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Abstract: We consider differential operators with separate boundary conditions in this study. And we find a
new expression and their derivative of six linearly independent solution. And it will also prove the existence
of uniqueness for separate boundary conditions. We obtain asymptotic formulas for the individual values and
functions of these problems with boundary value where the potential g (x) is an arbitrary complex function

valued in [a, b].
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INTRODUCTION

It is well known that many researchers have
investigated the spectral properties of the Sturm-Liouville
operator generated by the separate boundary
condition (Aigunov, 1996) and many researchers have
found asymptotic formula for the Sturm-Liouville
operator’s eigenvalues and functions in the case of
periodic andanti-periodic boundary conditions (Menken,
2010; Naimark, 1967; Moller and Zinsou, 2012;
Jwamer and Aigounv, 2010; Aigounov and Tamila,
2009; Aigunov, 1996 and Tamarkin, 1928). Many
researchers have been interested in the ongoing
Sturm-Liouville issue in recent years as we see N.B.
Kermov, H. Menken by Menken (2010), Karwan and
Rando (2017) found upper bound with smooth
coefficients for the proper functions of the fourth
boundary value issue. In this study, we consider the
differential operator:

¥ (x)+a(x)y(x) = .°y(x)

Ui)= D -0

where, a; are real numbers:

ajy (b,1),i=0,1,2

Us(y)= D Ea(m) ) (b2)

Us(y)= D04y

Y(b2)
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Where:
A :Aspectral parameter
g (X) : An arbitrary complex valued function

FUNDAMENTAL DIFFERENTIAL EQUATION
SOLUTIONS SYSTEMS

The expressions of six linearly independent solutions
and their derivatives can be found in this study.

Theorem 1: The fundamental system of solutions of
linear differential equation:

Y& (x)+a(x)y(x) = 28y (x) )

Are yO (X, ;")l yl (X, 7")! y2 (X, ;")l y3 (Xv X)v y4 (Xv >“)v y5
(x, A) that satisfy the initial conditions:

1 ifi=n
3" (02)= {o ifin @
Where:

Yo =1 coshAx+cosh 1+i£ x+cosh -1+iﬁ X +i
3 2 2 2 2

o

J‘X{smhk(x g)+s.nhx£1+.*/—]( )+s|nh){ 1+.*/—J(x g)}

0
q(&)yo(&)de
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Proof: Consider the linear differential operator:

1(y) = 4% (x)+a(x)y(x) @3)

We want to find a solution that is not zero:

=0

1(y)-2°y(x)

Which satisfy the initial conditions Eq. 2. First, we
reduce Eqg. 3 to an integro-differential equations:

Y& (x)+18y(x) = a(x)y(x)

y(e)(x)+x6y(x),m(y) (G))]

a(x)y(x)

m(y)

The homogeneous linear differential
y® (x)+2% (x) = 0 has for A#0 the solutions:

equation

e?»wox‘

Where:

e7~W1X, eszx’ ekw3x, e?LWAX’ e}Lw5x

1+I\f]
{sinhx(x-g)ﬂinhx[;ﬂZJ(X &_,)+s|nh7{
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32
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y3=—= ! sinhAx-sinh & £+I£ X+sinhi | -
N3 2 2

)cosh?{lﬂﬁ]
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1+—|}smh7» 1+|£ ! (1+i|jsmhx
32 2 62> 32

emisy ool B
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x+— 1+—| coshx[ 3
3L

67&‘

l+|\/—]smhk[

H
91 L3

2+|]< )}Q(é)yo(ﬁ)dé

;MH

+

;+|\/2—]smh7{ ;+|\/—](X &.)}q(é) 0(g)dg
Wg =1, wy = Z+i—,w, = —%+i73,
w3 = 1 Wy = E |73 W5=1'i73
’ 2 2 22

Then by using the method of variation of parameters
we can express the solutions of Eq. 4 fork =0, 1, 2, 3, 4,
5as:

A %I?]X }{é-iélx
+Cge +

T W
snes [ w30 ey

1.3 1.3
x( 2+|2jsmhx[ §+ ZJ(X-?;)

.[ 0 o

a(&)yi (x, 2)de

Cge—hx

)

We apply Eqg. 5 and in Eq. 2, then, we get. For k = 0 then:
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y0(0.2)=1,y5(0,%)=0,y§(0,2) =0,

m

y5(0.2)=0,y5" (0.0) =0,

vy (02)=0
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We can solve it for ¢; a

o ti8)af1 5o
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AC,-
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+i
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C5:0

[z

Ac5 =0

nd we get ¢; = 1/6 for

each k = 0:5 then y, has the form:

,+i£

1 1
= =| coshAx+coshA
0= E

,+iﬁ

« sinhk(x-§)+sinhk[; > J

IO +i*f](x-g)

. 1
(x-é’;)+smh7{- 5

X+coshi
2 2

1.3

S P

?)res

a(&)yo(&)de

And we can use the same technique for y; (x, 1),

y2 (Xv ;")l y3 (Xv ;")l y4 (Xv ;")l y5

X, N).

Corollary 1: For x in [a, b] and =0, y, (x, 1) and its
derivatives in theorem 1 can be written as:
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Proof: Since, y, (X, A) in theorem 1 has the form:
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1 1 .43 1 .43 1
Yo = s[coshx(x-a)ﬂoshx[2+|2](x-a)+coshx[-2+lZj(x-a)}sk5
Lx{sinhk(x-g){iﬂJj]sinh?{iﬂf](x-g){-;ﬂ\/j]sinhx( ;+|\/_](x E_\)}
a(&)yo(&)de
Since, |cosh z|<e™ @ and |sinh z|<e" @'
1B, ]
o-—t|(x-€)
|sinhk(x-§)|se|°(x'é)|, sinh}{éﬂf](x-&) se[z 2
13, J
(x-€)
sinhk(-éﬂf}(x-g) Se[ 22
where, & = o+it:
[lc—ﬁt]x ( 1cr—ﬁt]x
coshix| < el™!, <eh? 2] <eh 22

coshi 1+i£ X[ <
2 2

cosh A 1+i£ X|+|coshi -1+iﬁ X
2 2 2 2

[;H \/j]sinh){;ﬂ \/jj(xi)

Yo (%, k)|<é{|coshkx|+

J'X{lsinhk(x-&)H

a

1
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[ ;H*/—]smhx( 2+|\fj(>< i)} (€)yo(&)de

Then:
[1 LJ [1ﬁj
o (x, A <2 eel 2 2 Tlel 20 2 ST L
I 3>
3 1 3

Ix 1.5 [ tj(x-a>+ 1 e(?’T‘J(Xi)

a 2

(E)yvo(& )
And since:

-lc-—Sth [lc-ﬁt]x [-éc-—StJX (—Ec——sth (EG——?"{J(X £)
e|"X|Se[2 21\ 2 gl 2 2 Ivo(x,A)|<e 22 +M1|5_[XE 2 2
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|y0(x,x)|§%3e +ﬁ UL
13 1.3, Lo384
(Bl e, o4 7% e
a| 253 | xe)
e[ 22 ] [%ﬁ?t}(x £)
a(&)yo (& 1)de f(xA)=yp(x.1)e
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f(x1)=yo = ;{coshxxmoshk[;+i\/2§]x+coshk[-;+i\/2§Jx}e 2

o[ o3 2

Q(é)f (&2)dg
Let, M (1) denote the maximum value of |f (x, A)| for o1
x in [a, b] then we obtain: n=3

[1 +%t]( )

+

;+ifjsinhx( ;+|‘/—](x g)} 2

coshk(x-a)+;(l+12ij[;+i\/2§]
M(k)<1+ J' la(e)ids 3
cosh?{lﬂ\ﬁj(x-aﬁl +
2 2 2
1 X 1.3 1.3
(x)[l'lklsM(l)L |Q(§)|d?3‘_}$1 _( -1+ 32|][ 2+|Jcoshx[ 2+|j(x a)
1 )
i<l o)
1fM I la(g Idi}
yi= %k
If (x, A)|< M (1) =0 (1), |\~ and therefore: sinhx(x-a)+1[1+1lj(1+|\/§] smhk[lﬂfj
200 2 )2 2 2
1,43
sy =old 32N oo 4o e L
1
o[k4 ellx a)j
So, the integral equation is:
Y1' 5.2
1 43 1 B _
e 22t | 2o e 1.3
0 FL e[ J e( ] q(g)dg; = cosh(x-a)+ 2(1+32|)[2 2]
1,43 1.
[éc-—st](x ) cosh?{ﬂj(x a)+= (1+§|] +
olpBel 2 2 57 5
[-;H;] coshx[ +|]( a)
I 0 1 lt(x-a) _
By the same way we get all derivatives. kse
Corollary 2: For x in [a, b] and =0, y, (x, A) and its w4 -1
derivatives in theorem 1 can be written as: 13
. 1(,.1.)(1..3 1.3
sinh(x-a)+= 1+|j[+|] sinh x[ﬂ]
sinhk(x—a)+1[1+1ijsinhx[1+i\/§] 2[ 2Nz 2 2
1 207 32 2 2 L G A
Y155 +
3\ (xa)+ 1( 1+l|jsmh7{ +|J§J(x-a) (xa)+> ( 1+32|j( 2+|] sinh x[ 2+|2j(X-a)
207 32 2 2 L )
|t| X-a
0[ 16 [tl(x a)j 0&»2 ]
A
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W = 3nt

5 5
{coshk(x—a)+;(1+312|)[;+|\/2§] coshk[;+|\/—]( a)+ 2[ -1+ 312|j[ 1+|\/2§] coshk[ ;+I\/2§](X—a)]+
0[%e|t\(x—a)j

Corollary 3: For x in [a, b] and A#0, y, (X, A) and its derivatives in theorem 1 can be written as:

Y2 = 3;2 {coshx(x a)+zcoshx[;+|‘/_](x a)+ 2coshx[ ;+|*/2§J( ):l+0[ 1 (- a)j

2 2
%) =1{coshk(X-a)+l(l+i\/§} coshx[1+iJ§J(X-a)+l[-l+iﬁ) coshx[-lﬂsJ(X-a) +O[ L lx a)J
3 202 2 2 2 202 2 2 2

22

V5 _3){smhx(x a)+2[;+,*/—j 5|nhx[2+|\/—](x a)+ 2[ $+.*/—J mh}{ ;+.\/—J(

\./

+0[x14 Jix a)j

g = ;x {coshk(x a)+2(1+.*/—J coshx[lﬂ*f]( a)+2[ 1+.\/—] cosh){ 1+.[](x a)}o[; gl a)]

4 4
y25) :;xg{sinhx(x-a)i[?if) sinhx[;ﬂf}(x-aﬁi[-}if) sinhk[-iﬂf}( )}o(; eltl(x- ﬁ)]

Corollary 4: For x in [a, b] and A=0, y; (X, A) and its derivatives in theorem 1 can be written as:

Vs * 3i3 {S'”m‘(x a)- Smhk[1+1\/—](x a)+smhx[ ;H\/f](x a)}o()}g eltl(x-a)]

Vs 312{“’5“”“) [i*'f}“m[iﬂf} )(zﬂﬂmm( wﬂ )Hl ltl(xa)j

A

L P YR R
O(Ale oltlox- )J

Vi =é{coshx(x-a)-(iﬂJ;Jscosh){éﬂ\/—J( a)+ [ 2+.*/—J cosh){ 2+.*/—j(x a)]
of L gti(x-a)
[x5 j
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yg4) =1 sinhx(x-a)-[;ﬂfj smh?{éﬂﬁ](x a)+[ ;H\/Z_] smhx( ;H\/_J( )]+O[ L gllx a)j

/9 =%x2 coshir(x-a)- [H\/zgjscosm{zﬂj( a)+ [ 1+.IJ cosh;{ ;w/—J( )]J,o[ L (- a)j

Corollary 5: For x in [a, b] and A#0, y, (x, A) and its derivatives in theorem 1 can be written as:

ettt e )
Vi =%13[sinhk(x—a)+;[1 = )[1+|\/—js|nhk(l+|\/—]( a)+ 2( 1+ &Zuj( 1+.*/—]smh7{ 1+|\/—](x a)}o[; il a)J

yﬁ:3;2[wswx-a)@(l.;zq(;ﬂffwm(m(x (a1 com- ,.«;J(x.a)}
SRS 9" TR RAETIERE SR
0(}; Ji(x- )j
W = ;{coshk(x-aﬁ;[l-slzq[;+|\/2§j4 coshx[zﬂ*fj(x a)+ [ +312i){ ;H*/fr coshk[ 2+.*/—J(x a)}
0(;5 lt(x- )j
W) = ;k{sinh k(x-a)+;(1—3,12ij[;+i\/2§fsinh x(;ﬂfj(x-ay;(-1+312ij[-;+ifjssinh k[-;H\/jJ(x-a)}

1 X-a
of o)

Corollary 6: For x in [a, b] and A=0, ys (X, A) and its derivatives in theorem 1 can be written as:

y5:3){5[sinhk(x-a)-i[-ﬂglzi)sinhx[;+iJjj(x-a)-;(H;Zi]sinhk[-;H\fJ( )}-O[kl eltl(x- a)]

Y5 = ?’i‘{coshk(X-a)é[ 1+§ )[;H[jcoshk(;ﬂfj( a)- 2(1+ ™ j{ ;HJ—]COSM[ ;HIJ(X a)}

1
0[75’ NES )J
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Proof: If wy (X) = CoYotCryi+CoY,+CaystC,y tCsys
then from first boundary condition we get
a,,Co+a,,C,+a,5C, 8,405 H3,5C,+a,Cs = 0, since, ¢; cannot
be zero for all i then. We can choose ¢, = k,a;, and
¢, =-k,a;; and ¢, = k,a,, and c; = -k,a,; and ¢, = k;a,s and
C; = -ksa,; where k;#0 then from theorem 1 we
obtain that:

coshA.(x-a)+cosh k[;ﬂ\/—

2 j +0(ie|t|(x-a)j_

(x-a)+coshk[—;+ifj(x—a) »”
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1,43 J
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7 1811

O(}%Geltl(x'a)}s}%z kia14 .
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+
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20 32
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0] —e™™
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L 2 2 -
Theorem 2: The formula of eigenfunctions v, (x) as n- 0 Ji(x-a)
is }L1o
(x) = 31 36884 ?
v 3| 3071(b-a)
1
sinh(x-a)+ 1(1+1|]smhk[1+|\/_j W(X)_gklalz
A 2 +0[ 1 J 5
— 1.
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2 32 2 2 +0 =
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where a;, = 0 and a,,#0.
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NG v 3| 3071(b-a)
Then:
) : 1(,, 1 V3
sinh(x-a)+=| 1+=i [sinh A +|—
_ 36864 2 32 2 2
all—ik e —— 1
3071(b-a) A 07
(x-a)+1(-1+ii)sinhx L3 (x-a)
) 2 32 2 2
1 36864
FRREEN 1
3 307l(b-a) ‘V(X) = TE k3a15
\/§ 3\
sinhA(x-a)+= 1+—| sinhA| =+i—
(2) ( 32 j [2 2] sinhx(x-a)i( 1+i|jsmhk E+|£
5 + 2 32 O( 1 j
1 1 1 +0| —
X-a)+=| -1+—i [sinh | -=+i— 10
(x2) 2( 32 ) [ 2 J( ) (x-a)-£(1+ii]sinhx -1+i£ (x-a) *
2 32 2 2
o)
A Then:
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1 1,.43 1
K3 \u(x)—-%sal{coshx(x a)+coshx[2+|](x a +cosh7{ 315 ] } [ATOJ
ki? = ki "2 L [0 h (x-a) +coshi.| L+ )+coshi | -1+ d+0 12,1
1° =K a\y (x)dx—galS 510 cosh(x-a)+cos > |— (x-a)+cos E X 9al5W
1
cos| 32%(a-b) |sin((a-b)i)1023i sin 3 A(a-b) [cos(i(a-b)i)
sin(A(a-b)i)1025i sin(A(a-b)2i)i N N
) 4096 ) 4 ) 16384 256
1
1 . 323 (a-b) cos[k(a—b)i] 1
2 (a- b)i 25 (a- 1)3i
cos| 32 1(aD) Sin[x(a b)|ji > 2 cos| 32 1(ab) Sin(x(a b)3lji
2 2 2 2
+ +
2 64 2
1
- 132x(a-b A(a-b)3i
o g)"s[(z)j 1o 11
1025 32 sin [32k(a-b) 32 003[32k(a-b) sin(A(a-b)i)i
2 k(sona 3071 bj 1
- - + + |+0| —
64 4096 4096 12288 256 210
1
101 > l3neb) | (rab)i) ( )| (n(ab)i
102332 sin[32x(a—b)]cos(x(a—b)i) e I i I 2
+ +
16384 64 2
1 = , 1 = _
22 cos 32).(a-b) Sin[x(a-b)suji 22 sin 323 (a-b) Cos[x(a-b)a]
2 2 2 2
+
192 6
Then: Theorem 3: Asymptotic formula for eigen values
2 13071 , 1 1 A, @S N-co is:
k —§ma15ﬁ(a-b)+0(mj
_ i0+2nmi
2 b-a
Ifk; = 1 then ajs = £25 _ 36864 Proof: Since:
3071(b-a)
2 A(R) =
__1( 36864
‘V(X)'+3(3071(b_a)J Uo(Yo) VUo(yz) Uo(y2) Uo(ys) Uol(ya) Uo(ys)
G Ui(Yo) Ui(v) Ul(yz) Ui(ys) Ui(ya) Ui(ys)
sinhx(x-a)-;[ 1+312|Jsmhk[;+|J Uz2(Yo) Uz2(y1) Uz(y2) Uz(yz) Ua(ysa) Ua(ys)
+ Us(yo) Us(y1) Us(y2) Us(ys) Us(ya) Us(ys)
(x—a)—1(1+lijsinhk[—lﬂﬁj(x—a) Us(Yo) Ua(y1) Ua(y2) Ualys) Ua(ys) Ua(ys)
2\ % 2 2 Us(Yo) Us(v1) Us(y2) Us(ys) Us(va) Us(ys)

1
210

o)
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a a12 a3 a4 a15 A6

a1 az a3 a4 ass a26
A(r) = a31 a32 a3 A a3s a3p

Us(Yo) Us(v1) Us(y2)Us(ys) Us(ys) Us(ys)

Us(Yo) Ua(y1) Ua(y2)Uas(ys) Ua(ys) Ua(ys)

Us(Yo) Us(y1) Us(y2)Us(ys) Us(ya) Us(ys)
a3 A5 e

If we suppose that X =|azs a5 ag

a3z dazs dasg

the boundary conditions are linearly independent then:

A(M) = X

Then we calculate U; (y;) for j=3,4,5and i =0, ...,

5 by using corollary 2-7:

Us(vo) = %xf’ [SCOSh(x(a-b))-Ssinh(x(a-b))J+0(e|t|(X'a))

Us(yp) = %k“ [3cosh (1(a-x))-3sinh (% (ax)) | +0(%elt|(x‘a) ]

1
Us(y2) = 57»3

Us(yo) Us(y1) Us(ys)
Ua(Yo) Ua(y1) Ua(ys)
Us(yo) Us(y1) Us(ys)

#0 and since,

Usa(yo) = -%7»5 [3cosh (% (a-b))+3sinh (2 (a-b)) | +o(e‘t|(x'a) )

Ug(yr) = -%x‘* [-Bcosh(k(a-x))-3sinh(k(a-x)ﬂ+
0(%e|t|(x—a))

1
Ua(yz)= '57»3

) _ —i(a-x)
3cosh (A (a-x))+3sinh (1 (a-x))-sin {322}

cosh[k(z_x)ji+icosh{}{312i-21](a-x)}(;2i_lj+ +

1
3cosh(2 (a-x))-3sinh (% (a-x))+sin L()
2 O(%elt\(x a)j
A
1
cosh(wjﬂlcosh W (i{} + Ug(ys) = 12 [—3cosh(x(a—x))-3sinh(k(a-x))}
2 4 2 32i 3
O(%em(x-a)j
A
1
L W (i_lj . 1
4 2 32i 4(y4) = —§[k3cosh(k(a—x))+3sinh(x(a—x))]+0[k7e|t|(x‘a)]
) 1 jt(x-a
O()Tzem( )] 4(y5) = -%k[—Scosh (x(a-x))-3sinh(x(a-x))] +0(715e|tl(x-a)J
Us(ys) = %kz [ 3cosh (1(a-x))-3sinh (%(a-x)) | +0[%3e\t|(x-a)] Us(vo) = %}Ls
1(~/3i-1)(a-b) 1(+/3i+1)(a-b)
Uz(ys) = %7»[3C05h(k(a—x))—3sinh(k(a—x))] +0[Xi4eltl(x-a)] 3c05h( )+3cosh( )
3sinh (x(\/ﬁ-l)(a-b)) -3sinh (k(ﬁﬂ)(a-b))
2
Us(ys) = %[3cosh(k(a-x))-Ssinh()»(a-x))}o[%se't'(x'a)) O(eltl(x-a))
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cosh{k(;ﬁ-zl](a-x)}[§+$j+icosh{K(3’12iJ;lj(a-x)J[?:Dﬂinh
by i,-l (a-x) i A ii+1 (ax) i '
s g 0

1
U5(y1) = §7¥4

+O[xi4elt‘(x-a)J

+0[ielt\(x-a>j
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A(r)=X
1 coshWM(QG-i)+coshW(-%-i)+sinhW(-96+i)+
27| (x(\/ﬁﬂ)(a-x)) _(cosha(a-x) _

sinh~—————"/(96+i [+Sinhk(a_x)](coshk(a-x)-sth(a-x)

%H)(keem(x—a))+O(}Le|t\(x—a))+O(kize|t\(x—a)]

27
A(N)= 5x

{xll[cosh W(%-i)

+cosh

W(-%-i)ﬁinh W(-%H)ﬁinh W(%H)H +

0(k6eltl(x-a))+0(xeltl(x-a))+o( Ex e‘t'(x'a)J
r

[_ﬁx(a-b)ij [M]
A(r) = 27Xe 2 el 2 )t

32

K(e(k(a'b) ) (96-i)-96-ijj +o[k1&_)e|t|(x‘a)]+o[xi)e|‘|(x‘a)j+o(x}2e't|(x‘a)ﬂ

[_ﬁx(a-b)i] [ k(a-b)]
a()=Exel 2l 2 xl{([e(x(a'b)) (96-i)-96-iD +o[1e3t'(b‘a>ﬂ
32 25
If A (2) =0 then: CONCLUSION
] In mathematics, spectral theory is an inclusive term
A(a-b . : 1 3iti(b- -
{e( @ ))(96")'(96“)*0{:59”( a))]‘o for theories that extend a single square matrix’s

eigenvector and eigenvalue theory to a much broader
theory of operator structure in a variety of mathematical

Then e(x(a_b))(%'i)'(%”):0[%563”'@'?1)} for large ~ SPaces.
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