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Abstract: In this study, we employ the near-two-
factorization to develop a new type of simple k-cycle
decomposition of the 2-fold complete graph 2K,, called a
Butterfly k-cycle decomposition of 2K,. Especially, we
focus on proving the existence of cyclic Butterfly
(v-1/2)-cycle decomposition of 2K, for the case v = 3
(mod 12) using the difference method for constructing the
starter cycles.

INTRODUCTION

Throughout this study, all graphs are considered
undirected of odd order have vertices in Z,. K, will
denote the complete graph of order v and AK, will
denote the A-fold complete graph of order v which is
obtained by replacing each edge of K, by A parallel
edges.

A k-cycle decomposition of XK, is a pair (V, C)
where, V is the vertex set of AK, and C is a multiset of
k-cycles that partition the multiset E(AK,). It is cyclic if
V = Z, and for each k-cycle C = (c,, ¢,, ..., ¢,) in C we
have C+1 = (c,+1, ¢,+1, ..., ¢, +1) (mod v) is also in C and
it is simple if its cycles are all distinct. A multiset S of
k-cycles that generates the multiset C by repeatedly
adding 1 modulo v to S'is called a starter of cyclic k-cycle
decomposition of AK,. A k-cycle decomposition of LK,
is also called a (AK,, C,)-design. In general, a (AK,,
H)-design is an edge-decomposition of AK,, into subgraphs
each of which is isomorphic to H™,

The existence problem of k-cycle decompositions of
the A-fold complete graph has received a prominent
attention in recent years. The fundamental case A = 1 has
been completely solved by Alspach and Gavlas®® and by
Sajna’® and for the case A = 2 by Alspach et al.”! In
particular, the existence of cyclic k-cycle decompositions
of K, has been solved when v = 1 or k (mod 2K)®7, k is
even with v>2k, k is a prime with the exception of
(v, k) = (9, 3)F!, k<32 or k is twice a prime power'®, k is
thrice a prime!®. Further results on cycle decompositions
in the surveyst® 4,

The necessary and sufficient conditions for the
existence of cyclic v-cycle decomposition of AK, and for
the existence of simple cyclic v-cycle decomposition
of AK, in case of v prime have been proved by
Buratti et al.*, The necessary and sufficient conditions
for decomposing AK, into A-cycles and into cycles with
prime length have been established by Smith™!, Recently,
Bryant et al.'! proved that there exists a k-cycle
decomposition of AK, if and only if 3<k<v, A(v-1) iseven
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and k divides the number of edges in AK,. More general
results for the existence of decomposition of AK, into
cycles of varying lengths have been very recently
presented by Algadri and Ibrahim™ and Bryant et al.®!,
Nevertheless, the existence problem for cyclic k-cycle
decomposition of AK, is still open in general.

A path cover of a graph G is a collection of
vertex-disjoint paths of G that covers the vertex set of G.
For more details and developments regarding the path
cover and the vertex cover problems, one may refer to
Steiner™ and Arumugam and Hamid™®, A k-factor in a
graph G is a spanning subgraph in which each vertex has
degree k while a near-k-factor is a spanning subgraph in
which exactly one isolated vertex (vertex of degree 0) and
all remaining vertices have degree k. The edge
decomposition of G into Kk-factors (respectively,
near-k-factors) is called a k-factorization, (respectively, a
near-k-factorization). A comprehensive background on
factors and factorizations can be found by Wallis™®,
Akiyama and Kano™ and Horsley®.,

In this study, we define a new type of simple k-cycle
decomposition of 2K, whose k-cycles can be partitioned
into near-two-factors, called a Butterfly k-cycle
decomposition of 2K,. Some definitions, notations and
introductory results are given in Section 2. Then, in
Section 3, the difference method is used to construct a
cyclic Butterfly (6n+1)-cycle decomposition of 2K,,,,s.
Finally, Section 4 discusses the conclusions and future
work.

INTRODUCTORY RESULTS

This study provides some definitions, notations and
results that will be required to prove our main results in
the next section. First, we review the following
definitions.

Definition 2.1; Buratti®: Let G be a graph and xy be an
edge in G. The difference of an edge xy is defined as d(X,

y) = ly-x|.

Definition 2.2; Buratti®: Let G = (V(G), E(G)) be a
graph. The multiset:

AG ={J_r\y—x

X, yeV(G),xye E(G)}

is called the list of differences from G. More generally,
for a multiset g = {G, G,, ..., G,} of graphs, the list of
differences from G is the multiset Ag=AG,WAG,y, ..., WAG,
which is obtained by linking together the (AG))’s.

Definition 2.3; Buratti et al.'?: Let C be a k-cycle in
AK,. A cycle orbit of C, denoted Orb(C) is a set of distinct
k-cycles in {C+ilieZ,}. A cycle orbit of C is called full if
its cardinality is v, otherwise the cycle orbit of C is short.

The next lemma is a particular consequence of the
results developed by Buratti et al.*?. It will be crucial for
proving our main results.

Lemma 2.4: Let S be a multiset of k-cycles of AK,. Then
Sisastarter of cyclic k-cycle decomposition of AK,, if and
only if AS covers Z*, = Z,-{0} exactly A times.

In the following, we define the relative path, relative
cycle and alternating arithmetic path and then we
formulate some related results that will be the basis for
constructing a starter of cyclic Butterfly (6n+1)-cycle
decomposition of 2K ;3.

Definition 2.5: Let G be a graph of order v, P, = [X,,
Xy .y X,] be an n-path of Gand Cn=(xy, X,, .., X,) be
an n-cycle of G:

e The n-path P, = [v-X;, V-X,,
relative path of P,

e The n-cycle C, = [V-X;, V-X,,
relative cycle of C,

.y V=X.] is called the

..., V-X,] is called the

Lemma 2.6: Let G be a graph of order v. If C is
a k-cycle of G and Cis the relative cycle of C,
then AC=AC.

Proof: Suppose C = (X;, X, .., X) and C = (Y, Yo, -o» Vi)
are k-cycle of G and its relative cycle, respectively. The
list of differences from C and C can be defined as:

AC = {=£[x; = x4 [li =23, kK {[x, — x|} (1)

AE:{i‘yi_yi—1“i:2’3""'k}U{i‘y1_yk‘} 2

Since, C is the relative path of C, theny; = v-x; for all
i =1, 2, .., k Hence, substituting y; = v-x; into (2), we
obtain:

AC={#|(v=x)=(v=x.,)li =23,...k}U

{F(v=x) = (v=x)|} = {£x = x]li=2.3,.... kb
{]x,—x,[}=AC

Lemma2.7: Let G be a graph of order v. IfC,isa
k-cycle of G and C, is the relative cycle of C,, then
orb(C,)#orb(C,).

Proof: Let, = (Cy 1, Cy 5, ..., C1 ) De @ k-cycle of G and let
C,=(cy1, Cyp, ..., Cy ) be the relative cycle of C,. Assume
by contrary that orb(C,) = orb(C,), then there exists an
integer ieZ, such that C, = i+C,. This implies that:

C,j=i+cy forallj=12,.. k. ?3)
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Since, C, is the relative cycle of C,, then:

c,j=v-c, forallj=12, ..., k 4)

Solving (Eq.3) and (4) for ¢, ; and c, ; yields:

Cy =%andc2’j =%for allj=12,...,k

This contradicts with the fact that C, and C, are
actually k-cycles. Thus, C; and C, must have different
orbits, so orb(C,)#orb(C,). An alternating arithmetic path
is a path with two sets of vertics satisfying certain
conditions as defined.

Defination 2.8: Let m and n be positive intergers with
n<ms<n+1. An (m+m)-alternating arithmetic path, denoted
by AAP(m+n) is a path of length m+n with vertex
set V = {X;, X5, ..o, X JULYY, Vo ..., Yo} and edge set E =
{06, yidHI =1, 2, ..., n}ufyi, X Hi =1, 2, ..., m-1 such
that the following properties are satisfied:

e XX, is constant for all 2<i<m
* Yy, is consatnt for all 2<i<n

Defiantion 2.9: Let AAP(m+n) be an (m+n)-alternating
arithmetic path. The list of differences from AAP(m+n) is
the multiset:

Ely; x| x
A(AAP(m+n)) = } U )
L<i<n| Xyl i<m-1

According to defination 2.8, the (m+n)-alternating
arthimetic path either has odd order (2n+1) when m=n+1
or has even order (2n) when m = n. Throughout, we use
the following notations for (m+n)-alternating arithmetic
path of odd order and even order, respectively:

a(map(am)) | Sy )

nyn+l

AAP(ZH) =[X1VY1'X2VYZ"“’Xn1yn] = [Xi1yi]2n

Next, we define a new way of writing the cycle as
linked vertex-disjoint paths. This way will be used mainly
to prove the existence results in the following section.

Defination 2.10: Let C, be an n-cycle, k>2 b a positive
integer and let P = {P,, P,, ..., P} be a path cover of C..
The set of k edges in C, taht links the end of P, with the
start of P, foralli=1, 2, ..., k where P,,, = P, is called
the link set of P.

Lemma2.11: Let C, be an n-cycle, P={P,, P,, ..., P} be
a path cover of C,and E’ = {e,, e,, ..., &} be a link set of
P. Then, we have A,, = AP U AE’.

Proof: Let V(P) = U" -, V(P;) be the set of vertices of P
and E(P) U" ., V(P,) the set of edges of P. Based on
defination 2.2, the list of differences from C is defined as

a multiset consisting of the difference for each edge in C
as follows:

AC={d(a,b)ja,beV(C),abe E(C)| (5)
Since, P is a path cover of C, then:
V(C)=V(P) (6)
Also, from the defination of links set of P, we obatin:
E(C)=E(P)UE’ 7)
Subsituting (Eq. 6) and (7) into (5) yields:

AC={d(ab)[a,beV(P),abe E(P)UE'}

={d(a,b)

=APUAE'

a,beV(P),abeE(p)}U{d(ei) }

“le, <E’

Remark 2.12: Let C, be an n-cycle, P = {P,, P,,..., P} be
a path cover of C, and E’ = {e, e,,..., &} be a link set of
P. The cycle C, can be expressed as linked vertex-disjoint
paths as follows:

Before closing this study, we provide an example
which demonstrates the concepts discussed above.

Example 2.13: Let G- 2K ; and C=(1, 2, 10,4, 9, 7, 5,
6, 3, 8) be a 10-cycle of G. Then C can be written as
linked vertex-disjoint paths as follows:

C=(Q,,AAP,(4),Q,.AAP,(4))

Where, Q, = (1) and Q, = (7) are trival paths and
AAP,(4) = (2,10, 4,9)=(2i, 11-i), and AAP, (4) = (5, 6,
3, 8) = (7-2i, 2i+4), are 4-alternating arithmetic paths. In
addition, the set of four edges E’ = {{1, 2}, {9, 7}, {7, 5}
{8, 1}} that links the paths Q,, AAP,(4), Q, and AAP,(4),
respectively along the cycle C is considered the links set
for the path cover P = {Q,, AAP,(4)}, Q, AAP,(4)}.
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Cyclic butterfly (6n+1)-cyclic decomposition of 2K ,.s:
In this study, we define a butterfly k-cycle decomposition
of 2K,. Then, the existence of cyclic butterfly (6n+1)-
cycle decomposition of 2K,,..; is proved using the
difference method in constructing the starter cycles.

Defination 3.1: Let k and v be integer with 2<k<v. A
butterfly k-cyclic decomposition of a graph 2K, denoted
by BKCD (2K,) is an array of k-cycles which satisfies the
following conditions:

» The cycles in rowi from a near-two-factor with
focus i

» The cycles associated with the rows contain no
repetitions

e The cycles associated with the rows from a k-cycle
decomposition of 2K,

A Butterfly k-cycle decomposition of a graph 2K,
with vertex set Z, is cyclic if C = {C,, C,, ..., C,} is a set
of all k-cycles in BKCD(2K,), then we also have C =
{C,+1, C,+1, ...,C +1} where, C;+1 denotes the k-cycle
obtained by adding 1 modulo v to each vertex of the cycle
C,. A set S of k-cycles which generates all the cycles of
BKCD (2K,) by repeatedly adding 1 modulo v is called a
starter of cyclic BKCD (2K ).

To construct a cyclic butterfly k-cyclic
decomposition of 2K, it is sufficient to exhibit a stater of
cyclic k-cyclic decomposition of 2K, which satisfies a
near-two-factor and contains no two cycles in the same
orbit. We now provide an example to illustrate the
defination above.

Example 3.2: Let G = 2K; and S = {C,, C,} be a set of
7-cycles of G such that C, = (13, 8, 9, 11, 5, 123, 1) and
C,=(2,7,6,4,10, 3, 14).

Immediately, it can be noticed that the 7-cycles of S
are vertex-disjoint and cover each nonzero element of Z .
exactly once. In other words S forms a near-two-factor
with focus zero.

In order to show that S = {C,, C,} is a set of stater
cycles for cyclic 7-cycle decomposition of G, we need to
calculate the list of differences from S as illustrates in the
Table 1.

Based on Table 1, since, AS=AC, u AC, coverseach
element in Z,.-{0} exactly twice, then from Lemma
24 S = {C, C,} is a stater of cyclic 7-cycle
decomposition of G.

Since, the sum of each pair of corresponding vertices
of C, and C, is equal to 15 (the order of G), then C, is the
relative cycle of C, and so by Lemma 2.7 orb (C,) # orb
(C,). Therefore, all the generated cycles by repeatedly
adding 1 modulo 15 to S = {C,, C,} contain no
repetitions.

Table 1: The list of differences fromS ={C,,C, }

7-cycles The list of differences
C,=(13,8,9,11,5,12,1) {#5, £1, £2, +6, +7, +11, +12}
C,=(2,7,6,4,10,3,14) {5, +1, +2, +6, +7, +11, +12}

Table 2: A cyclic butterfly 7-cycle decomposition of 2K .

Focus Orb(C) Orb(C,)

i=0 (13,8,9,11,5,12, 1) (2,7,6,4,10,3,14)
i=1 (14,9, 10, 12, 6, 13, 2) (3,8,7,5,11, 4,0
i=2 (0,10,11,13,7,14,3) 4,9,8,6,12,5,1)
i=14 (12,7,8,10,4,11,0) (1,6,5,3,9,2,13)

Now, S satisfies all the conditions to be a starter of
cyclic Butterfly 7-cycle decomposition of G. Table 2
illustrates how the starter cycles generate all the cycles of
cyclic B7CD.

In the following, we explicitly construct a cyclic
Butterfly (6n+1)-cycle decomposition of 2K,,.s. Since,
the construction is different depending on whether n is
odd or even, we classify the construction into two cases:
when n is odd and when is even.

Lemma 3.3: For any positive odd integer n, there
exists a cyclic Butterfly (6n+1)-cycle decomposition
of 2K12n+3'

Proof: Let n be a positive odd integer. Two cases are
considered.

Case 1: n=1. This case has been proved in Example 3.2.
Case 2: n>1. Let C, and C, be the (6n+1)-cycles of

2K;,n.; defined as linked vertex-disjoint paths as
follows:

C, =(AAP,(4n),AAP,(n+1),AAP,(n))
C, = (AAP,(4n),AAP, (n+1), AR (n))

(®)

where:

AAP, (4n)=[2,12n-1,6,12n-5,...,8n - 2,4n + 3]
=[4i-2,12n-4i+3],

AAPz(n+l) =[12n +2,312n-2,7,...,10n+4,2n +1]
=[12n-4i+6,4i-1]
AAP;(n)=[2n+310n-2,2n+7,10n—6,...,4n—3,8n +4,4n +1]
=[2n+4i-110n-4i+2],

AAP, (4n)=[v—(4i-2),v-(12n-4i+3)], =[12n-4i+54i],

4n

AAP, (n+1)=[v—(12n-4i+6),v—(4i-1)]
=[4i-312n-4i+4]

n+l

2429



J. Eng. Applied Sci., 15 (11): 2426-2433, 2020

Cy1=2

{.‘\\‘ Cr et = 4041
-
Ci2= lZn-l}

Cy3=6 }

AAP; (4n)

Cis= 12n-5?

Cl, 6n-1 =
8n+4

AAP; (n)

Cianea =7

AAP; (n+1)

Ciam1= |
8n-2

Cians2 =3

C1, an+1 = 12n+2
Cy1,4n1 = 4n+3

Cyen1 =4n-3

Cy, 5";5 =10n-6
Cy 5neq = 2N+7
1,5n+3 = 10N-2
C1 5042 = 2043
Cy,5ne1 = 2041

Cy.5n = 10n+4

Cly a3 =12n-2

"/-“ﬁl [

C2,6n+1

CZ,6n

Cao

{ Cas

Coa

CZ, 6n-1

AAP; (n)
Ca,5n45
CZ. 5n+4

Ca,5n43
AAP; (4n)

CZ. 5n+2

CZ, 5n+1

CZ‘ 5n

Ca,ana

AAP; (n+1)

Cz,anv3 Co,an1

CZ‘ 4n+2

CZ, 4n+l

CZ‘ 4n

AAP; (4n) = [4i-2, 12n-4i+3] 4,
AAP2, (n+1) = [12n-4i+6, 4i-1] 49
AAP; (n) = [2n+4i-1, 10n-4i+2] 4

Cyi=Vv-Cyifori=1,2,...,6n+1

Fig. 1: The construction of C, and C, in 2K,,,.; when n>1 is an odd integer

AAP,(n)=[v—(2n+4i-1),v—(10n-4i+2)]
=[10n—-4i+4,2n+4i+1]

Since, n is a positive odd integer, then any 4n-
alternating arithmetic path and any (n+1)-alternating
arithmetic path have even order while any n-alternating
arithmetic path has an odd order. As illustrated in Fig. 1,
the construction of C, and C, can be described in terms of
their vertices as C; = (C; 1, Cj 5, ...y Ci gnsn) fOr i =1, 2.

In the construction above, we note that ¢, ;°S form the
following increasing sequences:

* _Cl, 15C1 4n2<Cy, 5<C; 4yy<<Cy (<Cy 5pey N the
interval [2, 2n+1]

* Gy 502<Cy 112<Cy 51:4<Cy 1<+ <Cy 311<Cy 204 IN the
interval [2n+3, 4n+2]

¢ G un<Cy 505<Cy 402<Cy 5015<<C1 2044<C1 401<Cy oni2
in the interval [4n+3, 8n-1]

o Cp 2<Cy 6:<Cy 204<Cy 60.4<<Cy 1:3<Cy 5ns5 N the
interval [8n+3, 10n-2]

* _Cl, 111<Cy, 5n<Cy, 11<Cy 5725 <Cy 2<Cy 4psy In the
interval [10n+1, 12n+2]

The vertices of C, form increasing sequences in
disjoint intervals, then we can say that the vertices of C,
are pairwise distinct and then C, is actually a
(6n+1)-cycle. In contrast, from (Eqg. 8), we can deduce
thatc, ;= v-c, ;foralli=1, 2, ..., 6n+1 and this implies
that C, is the relative cycle of C, in 2K ... Consequently,
since, C, is actually a (6n+1)-cycle, it follows that C, is
also actually a (6n+1)-cycle.

Now, we shall prove that the set of cycles S = {C,,
C,} satisfies the conditions of cyclic Butterfly
(6n+1)-cycle decomposition of 2K,,,.;. To render this
proof easier to follow, we shall divide this proof into three
parts as follows:
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Part 1: In this part, we prove that S = {C,, C,} forms a
near-two-factor. This will be proved by showing that the
union of vertex sets of C, and C, covers each nonzero
element of Z,,,,, exactly once. The vertex sets of C, and
C, can be calculated by the union of vertex sets of all
linked paths in both C, and C,, respectively:

V(C,) = V(AAP,(4n))UV(AAP, (n+1))UV(AAP,(n)) (9)

V(C,) = V(AAP: (4n))UV(AAP, (n+1))UV(AAP, (n)(10)

where:

L 4n

V(AAP, (4n)) =

j =
i= i= 1
{2,6,..,8n-2}U {12n -1,12n-1,12n-5, ..., 4n+3}
nt nt1

2| {12n-4i+6} || 2|{4i-1}~ =

i=1 i=1

V(AAP, (4+1)) =

{12n+2,12n-2, ..., 10n+4}U{3, 7, ...,
4 4l

2 2

|{2n+4i-1} ||| |{10n-4i+2} =

i=1 i=1

4n+1}U{10n-2, 10n-6, ...,

4n 4n

V(AAP, (4n)) = | | {12n-4i+5) |||

i=1

4n+5}U{4,8, ..., 8n}

0+ n

2n+1}

V(AAP,(n)) =

{2n+3, 2n+7, ..., 8n-+4}

4|:

{12n+1,12n-3, ..,

V(AAP, (n+1)) = 2| (4i-3} | |2| {12n-4i+4)} =
i=1 i=1
{15, .., 2n-1}U{12n, 12n-4, ..., 10n+2}
n+1 n1
V(AAP,(n)) = || {LOn-4i+4} || |{ n+4i+l) =

i=1

{10n, 10n-4, ..., 8n+2}U{2n+5, 2n+9, ..., 4n-1}

As shown above, each nonzero element of Z,,,.,
occurs exactly once in V(C,)UV(C,) . Since, any cycle is
a 2-regular graph and V(C,)UV(C,) = Z*,, .., then the set
of cycles S = {C,, C,} satisfies the near-two-factor with
focus zero.

Part 2: This part shows that the set of cyclesS={C,, C,}
is a starter of cyclic (6n+1)-cycle decomposition of
2K ,n.5 (namely that the list of differences from S covers
Z* 5.3 €xactly twice). The list of differences from S is
defined as AS = A(C,)UV(C,) and from Lemma 2.11, the
list of differences from C, is:

A(C,) = A(AAP, (4n))U{d(4n+3, 12n+2)} U A(AAP, (n+1))U
{d(2n+1, 2n+3)}UA(AAP,(n))U{d(4n+1, 2)}

1<is 4n- 2}
2

AAAP, (4n) = {i\yrxiHlﬁ i< 4;} {*\le'y

{\12n-8|+5H1<|< } {\lZn gi+l1<i< 4”22}

{ \12n-8|+5H1<|< { [12n-gi+s5|| 1" 2S|s¥}g
{i\lZn-SiH“lsis?’;} { [L2n-8i+1]|—— 3n *2 i< 4n722}:
{12n-3,12n11, ..., 5U{6, 14, ... 12n-2}g

(3,11, ..., 4n-5}U{12n, 12n8, ...,8n+8} U

{12n-7,12n-15, .., 13U {10,18, ..., 12n+2}U

(7,15, .., 4n-9}U{12n-4,12n-12, .. 8n+12}

AAAP, (n+1) = | ]y, H1<|<”;'1} {

: n-1}_
|+1 - = 2 -

: ._n+l - ._ndl
{i\lZn-SH?HlS i ST}Q{i\lzn-Slﬂ\ [L<i 37} =
{12n-1,12n-9, ..., 8n+3}U{4,12, ..., 4n}U

{12n-5,12n-13, ..., 8n+7}U{8, 16, ..., 4n-4}

AAAP; (n) = {i\yi-xiHls i< nz-l} {ﬂxw1 y|[L<i <n71}

{i\Bn-8i+3H1g i gn?'l}g{ibn-Si-u\lg i sn?l} =
{8n-5, 8n-13, . 8n-4}U

{8n-9, 8n-17, ..., 4n+3}U{4n+12, 4n+20, ..., 8n}
{d(4n+3,12n+2)} = {8n-1, 4n+4}

{d(2n+1, 2n+3)} = {2,12n+1}{d (4n+1, 1, 2)} = {4n-1, 8n+4}

-, 4n+7}U{4n+8, 4n+16, ...,

Now, we observe that each nonzero element of Z,,,.,
appears exactly once in (AC,). Since, C, is the relative
cycle of C,, then by Lemma 2.6, we obtain A(C,) = A(C,).
Thus, we conclude that each nonzero element of Z,,,,,
appears exactly twice in AS. According to Lemma 2.4, for
all odd integer n>1, the set of cycles S = {C,, C,} isa
starter of cyclic (6n+1)-cycle decomposition of 2K,,,..

Part 3: We show that all the generated cycles from the
starter S ={C,, C,} contain no repetitions by showing that
all the cycles of have different orbit.

Clearly, since, C, is the relative cycle of C,, then
from Lemma 2.7, we have orb(C,) # orb(C,). Thus, all the
generated cycles by repeatedly adding 1 modulo 12n+3 to
S ={C,, C,} contain no repetitions.

From the former three parts, all the conditions of
cyclic Butterfly (6n+1)-cycle decomposition of 2K ..., are
satisfied. Thus, for any odd integer n>1, the set of cycles
S ={C,, C,} is a starter of cyclic Butterfly (6n+1)-cycle
decomposition of 2K ..

Lemma 3.4: For any positive even integer n, there exists
a cyclic Butterfly (6n+1)-cycle decomposition of 2K ..

Proof: Let n be a positive even integer. Let, C, and C, be
the (6n+1)-cycles of 2K,,,., defined as:
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CZ. 6n+1

CZ,Gn

AAP; (n)
CZ, 5n+4

Ca, 5043 Cys

Ca,5ms <

CZ, 5n+2 —_—
AAP; (4n)

* Caa

CZ, 4n-1

CZ, 5n+1
CZ‘ 5n

Ca,5n1

AAP, (n+1)

Ca,anva
Co,an3

CZ, 4n+2

Caann1

CZ‘ 4n

Ci1=2
Cy 6011 =
4n+1
[
8n+4
Cio= >
12n-1 | Cy 5n4s =
AAP; (n) | 29
: Cisnea =
10n-4
Ci3=6 % Cisnia=
2n+5
| -
Cyisne2 =
AAP; (4n) o
Cisne =
Cia= 10n+2
12n-5 Cion=
2n-1
| Cy 501=
I 110n+6
AAP, (n+1) | .
| Coanes =
Ciana= Cianz=
8n-2 12n-2
Cian2 =
Cpann =
Crumi= & 12n+2
4n+3
AAP; (4n) = [4i-2, 12n-4i+3] 4,
AAP2, (n+1) = [12n-4i+6, 4i-1] n.1
AAP; (n) = [10n-4i+4, 2n+4i+1],

Cpi=Vv-Cyifori=1,2, ...,6n+1

Fig. 2: The construction of C, and C, in 2K,,,.; When n is a positive even integer

C, = (AAP,(4n, AAPR,(n+1), AAP,(n))

C2 = (AAP,(4n, AAP,(n+1), AAP,(n)) (11)

Where:

AAP,(4n) = [2,12n-1, 6,12n-5, ..., 8n-2, 4n+3]
=[4i-2, 12n-4i+3],,
AAP,(n+1) = [12n+2, 3,12n-2, 7, ..., 10n+6, 2n-1,10n+2]
= [12n-4i+6, 4i-1],,
AAP,(n) =[10n, 2n+5, 10n-4, 2n+9, ..., 8n+4, 4n+1]
= [10n-4i+4, 2n+4i+1],
AAP,(4n) = [v—(4i-2), v-(12n-4i+3)],,
= [12n-4i+5, 4i],,
AAP,(n+1) = [v-(12n-4i+6), v-(4i-1)], .,
[4i-3, 12n-4i+4], .,
AAP,(n) = [v-(10n-4i+4), v-((2n+4i+1)],
[2n+4i-1, 10n-4i+2],

Since, n is a positive even integer, then any
4n-alternating arithmetic path and any n-alternating
arithmetic path have even order while any
(n+1)-alternating arithmetic path has an odd order. To

make the construction in Eq. 11 easier to understand,
Fig. 2 illustrates the construction of C, and C, in terms of
their vertices as C; = (C; 4, C; 5, ..y Cj gnsg) TOri =1, 2.
This construction is similar to the construction of C,
and C, in 2K ;,,,3, when n is an odd integer greater than
one (that is proved in the previous lemma) with slight
differences in the construction of AAP,(n+1), AAP,(n),
AAPR,(n+1) and AAP,(n). By applying the same strategy

of proof as in Lemma 3.3, it can be proved that for any
positive even integer n, the set of cycles {C,, C,} is a
starter of cyclic Butterfly (6n+1)-cycle decomposition of
2K .

(12n+3)

Theorem 3.5: For every v = 3 (mod 12) with v>15, there
exists a cyclic Butterfly (v-1)/2)-cycle decomposition of
2K,

Proof: Immediate from Lemma 3.3 and Lemma 3.4. By
reviewing the construction of a starter of cyclic Butterfly
(6n+1)-cycle decomposition of 2K,,.; as shown in
Fig. 1 and 2, the construction has a butterfly shape in
which each cycle represents a side of symmetrical
butterfly wings. If given one cycle C of the starter set, the
other is the relative cycle of C.
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CONCLUSION

This study has proposed the Butterfly k-cycle
decomposition of 2K, as an edge-decomposition of 2K,
into distinct k-cycles satisfy the near-two-factorization. In
particular, the difference method has been exploited to
construct cyclic Butterfly (v-1)/2)-cycle decomposition
of 2K, for the odd case v = 3 (mod 12) and this
construction has been exemplified for the case v =15. We
expect this study can be developed and extended to
construct cyclic Butterfly k-cycle decomposition of 2K,
for the case v odd.
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