from each umt
under study. We postulate that the objective of a
statistician in designing a survey is to minimize the total
survey error the components of which can be classified
broadly, by emror type, as sampling errors
nonsampling errors.

The sources of survey errors are all the activities that
constitute survey planning or determination of the fixed
conditions (though often ignored as a source of error)
under which, the swrvey can be conducted. These
conditions include population coverage and the survey
protocol (Udofia, 2006). The planning operations take
place m the office. The other source of swvey errors 1s
the process of measurement of the study variable on the
units of analysis. This process consists of Hansen et al.
(1961) the data collection operations (or field work) and
the data processing operations (which 1s another phase of
office work).

Sampling error arises from failure of the selected
(random) sample to cover the entire population It is
therefore, associated with certain aspects of the survey
planning, which are choice of sample design and
determination of sample size. This error is a variable the
magnitude of which 1s mversely related to the sample size.

and
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This relationship enables the mvestigator to reduce the
sampling error by increasing the sample size. The close
relationship between this class of swrvey errors and the
sample size gives rise to the term sampling error.
Nonsampling errors are associated with the other aspects
of planmng (such as the selection and traimng of the
survey staff and the swvey time schedule), with the
measurement and with the processing operations.

Non-sampling errors, the reduction of which 1s
receiving increasing attention m recent times, are different
distortions of the true value of the study variable. They
consist of biases or systematic distortions and random
errors both of which are referred to commonly as response
eITOrS.

Random errors appear in equal magmtudes in both
positive and negative directions and hence cancel out in
summation. Biases on the other hand, are systematic
distorions which pile up m the same dwection and
therefore do not cancel out in the summation. As
indicated above, these errors are not functions of the
sample size. They remain the same in both complete and
in incomplete surveys. As noted by Kish (1965) and by
Udofia (2008), they can be reduced only by improving the
related survey operations in the planning, measurement
and 1n the data processing stages.

It 1s known (Kish, 1965 and Talukder, 1975) that in
many swvey situations, response bias is the major
component of response error. Raj (1963) notes that
sometimes 1t 15 so large that its elimmation 1s more
important than increasing the sample size. For example,
Hansen et al. (1961 ) concludes that response bias was the
important contribution to the errors of the 1950 1J.5.
Census statistics.
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Measurement of response bias is a difficult problem,
the solution of which demands more than statistical
theory (Udofia, 2008). Hansen et al. (1961 ) concludes that
there 18 no reascnably satisfactory approach for
measurement of response bias. After the pioneer research
by Mahalanobis (1946) on measurement of response
variation some useful methods of measurement of
response bias have been developed and discussed by
notably Hansen et al. (1951, 1953, 1961), Fellegi (1964),
Raj (1968), Koch (1973) and Talukder (1975). Hansen et al.
(1951) gives an illustration of the use of double sampling
with equal probabilities of selection m each phase to
measure response bias. It is of interest to see how
information from both the initial sample and the 2nd
sample can be used together for the same purpose and to
determine the condition under which either estimator can
be preferred. This study is an attempt in this direction.

Suppose that the population, m,, under study
consists of N elements which can be divided into H
identifiable and independent groups or subpopulations,
which may be geographic, demographic or professional
groups. Let,

H

N
b2 h=1

N, =N

denote the number of potential respondents or units of
analysis in the hth group (Gy). There exists also a
population, m, of M potential interviewers which can be
divided also into H independent groups with M,,

H

et M, =M

potential mterviewers in the hth group (Q,) such that
units in G, can be interviewed only by units in Q,. As
noted by Hansen ef al (1951), the discussion in this
study applies also to a situation where the elements of
T, can be divided into L, L # H, subpopulations. An
example of the arrangement described above is given in
Udofia (2008). The number of potential respondents in Gy,
that are available to be interviewed by each of the M,
units of Q, is

Tt is assumed that information on the measure of size,
7, 18 available for each of the population elements,
U j=1,2, ., N, before the start of the survey. An initial
sample, S(n,) of size ny,

H
Zh:lnlh =1

is drawn from Gy, h=1, 2, ..., H, with probability
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Hy,
P, =Z,/Z,, Z, = ), Z,

where, 7,; is the value of Z for unit j and with replacement.
Also, a sample S(m ;) of my,

H
jor Ty = I,

interviewers 1s drawn by Simple Random Sampling
Without Replacement (SRSWOR) from Q,, h=1,2, .., H

and
_ n
| Ty
n, = {—}
myy,

units of S(n,,) are assigned at random to each of the m
interviewers so that n, =n,,m, .

The study variable is measured on S(n,,) under a set,
A, of essential survey conditions (Udofia, 2006) typical of
a large survey. Let, X, denote the value of the study
variable for unit j in G, obtained by interviewer i in Q, on
the kth, k = 1, 2, ..., K visit under this set of essential
survey conditions. This means that a swvey can be
repeated K, K1, times (Hansen et af., 1951, Raj, 1968).
The repetition can be done in such a way that mformation
received from an individual on one visit does not
influence information received from that individual on any
subsequent visit.

During the second phase of the survey, a second
sample, S(n,,) of size n,,

H

h=t =u

Iy, 2

Ny <y, 18 drawn by SRSWOR from S(ny). Also, a sample

S(im,) of my,
H

My, <My, p,.

My, =m,
interviewers is drawn by SRSWOR from the initial m,,
interviewers (or from another population of mterviewers

that is different from m,) and

_ n
| Ma
1,, —{ }
m,,

units of S(n,,) are assigned at random to each of the my,,
interviewers. The study variable 1s measured once on
S(n,,) under a set, B, of highly effective essential survey
conditions that can produce only the desired true or
precise responses { Udofia, 2006). Let, Yy, denote the value
of the study variable obtained by interviewer i, 1 € S(imy,)
from umit j, 1 € S(n,) under set B of essential survey
conditions. These are the desired true values.
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Consider the following linear response model of the
type discussed earlier by Hansen et al. (1953), Raj (1968)
and by Talukder (1975).

K = Yy T Oyt Bm + dye (1)
where:
Xand Yy, = Retain their earlier definitions
Cy = Denotes bias due to interviewer i
1€Q, By = Denotes bias due to respondent j, j € G,
i = Denotes random error in the response by

unit j received by interviewer i on
occasion k

We assume that

dyy =0, var(d,, }=o(d)
0,i=2¢,j=w,t2k
Oizd,jzw,t=k
0izf,jzw, t#k 2
Py dye )0 (d)i= £, j2w, t=k
Gz(d);izé’,j:w,t:k
Oi=4,jzw, tzk

Cov(dhuk d,, )

We assume also that there 1s no correlation between
elements of the set {Y,;, o, Py, dupt. Under these
assumptions, response bias 1s defined as:

H My N, K H My, by
B= 22 2 X = 2 2D
h=1 i=1 j=1 k=1 h=1 1=l j=1 (3)
H My H Hy
ZZNh ah1+2MhZBh]
b=t = h=t =1
or
H _ _ H —
B=YN,(X, -Y,)=X-Y=YN,(3,+B) 4
h=1 h=1
since,

by (2). Equation (3) clearly presents total bias, B, as the
sum of all biases (Kish, 1965).

Under the above assumptions,
following unbiased estimator of B based on mnformation
on the subsample, S(ny,) only:

we consider the

gy Han

. g=1 (5)

iXhuk
i

i)

|
B :Zn—

h=1 tap 1=1

with variance
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V), [1+(m, — 1y

2 3]
) O (X), GF(Y)J
(6)

2(Y), —ZpP(Xhuk,Y

This variance can also be expressed in terms of its
simple components that reflect the different sources of
response variation as:

+Hmy, 71)pp(Yhu=Ym)hIG12:(Y)hl |: ( 71)pp(Bth) :|
%(B), | (%), }+inlm [(R-Dar(Y), + (n, - Lps

Contributions by the comrelated factors are
represented in Eq. 7 by the terms with (m,, —1) as a factor
and which, as noted by Hansen et al. (1961), can be large.

METHOD OF ESTIMATION OF RESPONSE BIAS
FROM BOTH SAMPLES IN DOUBLE SAMPLING
WITH UNEQUAL PROBABILITIES

Under the sample design and with the data in
previous study, we propose the following altemative
estimator of response bias to include information from
both phases of the double sampling design:

oy B th
D

1 Mg 1=l g=1 Ty

My Ty

Xh1
! B,

i)

(8)

=

1
n

Mm

PR |
B:ZH—

h=l thyp 1=1 =1

W.
I
=
1}

By using theorems on conditional expectations and
conditional variances (Raj, 1956, 1968), we obtain the
expected value and the variance of the above estimator as
follows:

By the conditional expectation equation:

E(B) =5, B,(B) : B, () =E([n,) ®

Where:



(X)hi

2
P

Epp (Xhuk)thtk )MG

My

J. Modern Mathe. Stat., 3 (1): 29-37, 2009

(14)

Where:

1

=1 j

i

myy,
=1

1]

i

and hence,

_Xh1J
hi

tht k

Xhijk

) Ph{

y

Iy

B

i

hi

P

which is the same as Eq. (4) where,

\)
in
—
p—
5

B

H

24

-

H

o

Il P
w = e

S
> g
an.,.

R
SN N

Xh1]k

1

ZK
B is given by the conditional

X hij

The variance of
variance equatiorn:

From Eq. (10), we obtain

s
2
=
P
| o
il
AN

Ny i

i

Also,
Where:
32

(12)
(13)

We rewrite Eq. (13) as:

Now,
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so that

- 1) Py (thk Hisn )

h=1 4 i=1
H 1 My, s
+(K—1)pp(Xhukaw)hJ+ —Y'oi (V) x
h:lnlh i=1
_ o, (X)
X 1+ (T 10, (Yo Your )~ 20, { Yoo Vi) — hi
e (%), (], 2
a7

From Eq. (8):

h
H 1 Bz Y th H 1 G gy th
=EV, 2_ — :ZElvz EZ_J
h=t1 iy =1 =1 by h=1 Ny, i3 i3 By
Let,
Y
Phj 7
so that
Lmzh Tigy, th _ ?2
Ny 7 By !
Then

H 1 1 1 my, Ty 1 M o
= _— t,— t
g[nzh oy, }nm 13 121( Tom, 2121 y}
2
H 1 1 1 my Ty Y 1 D Ty,
) D 0) B 3) )8
hol o ooy, —1iE95 By ony, i30S
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2
Y,
( hlJth]
B hi (18)

Substitution of Eq. (17) and (18) in Eq. (11) gives the
result

N H
V(B):hEH_ZG;(X)h [1+(n1h l)pp(ka Xhu!k)
=1t =1
Ho My ,
+(K_1)pp(Xka Xhuw)hl]*'z— *CFP(Y)hl
b=t Ty, =1
T % (X)
1+ -Np.x(Y,., Y, —25 (X.. ¥ P hi
|: (n1h )pP ( hij > hu’) Gp( hijlk hu)h1 GF(Y)hi
S L LSy
b=ty Mgy Mgy Jimy H
(19)

The significant role of the correlated factors which
are terms with factors
obvious in this result.

n,, —1 and K-1, respectively is also

For the purpose of decomposition of the terms
m Eq.  (13), the
assumptions,

we  have under model

H My, , ;
:ZnE {Gz(d)hlJer(Y)hlJer(B)hI\;G (a)h}
h=1 thp 1=1 )
(20)
iK(ﬁm 1)C Xhuk Xhuk
h=1 Iy, : Ph] Ph] )
Py (Yh Yhi) GZ(Y)
LK(n, 1) & o i
1h )
i ; ny, i=1 TP (dh“’ i )hl O (d)m
o (B
+pp(th: Bhi)}n GS(Y)mpI\E[h)h
@
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M, (22)

_+pp (dhuk’ dhuw )m 0121 (d)m

EHEITR ey

1h i=1 b

Under the model assumptions (2), p{dyu. dyel = O,
for allk # w. Also, forany given J, 0,(Y), =0 forall k = w,
since, Yy, is the same for allk # w under fixed i and j.

C1 Xhijk , Xh1]w
Phj Phj

Substitution of Eq. 20-23 in Eq. 13 gives, under the
above assumptions, the following result.

(23)

J—O;j#ﬂ,kiw

& Xh1]k
s

b=t Iy 3=
+o,(Y)y [H(ﬁm *l)pp(thJ,Ym)hi] (24)
(B
+ M, [K+(H1h 71)pp(thJ,Yhm)hlpp(BhJ,Bhl)h:|
+o§(a)h}
Mh

The 2nd term in Eq. 12 retains its definition in Eq.
15. The last term in Eq. 12, when X,;, is expressed in terms
of its components as 1 Eq. (1), becomes:

H 1 T oy K th . H 1 D my K 'th
oy~ D .
1(§nlh i=1 =1 g Ph] énlh i=l j=1 g Phj
H 1 K 3 Y,
_ 2 Cl E hijk , ﬂ _
h=1 n1h k=1 Phj hj
H
ZLCI Yhu + %_’_ Olh s & (25)
h=1 Iy, B, B b

Substitution of Eq. 15, 24 and 25 in Eq. 12 gives the
result
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G%\f)h [K+ (m, ~1)p, (BhJ,Bhl)h} (26)
+N1[hoﬁ(a)h}hzi%f”zj[(K—l)oﬁ(Y)h

Jr(ﬁlh 71)pp (thYhd) hlci (Y)hi:|

Now V\E,(B) remains the same as in Eq. 18. The
substitution of Eq. 18 and 26 in 11 gives the following
expression for V(B) terms of simple response variances.

2
o

(d)m [1+ (ﬁm 71)pp (dhukadmk) m}

+ pM [K+(ﬁ1h 1)pp(Bh],Bhl)h]+—cr§(a)h
h h
- K & 2 = 2
+;n_ - |:(K _1)611 (Y)hl + (nlh _1)pp (thJ’thi ) 10 (Y)hlj|
=t My =
S L),
b=l Ty Ty fic
(27)
The terms on the right-hand-side of the
above equation, which we refer to as the simple

response variances, reflect contributions from the
main sources of response variation which are the
biases, variation of the true values and the correlated
factors.

With regards to unbiased estimation of V(ﬁ-) in
Eq. 19, we give the following sumilarly to Raj (1968):

r 2
1 gy fan K Xh1k 1 B fgn K Xh1 .
e IR )5
anh -1 1=l j=1 k=1 Ph_] anh 1=l j=l k=1 PhJ b
or
[ 2
gy, 1 Tgn K Xhijk 1 an K Xhijk My
F 2 1 R, Kn po| |72
i=1 2h j=1 k=1 b o j=lk=l Ty i=1
or
. 1 fiigy Top i Xhuk ~ 1 Sk Ban i Xhuk
K—nzh -1 i=1 =l k=1 Ph] anh 1=1 3=l k=1 PhJ L
X 1 Tamim K3
x TER S 2 hid ke
Pht Ph.f
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or Ky =Yy 0, + th +dys
E{nzh _] Tan i(xmk B i Han ixmkl h=12,---,H,i=1, 2,___,m2h
1=1 anh _1 =1 k=1 Ph_| anh =1 k=1 PhJ :
X{Xmﬂ 1 ﬁﬂjiXMk} =12, n,:k=1,2--K
Pht Kﬁzh i=1 k=1 Phl hi B L&
= %pp (Xhijk’ Ko )m o, (X),, o = E;ka = Yoyt 0, t B,

2

1 %op iy Y, 1 Moy Zzy Y, 1 _ —
E [P__EZ Phul - 2 )h _2 hij =Y. to, +B,
by

ng -39 By m TS By n,, =
or
I I (Y, E Y, M X ! % X Y, Bh
myy 1 2k . 1 Ay " h ; Xh. _ Xhl. _ Yh. i ah. 4
E ='n 12{ F | H_EP_JJ :|_EGP(Y)h My i1
| 1= T i=1 by iho3=l thy i=1
1 BR(Y, 1 %%% Hence, Eq. {28-29):
E w TS S| By ny i3 T By A B
X =¥, =d
1 My 1 hlt hijk hije hijk
| [ n, 54 P, }h Eq. (29-30):
Y., Y, G (Y — — — _
=P ( B hu!)h ( h Ko~ X :(thJ 7Yh1_)+(5hj 751“)
or
My 1 Yhij 1 I Yhu _ -
. T L K = Vit (By B
én% 1]_21{ B, n, i B " N i Lij ( b~ P )
darl S11Cce
Y, 1y _ B
i - Br — Bre = Ko — Y
A P, my 33 By oy Wh
ere:
My _ _ _ _
- pr (Yhu’Yhd )m Gﬁ (Y)m Ko :Xhu' 7Xhl' and Yuig = Yhu 7th-
i=1
- Let,
My, iy K may fizy K 3¢ _ = -
E 222 hl]k - . 2 b Z'h1] = Xhﬂ - y}m = Bh] B Bh with Zhu =0
n,, — Kn P,
L 2h i=1 j=1 k=l 2h 1=l 3=l k=1 hj h Them
'th 1 Man Hoy th , Zm
X'gi‘——zl gi p(an )GJYL o; (B), = Var| =L | =0o}(Z),
b Top i=t = Py f By
er and hence
% Ei iXhijk 1 e ixmk
n zh 1j=1 k=1 Ph K'ﬁzh =1 k=1 Ph gy fgy tilgy Hgy
j T . 1 Zhi] 1 Ly
Y. 1 &Y, n, —1355 By 0, TR R
X[p]_Zp]} } Zp ( hij > hu) (X)m O (Y)m
wo Ton =t fn )

For unbiased estimation of

o*(a),, o, (), and 5; (d)

hi

we give the following definitions. The calculation of
estimates of the simple response variances in Eq. (27) can
be done by considering the following defnitions on %

S(nz):
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(28)

(29)

(30)

(1)

(32)

(33)



J. Modern Mathe. Stat., 3 (1): 29-37, 2009

Eq. (30-31):
j>_<h1. - >_<h1" = (?hl. - ?h-)+ (Olhj O"'h.)
or
Xy =¥u t (G‘hj G‘h-)
or
Oy, — 0y, =X, ~ Yy (34)
Where:
X, =Xy X,
and
Yuj = ?hl - ?h
Let,
Wy =Xy — Yy =0y, — 0, with w, =0

Then, since 0*(a), cannot be estimated unbiasedly,
we find an unbiased estimator of

1 W

7Mh7

or

E 71 & i Ay _ 1 o idm
Ky, -1355 By Ko, T B |
dhqk 1 D K dhl_]k 2
* - =p, (dy» d ol(d
B, Kny, = ; Bk pp( ke > Witk )m P( )m
RESULTS AND DISCUSSION

We regret that it is difficult to find data from a survey
based on the design discussed in this study for
illustration of the various computations suggested by the
previous results. As observed by Hansen er al. (1961),
experiment that can generate the necessary data for the
llustration are often highly expensive. The main aim of
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this study, therefore, is to provide the mathematical
framework within which statistical inferences can be made
about the contributions of specified sources of survey
error to respond variance in double sampling with unequal
probabilities. To facilitate application of the method
discussed in the study, we suggest that the survey data
should be tabulated in a 4-dimensional table with h-k as
the column headings.

For the purpose of choice between the estimators in
Eq. 5 and B in Eq. (8), we subtract v(®) in Eq. 27 from
V(B in 6 and obtain the result

)-8

h=1l Iy

ey

hi

V(B

i

1 12
_}2

This result shows that v(B3*)<v(B) if, in every
interviewer assignment,

5, (X),,
) 20,(Y

hiy»

p(X Y,

hi

The implication of this is that if in every intervener
assignment the biases are minimal so that X; has a high
positive correlation with Y, i.e., both X, and Y, have the
same distribution with ¢, (X) = o, (Y) the estimator
B based on information from the subsample only should
be preferred to B which is based on information from both
samples. If as a result of non-stationary distribution of
indiscriminate biases m X, o, (X),;>>0, (Y), the observed
value of p, (X,. Y;;) may be

GP (X)}u

“20,(V)

hi

within the interviewer assignments. In such a situation
which may be common to most practical social survey
situations, B in Eq. (8) is preferable to B* in Eq. (5)
above. The choice of B in this case enables the
investigator to include in his estimation model more of the
highly variable measurements {X;} than the precise and
less variable measurements {Y,;}. This agrees with the
precision rule 1s stratified random sampling with
proportional allocation.

CONCLUSION

Equations 19 and 27 show that under the sample
design used in this study, the contribution from correlated
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factors to the total response variance is also substantial
as observed by Hansen et al (1961) under a different
sample design. Repetition of the survey for K1 times 1s
necessary for the calculation of the error terms. However,
the magnitude of K affects the contribution from
correlated factors positively more than it affects the
contribution from each of the other sources of variation.
For this reason, K can be limited to 2. Since, the ratio of
o, (X) to o, (Y) suggests the amount of distortions that
make the distribution of X different from that of Y, which
is desired, the ratio o, (X)/0, (Y can be calculated from a
pilot survey data as a basis of choice between B in
Eq. 5and B Eq. in 8 above.
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