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Abstract: In the present study, we mtroduce and mvestigate a new strong form of faint continuity called
strongly famt §-p-continuous mappings by using the concept of d-B-open sets. Relationships among strongly
faint &-P-continuous mappings and &-B-connected Spaces, §-P-normal spaces and d-P-ompact spaces are
investigated. Several characterizations and interesting properties concerning strongly faint 8-B-continuous
mappings are obtained. Also, the relationships between strongly faint 8-B-ontinuous mappings and graphs are
mvestigated. Furthermore, the relationships between strongly faint 8-f-continuous mappings and other of
well-known types of strongly faint continuous mappings are also given.
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INTRODUCTION

The notion of continuity 1s an mmportant concept in
general topology as well as all branches of mathematics of
course its weak forms and strong forms of continuity are
important, too. Recent progress in the study of
characterizations and generalizations of continuity,
compactness, connectedness, separation axioms etc. has
been done by means of several generalized closed sets.
Generalized closed sets are now well-known important
notions applications. Many
topologists are focusing their research on these topics
and this amounted to many important and useful results.
By Levine (1970) mtroduced the first step of generalizing
closed set. As a generalization of closed sets, e -Closed
sets and the related sets were mtroduced and studied by
Ekici (2008a-c, 2009) and Hatir and Noiri (2006). Nasef and
Noiri (1996) introduced three classes of strong forms of
famtly continuity namely: strongly faint semicontimuty,
strongly faint precontinuity and strongly fant p-
continuity. Nasef (2009) defined strong forms of faint
continuity under the terminologies strongly faint -
continuity end strongly faint y-contiuity, Recently,
Farhan and Yang (2015) introduced and investigated a
new class of strong continuous functions called
strongly 8-8-P-continuous functions. As well, Caldas and
Jafari (2011) introduced a new class of mappings, called
strongly fant e-Continuous mappings, the purpose of
the present this study is to introduce and investigate

m topology and its

another new strong form of faint continuity namely
strongly faint 8-P-continuous mappings.S  everal
characterizations and basic properties concerning
strongly faint &-B-continuous mappings are obtained.
Moreover, relationships between strongly faint 8-p-
continuous mappings and graphs are discussed.

MATERIALS AND METHODS

Throughout, the present study, (X, T) and (Y, T")
{(or sumply X and Y) mean topological spaces on which no
separation axioms are assumed unless explicitly stated.
For any subset A of X, the closure and interior of A are
denoted by CI(A) and Int(A), respectively. We recall the
following defimtions which will be used often throughout
thus study.

Let X be a topological space. A subset A of X is
called c-open (Njastad, 1965) (resp. semi-open (Levine,
1963), pre-open (Mashhour et al., 1982), P-open
(El-Monsef et al., 1983), y-open (El-Atik, 1997) §-pre-open
(Raychaudhuri and Mulcherjee, 1993) if AcInt(C1 (Int(A)
(resp. AcCl (Int(A)), AcInt (CI{A)Y), A=Cl (Int(C1 (A))),
AcInt (Cl (A)uCl (Int(A)), AcInt (CL{A))). The family of
all a-open (resp., semi-open, preopern, P-open, y-open)
sets in X are denoted by ¢ X(X, T) (resp. SE(X, T), PE(X,
T), PE(X, T), BE(X, T)).

A pont xe€X 18 called a B-cluster (Velicko, 1968) (resp.
O-cluster (Velicko, 1968)) point of A if Cl (V)nA#E (resp.
Int(C 1(V)nA#@) for every open set V of X containing x.
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The set of all B-cluster (resp. d-cluster) points of A is
called the O-closure (resp. d-closure) of A and 1s denoted
by Cly(A) (resp. CL(A)). If A = Clg(A) (resp. A = CL,(A)),
then A is said to be BO-closed (resp. 8-closed). The
complement of a B-closed (resp. 8-closed) set 1s said to be
8-open (Velicko, 1968) (resp. d-open(Velijcko, 1968)). The
union of all B-open sets contained in a subset A is called
the B-interior of A and is denoted by Inty(A). Tt follows
from (Velicko, 1968) that the collection of 8-open sets in
a topological space (X, T) forms a topology T, on X
(Long and H errington, 1982). The family of all 8-open
(resp. B-closed) subsets of X is denoted by 6%(X, T)
(resp. BC(X, T)). The family of all 8-open (resp. B-closed)
subsets of X contaimng a point x€X 1s denoted by
BX(X, x) (resp. BC(X, x)).

A subset A of a space X is called d-B-open (Hatir and
Neiri, 2009) or e™-open (Ekici, 2008a-¢), if AcCl(Int (8-Cl
(A)), the complement of a d-P-open set i1s called
0-Pf-closed. The intersection of all &-P-closed sets
containing A is called the 8-B-closure of A (Hatir and
Noiri, 2006) and is denoted by 8-p-CI(A). The union
of all d-P-open sets of X contained in A is calledthe
d-P-interior (Hatir and Noiri, 2006) of A and is
denoted by 8-B-Int(A). The family of all 8-B-open (resp. 8-
B-closed) subsets of X containing a point xeX is denoted
by 8-PE(X, x) (resp. 8-PC (X, x)), the family of all 8-B-open
(resp. &-P-closed) sets n X are dencted by 8-pE(X, T)
(resp. 8-PC (3, TY).

Remark 2.1: Since, the notion of &-P-open sets and the
notion of e’-open sets are same, we will use the term
&-P-open sets instead of e'-open sets.

Lemma 2.2: Ekici (2008a-¢) and Hatir and Noiri (2009) the
following properties hold for the 8-p-closure of a subset
A of aspace X

The Arbitrary union (intersection) of 8-P-open (resp.
8-P-closed) sets in X 1s 8-P-open (resp. d-P-closed)
set

A 18 d-P-closed in X=A =3-B-CL(A)

0-B-Cl (A) 1s &-P-closed

8-B-Cl (A)<d-B-Cl (B) vA-BcX

B-p-C1 (B-P-C1 (A)) = d-p-CI(A)

xe8-P-CI(A) if AnU#O'vd-p-open set U containing x

Remark 2.3: Ekici (2008a-c) shows that the notions
of e-open set and b-open set and the notions of e-open
set and P-open set and the notions of e-open set and

semi-open set are mdependent as shown m example 2.6
(Ekaci, 2008a-¢) (Fig. 1).
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Fig. 1: The relationships among some well-known

generalized open sets in topological spaces

Remark 2.4: We have the following diagram in
which the converses of implications need not be true,
see the examples by Hatir and Noirn (2009) and Elaci
(2008a-c).

Definition 2.5: A mapping £ (X, T)-(Y, T) is said to be:

Strongly 8-Contimuous (Noiri, 1980), if £'(V) is 6-
open in X for every open set V of ¥

Quasi O-continueous (Tafari, 1998) if £'(V) is O-open in
X for every B-openset Vof Y

§-p-Continuous (Ekici, 2008a-c; Hatir and Noiri, 2006)
if £1(V) is d-P-open in X for every openset Vof Y
d-f-Irresclute (Ekici, 2007a, by if £'(V) is 8-p-open in
X for every 8-P-openset V of Y

RESULTS AND DISCUSSION

Characterizations of strongly faint 8-f-continuous
mappings: In this study, we obtain several
characterizations and fundamental properties concerning
strongly faint 8-B-Continuous mappings.

Definition 3.1: A mapping f: (X, T)~(Y, T") is said to be:
strongly faint 8-B-continuous if for each xeX and each
O-p-open set V of Y Containing {(x), there exists a 6-open
set U of X contaimng x such that fU)cV.
Strongly 8-B-continuous if f'(V) is open in X for
every O-f-openset Vof Y.

Theorem 3.2: For a mapping f: (X, T)-(Y, T", the
following statements are equivalent:

f is strongly faint 8-P-continuous

£ (3, T,=(Y, T is strongly 8-P-continuous

(V) is B-open in X for every d-P-openset V of Y
f'(F) is O-closed in X for every 8-P-closed
subset Fof Y

Proof: (a)=(b) and (b)=(a) is obvious thus omitted.

{a)={(c): Let, V be and-P-open set of Y and xef (V). Since,
f(x)eV and f is strongly faint 8-P-continuous, there exists
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a B-open set U of X containing x such that f{U)=V. It
follows that xeUcf'(V). Hence, f'(V) is O-open in X.

(©)=(a): Let xeX and V be an 8-B-open set of Y containing
fix). By (c), £'(V) is a O-cpen set containing x. Take
U = (V). Then, f(IN=V. This shows that f is strongly
faint &-P-continuous.

(c)=(d): Let V be any 0-B-closed set of Y. Since, Y'\V is an
8-B-open set, by (c), we have f(Y'V) = 3f'(V) is 6-open.
This shows that (V) is 8-closed in X.

(d)={c): Let V be an d-B-open set of Y. Then, Y\V is
&-P-closed in Y. By (), £'{(Y\V) =XV is B-closed and
thus £'(V)is O-cpen.

Theorem 3.3: If a mapping £ (X, T)~(Y, T") is strongly
faint &-B-continuous mapping, then it is strongly
d-B-continuous.

Proof: It 1s straightforward thus omitted. If (X, T) 15 a
regular space, we have T = T, and the next theorem
follows immediately.

Theorem 3.4: If (X, T) 1s a regular space, Then the
following properties are equivalent for a mapping f
(3¢, TH=(Y, T7:

o fisstrongly &-P-continuous.
o fisstrongly faint 8-B-continuous

Definition 3.5: A topological space (Y, T") is said to be
T, g-space if every O-B-open subset of (Y, T") is open.
Recall that a topological space (Y, T") is said to bea
T.-space (Caldas and Tafari, 2011) if every e-open subset
of ¥, T" is open.

Definition 3.6: A O-frontier (Jafari, 1998) of a subset A of
XK, T 18 Frg(A) = Cly(ANCLXMA).

Theorem 3.7: Let (X, T) be a regular space. Then, the set
of all points xeX in which a mapping f: (X, T)-(Y, T is
not strongly faint 8-P-continuous at x 1s identical with the
union of the B-frontier of the inverse images of §-B-open
subsets of Y contaming f(x).

Proof; Necessity: Suppose that { is not strongly famt
8-P-continuous at xeX. Then, there exists an 8-B-open set
V of Y contaming f(x) such that f{U)¢V for each UeT,
containing x. Hence, we have Un(3{\f'(V)#@ for each
UeT, contaiming x. Since, X 1s regular, it follows that
xeCLGAF(V)). On the other hand we have that, xe
F1(V)cCl( (V). This means that xeFry(f'(V)).
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(Sufficiency): Suppose that xeFr(f'(V)) for some Ved-
BE(Y, f(x)). Now, we assume that f is strongly faint 8-]-
continuous at x€X. Then, there exists UeT, containing x
such that f{U)=V. Therefore, we have Ucf!(V) and
hence, xelntyf' (V)X \Fry(f'(V)). This is a contradiction.
This means that f is not strongly faint 8-pB-continuous.

Definition 3.8: A topological space (¥, T)1s said to be;
8-p-Connected (Ekici, 2008a-c; Hatir and Noiri, 2009)
(resp. B-connected (Jafari, 1998)) if X cannot be written as
the umon of two nonempty disjoint 8-p-open (resp. 0-
opern) sets. A subset M of a space (X, T) 1s said
to be &-P-compact (Ekici, 2007a, b, 2008a-¢) (resp. 0-
compact (Jafari, 1998)) relative to 3, T if for every cover of
M by 8-p-open (resp. 6-open) sets has a finite subcover.
A topological space (X, T) is 8-P-compact (Ekici,
2007a, b, 2008a-c) (resp. B-compact (Tafari, 1998)) if the set
X is d-P-compact (resp. 8-compact) relative to (3, T). Tt
should be mentioned that 8-comnected 1s equivalent with
connected (Jafari, 1998).

Theorem 3.9: Let £ (X, T)~(Y, T") be a strongly faint
8-P-continuous surjection mapping and (3 T) is a
B-connected space, then Y is a §-B-connected space.

Proof: Suppose that (Y, T") is not &-B-connected. Then
there exist non-empty 8-f-open sets V, and V, of Y
suchthat VnV, = @ and V)NV, = Y. Hence, we have
FHVINTY(V,) = @ and £Y{(V)uf(V,) = X Since, f is
surjective, T'(V,) and f'(V,) are non-empty subsets of X.
Since, f is strongly faint 8-p-continuous, then (V) and
(V) are B-open sets of X. Therefore, we have (3, T) is
not 8-connected. This is a contradiction and hence (Y, T™)
is d-B-connected.

Theorem 3.10: Let £ (X, T)-(Y, T") be a strongly faint
8-p-continuous, then f{M) is &-P-compact relative to
(Y, T") for each subset M which is 0-compact relative to
X.

Proof: Let {V,: AcA} be any cover of {(M) by &-p-open
sets. For each xeM, there exists AcA such that f{ix)V,, .
Since, f is strongly faint d-P-continuous, there exists
10,€T; containing x such that f{U,)cV,,. The family {U,:
x€M} 1s a cover of M by B-open sets of X, T. Since, M 1s
0-compact relative to (X, T), there exists a finite subset M,
of M such that Mcu{U,: xeM,}. Therefore, we obtain f
(MU f(U): xeMtou V., x€M,}. Therefore, f{M) 1s
&-P-compact relative to Y, T".

Theorem 3.11: The surjective strongly faint &8-p-
continuous image of a 8-compact space is 8-pf-compact.
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Fig. 2: The relationships between strongly faint 3-p-
continuous mappings and other of well-known
types of strongly famt continuous mappings

Proof: Let £ (X, T)-(Y, T") be a strongly faint
§-B-continuous mapping from a B-compact space X onto
a space Y. Let {W_ :x€A} be any 8-P-open cover of Y.
Since, f is strongly faint 8-P-continuous, {f'(W ):ceAl is
a B-open cover of X. Since, X is B-compact, there exists a
finite subcover {f'(W:i=1,2, .., n} of X Then, it follows
that {W;1=1, 2, .., n} 1s a finite subfamily which cover Y.
Hence, Y is d-B-compact.

Comparisons and examples: In this study, we investigate
the relationships between strongly famnt 8-B-continuous
mappings and other well-known types of strong famt
continuity.

Definition 4.1: A mapping £ (3, T)-(Y, T") is said to be
strongly faint semi-continuous (Nasef, 1998) (resp.
strongly faint pre-continuous (Nasef and Noiri, 1996),
strongly famt y-continuous (Nasef, 1998), strongly fant
g-contimious (Nasef, 2009), strongly faint B-continuous
(Nasef, 2009), strongly faint e-continuous (Caldas and
Tafari, 2011)) if for each x€X and each semiopen (resp.
pre-open, P-open, «-open, Y-open, e-open) set V of Y
contaimng f{x), there exists a O-open set U of X
containing x such that f(1)=V.

Remark 4.2: The relationships between strongly famt
d-B-continuous mappings and other corresponding types
of mappings are shown in the following diagram.

However, none of these implications is reversible as
shown by the example (3.2) of Nasef (1998) (4.3-4.5) of
Nasef (2009) and (3.2) of Caldas and Jafar1 (2011). And the
following examples (Fig. 2).
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Example 4.3: Using examples (4.3), (resp. Examples: 4.4
and 4.5), of Nasef (2009) these are easily observed that a
strongly faint semicontinuity which is not a strongly faint
O-B-continuity (resp. a strongly faint precontinuity which
is not a strongly faint 8-P-continuity and a strongly faint
y-continuity which is not a strongly faint 8-p-continuity).

Example 4.4: Using example (3.2) of Nasef (1998),
it is easily observed that a strongly faint p-continuous
which 18 not a strongly famt 8-p-continuity and using
example (4.5), (resp. Examples: 4.4) of Nasef (2009) it
15 easily observed that a strongly famt e-continuous
which is not a strongly faint d-P-continuity (resp. a
strongly faint precontinuity which is not a strongly faint
e-continuity.

A space X 18 said to be submaximal if each dense
subset of X is open in X and extremaly disconnected
(briefly ED) if the closure of each open set of X 1s
open in X.

Theorem 4.5: Let (Y, T") be a sub-Maximal ED, T,-space,
and T;;-space, Then the following are equivalent for a
mapping £ (X, T)-(Y, T"):

fis strongly faint ¢-continuous

f 1s strongly faint y-continuous

f is strongly faint semi-continuous
f 1s strongly fant pre-continuous
f is strongly faint B-continuous
fis strongly B-continuous

fis strongly faint e-Continuous

f is strongly faint 8-P-continuous

Proof: We have from Nasef (1998), (a)=(b)=(c)=(d)=
{e)=(f)=(a). (Since, Y is sub-maximal and ED, then, T" =
aZ(Y, T =BE(Y, T)=8EY, T) =PE(Y, TH = pE(Y,
T")). We have from Caldas and Tafari (2011), (f)=(g) this
follows from the fact that if (Y, T is T,-space,
then, T" = EX(Y, T). (fi=(h) This follows from the fact
that if (Y, T is T, .-space, then T" = E'Z(Y, T"). (g)=(h)
this is obvious.

Theorem 4.6: If mapping f: (X, T)~(Y, T") is strongly faint
&-P-contimuous and g: (Y, T~(Z, T™) is d-P-irresolute,
then, go f: (X, T)~(Z, T") is strongly faint &-P-continuous.

Proof: Let, W eb-B-5(Z, T"™). Then, we have, g'(W)
€d-p-Z (Y, T and hence, (gof 7' (W) = £ (g? (W) is
B-open in X Therefore, g o f is strongly faint
§-P-continuous.

Theorem 4.7: For mappings £ (X, T)-Y, T) and g:
(Y, TH-(Z, T™) the following statements hold:
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¢ If both f and g are strongly faint &-P-continuous,
then the composition g o £ X7 13 strongly famnt
8-B-continuous

o If f strongly faint &-B-continuous and g is a
d-P-irresolute, then gof is strongly 8-p-continuous

o If f strongly faint &-P-continuous and g is a
8-B-continuous, then gof 1s strongly B-continuous

o TIf fis quasi B-continuous and g is strongly faint
8-p-continucus, then, gof is strongly faint 8-p-
continuous

o If f is strongly O-continuous and g 1s strongly
faint &-P-continuous, then, gof is strongly faint 8-
B-continuous

Proof: The proof 13 obvious it 13 follows from their
respective definitions

Strongly faint 8-p-continuous mappings and separation
axioms

Definition 5.1: A topological space (X, T) is said to be:
8-p-T, (Ekici, 2008a-c; Hatir and Naoiri, 2009) (resp. 6-T,
(Caldas and Jafari, 2011)) if for each pair of distinet points
x and y of X, There exists 8-p-open (resp. 8-open) sets U
and V containing x and y, respectively such that y#1J and
XEV.

0-p-T, (Ekici, 2008a-c; Hatir and Noiri, 2009)
(resp. 0-T, (Sinharoy and Bandyopadhyay, 19935) if for
each pair of distinct points x and y in X, There exists Ued-
BE( x) (resp. UeBE(X, x)) and Ved-PE, y) (resp.
VeBZ(X, y) such that UnV = @.

Remark 5.2: By Caldas et al (2005) and Nori (1980)
Hausdorff space=0-T, space.

Theorem 5.3: Let, £ (X, T)-(Y, T") be a strongly faint
8-P-continuous injection and Y is a 8-p-T, space, then X
is a B-T, (or Hausdorff) space.

Proof: Suppose that Y is 8-B-T . For any distinct pomnts x
and y in X, then there exist V, Hed-BE(Y, T") such that f
(x)eV, fily)eV, fix)¢H and f(y)H. Since, f is strongly
faint 8-P-continuous, £'(V ) and £'(H ) are 0-open subsets
of X, T such that xef'(V), yef'(V), x#f '(H) and yef '(FH).
This shows that X is 6-T, (equivalently Hausdorff by
Remark (5.2).

Theorem 5.4: Let £ (X, T)-(Y, T") be a strongly faint
8-P-continuous injection and Y is a 8-p-T, space, then X

is a B-T, space.

Proof: Suppose that Y is 8-p-T, space. For any pair of

distinct points x and v in X, there exist disjoint &-p-open
sets Uand V in Y such that f{ix)eU and f(y)eV. Since, f1s
strongly faint 8-P-continuous, £'(17) and (V) are 8-open
in X contaimng x and y, respectively. Since, UnVY = @.
Therefore, £'(UNf (V) = @. This shows that X is 6-T,.

Theorem 5.5: If f g X>Y are strongly faint 8-p-
continuous mappmgs and Y is 8-p-T, then, K =
{xeX fi(x) =g (%)} is closed in X.

Proof: Suppose that x¢K, then, f(x)#g(x). Since, Y is
8-P-T,, there exist Ved-PE(Y, f(x)) and Hed-PE(Y, g(x))
such that VnH = . Since, f and g are strongly faint
§-P-continuous, there exist a O-open set U of X
containing x and a B-open set W of X containing x
such that )<V and g(W)cH. put D = UnW. then,
DK = @ with D a 8-open subset and hence, open such
that xeD. Then, x¢Cl1 (K) and thus K is closed in X.

Definition 5.6: A space (X, T) is said to be 8-P-regular if
for each 8-P-closed set F and each point x¢F, there exist
disjont 8-P-open sets U and V such that FcU and x €V,

Definition 5.7: A topological space (¥, T) 1s said to be:
O-regular (Caldas er al., 2007) if for each B-closed set F
and each point x¢F, there exist disjoint 8-open sets U and
V such that FeU and xeV. 8-Normal (Caldas et al., 2007)
if for any pair of disjoint 8-closed subsets I, and F, of X,
There exist disjoint 8-open sets U and V such that F,<U
and F,V. 8-p-Normal (Ekici 2008a-¢) if for any pair of
disjoint 8-p-closed subsets F, and F, of 3{ There exist
disjoint 8-P-open sets U & V such that F U & FcV.
Recall that a mapping £ (X, T)~(Y, T") is called 8-B;-open
if f{U)ed-PE(Y, T7) for each Uet,,

Theorem 5.8: Let £ (X, T)~(Y, T be a strongly faint
8-P-continuous d-Pg-open injection from a B-regular space
(X, T) onto a space (Y, T"), then Y is &-B-regular.

Proof: Let, F be ad-P-closed subset of Y and y¢F. Take
y = f(x). Since, f is strongly faint 8-B-continuous, £'(F) is
0-closed in X such that £'(y) = x¢f" (F). Take W = £'(F).
We have x¢W. Since, X is O-regular, then there exist
disjomt B-open sets U and V in X such that WcU and
xeV. We obtain that F = {{W)=f(1J) and y = f(x)ef(V) such
that f{U) and f{V) are disjoint 8-p-open sets. This shows
that Y is 6-P-regular.

Theorem 5.9: Let, £ (X, T)»(Y, T) be a strongly
faint §-P-continuous 8-Py-open injection from a G-normal

space (X, T) onto a space (Y, T"), then Y is8-B-normal.

Proof: Let F, and F, be disjoint 8-p-closed subsets of Y.
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Since, f is strongly faint 8-B-continuous, £'(F,) and f'(F,)
are B-closed sets. Take U= f'(F,) and V = f'(F,). We have
UnV = . Since, X is B-normal, there exist disjoint 6-
open sets A and B such that UcA and VB, We obtain
that F, = f{{IN<f(A) and F, = f{V)cf(B) such that f(A) and
f(B) are disjoint 8-P-open sets. Thus, Y is &-P-normal.
Recall that for a mapping £ (X, T)~(Y, T, the subset
{(x, f(x)): xeX}<X*Y 1s called the graph of f and 1s denoted

by G(D).

Definition 5.10: A graph G(f) of a mappmg f (X,
T)»(Y.,T") is said to be &-Pgclosed if for each (x,
yIE(X <Y NG(D), there exist a B-open U set of X containing
x and §-P-open set V of Y containing y such that (UxVNG

(H=o.

Lemma 5.11: A graph G(f) of a mapping f: (X, T)~(Y, T")
18 8-Pgclosed in XxY if and only if for each (x,
yIE(X <Y NG(D), there exist a B-open set U of X containing

x and an §-f-open set V of Y containing y such that
fUnv =0.

Proof: It is follows immediately from Defimtion (5.10).

Theorem 5.12: Tet £ X>Y be a strongly faint
&-p-continuous mapping and (Y, T*) is 8-B-T,, then G{f) is
8-P,-closed.

Proof: Let (x, y)-(XxYNG(f), then f(x)#y. Since, Y is
0-p-T,, there exist disjoint 8-P-open sets V and Hin
Y such that fix)eV and yeH. Since, f is strongly faint
d-f-continuous, then £'(V) is O-cpen in X containing x.
Take U = £'(V). We have {1V Therefore, we obtain f
(U)nH = @. This shows that G(f) is 6-Ps-closed.

Theorem 5.13: Tet £ 3>Y be a strongly faint &-p-
continuous injection and has an 6-Py-closed graph, then
(¥, T)is 6-T,.

Proof: Let, x and y be any two distinct points of X. Then
since, fis injective, we have f(x)#f(y). Then, we have (x, f
(y)e(X>YNG(L). By Lemma (5.11), there exist a 6-open set
U of X and a §-P-open set V of Y such that (x, f (y)eUxV
and f{UNV = @. Hence, UNf'(V) = @ and y¢U. Since, {
is strongly faint &-P-continuous, there exists a B-open
set H of X containing y such that f (H)c V. Therefore, we
have f{U)N(H) = @. Since, { 1s injective, we obtain UnH =
@. This implies that (3{, T)is 6-T,.

Definition 5.14: A topological space X is said to be
0-P-Alexandroff if every fimte mtersection of &-p-open
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sets is d-P-open.

Theorem 5.15: Let £: (3, T)~(Y, T") has a 8-Py-closed
graph and Let (Y, T" be &-B-Alexandroff, then f(M)
is 6-PB-closed in Y, T" for each subset M which is 6-
compact relative to X

Proof: Suppose that y#f(M). Then (x, y)#G(f) for each
xeM. Since, G{f) is 8-Pg-closed, there exist a 8-open set U,
of X containing x and &-P-open set V, of Y containing
y such that f{U,) nV, = @, By Lemma (5.11). The
family {U,: xeM} is a cover of M by 8-open sets. Since, M
is B-compact relative to X, T, there exists a finite subset
M, of M such that Mcu{U,: xeM,}. Put V = N{V,: xeM,}.
Then, V is an &-P-open set in Y containing y. Therefore,
we have:

f(M)nv{Uf(Ux)

xelMy

- Ylrwnv]-o

xelMy

Tt follows that y¢8-p-Cl (fM)). Therefore, f{M) is
8-P-closed in (Y, T".

Corollary 5.16: Let (Y, T) be d-P-Alexandroff. If f:
(X, T)~(Y, T") is strongly faint 8-B-continuous and (Y, T")
is 8-B-T,, then, f(M) is 8-P-closed in Y, T for each subset
M which is 8-compact relative to X, T.
Proof: The proof follows from Theorems (5.12) and (5.15).
CONCLUSION

The notion of continuity is significant and
fundamental subject in the study of general topology as
well as all branches of mathematics and quantum Physics
has been researched and investigated by several
mathematicians and quantum physicists. Caldas et al.
(2005, 2007), Ekici (20074, b), El-Naschie (20044, b, 2006),
Noirt and Popa (2004), Park and Park (2004) and Park et al.
(2006) from the different points of views, of course its
weak forms and strong forms are important, too. Many
investigations related to closed sets have been published
and various forms of continuity types have been
introduced. For mstance, some strong forms of closed
sets such as regular closed sets and some weak forms
such as semi-closed, pre-closed, &-P-closed sets were
investigated. Topology as a field of mathematics 1s
concerned with all questions directly or mdirectly related
to continuity. Therefore, the theory of faint continuity is
one of the most significant subjects in topology. Thus we
study a new class of strong form of famt continuity which
may have very important applications mn high energy
Physics, quantum particle Physics and superstring
theory. In addition, there was a contribution towards the
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resolution of some fundamental questions linking space
time geometry and topology to high-energy particle
Physics. Thus, it should be mentioned that the present
research may become relevant to the researches of
(Fl-Naschie, 1998, 2000, 2002, 2004a, b, 2006). On the other
hand, the mathematical theory of fuzzy sets is highly
developed and used extensively in many practical and
engineering problems. Fractal geometry is by its very
nature, fuzzy and that is how K3 which is used in String
theory for other purposes could be given, a fuzzy outlook.
Furthermore, fuzzy topological version of the notions and
results mtroduced in this study are very unportant, since,
El-Naschie has shown that the notion of fuzzy topology
have very important applications in quantum particle
Physics, especially, in related to both String theory
and & theory (El-Naschie, 1998, 2004a, b).
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