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Performance of Quarter-Sweep SOR Iteration with Cubic B-Spline Scheme for

Solving Two-Point Boundary Value Problems
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Abstract: In this study, we deals with cubic B-spline method to solve two-point boundary value problem. The
cubic B-spline approximation equation based on quarter-sweep concept are used to discretize the proposed
problem and construct the linear system. The linear system are solved via. the family of SOR iterative methods
which 1s Full-Sweep Gauss-Seidel (F3GS), Full-Sweep Successive Over Relexation (FSSOR), Half-Sweep
Successive Over Relexation (HSSOR) and Quarter-Sweep Successive Over Relexation (QSSOR) iterative
methods. The performance for the proposed iterative methods are recorded with compared three parameters
such as number of iterations, execution time and maximum error. The QSSOR is superior method as compared
with FSGS, FSSOR and HSSOR iterative method based on the numerical solution are obtained.
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INTRODUCTION

Now a days, two-point boundary value problems
are used widely to solve many phenomenain science,
physics and engmeering problems. Due to the
advantages, there are many researchers have been
interested and give more attention to solve these
problems (Robertson, 1971; Wang and Guo, 2008;
Aarao et al., 2010). Automatically, the various methods
are used for solving two-point boundary value problems
such as Sme-Galerkin method and modifications
decomposition (Gamel, 2007) A domain decomposition
method (Jang, 2008) and hybnd Galerkin method
(Mohsen and El-Gamel, 2008). The other methods are
used is shooting method (Lin et al, 2008) the family of
spline and B-spline methods (Ramadan et al., 2007). The
two-point boundary value problems are defined as
follows:

y'E(x)y g (x)y = 1(x), x e [x,, x,] (D
with the boundary conditions:
yv(x )=a,y(x,)=b (2)

where, a and b are assumed as left and right boundary,
respectively (Albasiny and Hoskins, 1969).

B-spline method has been used to solve one
dimensional problem in partial differential equations
where it can give the accurate numerical solutions

(Viswanadham and Koneru, 1993; Gardner and Gardner,
1995, Wu and Zhang, 2011). Actually, the idea of B-spline
was introduced by Schoenberg. Tn early 1960s, Pierre
Bezier was improved and upgraded the basic idea of
B-spline which proposed by P. De Calteljau (Schoenberg,
1946, Choi et al.,, 2012). Also, the quarter-sweep concept
is apllied into B-spline method. The utmost imposing this
concept is to reduce the convergence rate. Figure 1 shows
the full, half and quarter-sweep concepts. As we can see,
the difference of all these concept is the value of h are
used. For example, the subinterval lenght of the
full-sweep iteration is used h =1 in Fig. l1a. The value of
the subinterval lenght for half-sweep and quarter-sweep
iterations are 2 and 4 h, respectively. However, the
process of computation are same for all these concepts
where they will compute all node points of type » only
with the attention to get the approximate solution until the
convergence criterion is reached. Meanwhile, the direct
methods are used to solve the remaining node points
(Abdullah, 1991).

In order to get numerical solution in this study, first
of all, we consider B-spline function of the form
(Choi et al., 2012; Suardi et al., 2017a, b):

y(x):ZlDCl.Bl,d(x),OSX <1 3

where, C, and B, (x) are assumed as the control point
and B-spline basis functions, respectively. The third
degree B-spline function can be defined as (Botella and
Shariff, 2003):
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Ba(x) = B ()R, () ()
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with the condition:

B,,D(x){ljxe[xl’xﬁ'] (5)

0, otherwise

After that we need to descretize the proposed Eq. 1
using cubic B-spline discretization scheme to get the
approximation equation of the proposed problem. The
approximate equation will lead us to construct the
tridiagonal linear system. Then, we will choose the
iterative methods to solve the problem that are
considered. In this study, the FSGS, FSSOR, H3SOR and
QSSOR iterative methods are chosen. The reason for all
these iterative methods are selected 1s that the iterative
methods are the natural option for the linear system which
has the characteristics large and sparse to obtain the
efficient solution (Young, 1971, Hackbusch, 1995;
Saad, 1996). The implementation of the iterative methods
with quarter-sweep concept 13 to reduce their
convergence rate. Actually the half-sweep iteration
concept has been mitiated by Abdullah (1991) which he
using the Explicit Decoupled Group (EDG) method to
solve two-dimensional poisson equations. According to
that there are many studies are applied to the half-sweep
iteration (Akhir et al., 2011, Muthuvalu and Sulaiman,
2011; Dahalan et af., 2014; Alibubin et ai., 2016, Chew and
Sulaiman, 2016, Eng et al, 2017). Motivated with the

Bis(x) =
1:3( ) X Kjra ™ i+ ik

2™ LXHB X

Kiv1s Ry

K13 Ry LX1+4 X Kir12 Ring

Then, the cubic B-spline function in Eq. & at points
X, X X5 and x ,;where h="b-an can be derived and

simplified to:
(X-Xl)B, xe|x,x.,|
) k,, Xe [XM, XHE]
B..(x) =@ k,, XE[Xpgs Xy | N
(Xiﬂé—x)j, XE[Xpg, X
Where:

k, =h'+3h* (x=x_, }+3h(x-x,, )2 +3(xx,, )3
k, = h*+3h° (X1+12-X)+3h(x1+12-x)2 -5-3(xl+12-x)3

X-Xl ’7 X-Xi { X_X;{ B1, 0 (X) + XXi+8_X B1+4, 0 (X)} + XHIZ_X { X-Xi+4 B1+4, 0 (X) + Xi+12 = B1+8, 0 (X):|:|+
i 8

(a)h
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Fig. I: The distribution of uniform points for; a)

Full-sweep; b) Half-sweep and ¢) Quarter-sweep
lteration

half-sweep concept findings, the quarter-sweep iteration
has been introduced by Othman and Abdullah (2000) for
solving two-dimensional poisson equation via. Modified
Explicit Group (MEG). For the quarter-sweep concept
these are many researchers that have been used this
concept (Othman et @l., 2014; Sulaiman ef af., 2004, 2009).

MATERIALS AND METHODS

Quarter-sweep cubic B-spline approximation equations:
In this study, we discuss the way to derive the two-poimt
boundary wvalue problems using the cubic B-spline
discretization scheme. These steps lead to construct the
linear system of problem Eq. 1 getting the cubic B-spline
approximation equation. First of all, we consider d = 3 in
Eq. 4 or known as third degree cubic B-spline, the
function can be given as (Chang et al., 2011):

K12 X [ Xes X XX

(6)

X =X XX |7 XX X, -X
1+16 { 1+4 1+4 B1+4: . (X) + +12 Bﬁ,g: . (X)} 4

X, -X X-X. X, -X
1+16 1+ 8 1+16
{ Bivg o (X )+ Biiz, 0 (%)
Kirrs s | Xir2 Xiug Kir1s 1z

(X-Xl_4)3, xe[x,. %]
1 k,, X e [Xl, X1+4] (8)
51.4,3(X) E K, XE[X1+4,X1+8]
(X1+12'X)3: XG[X1+87X1+12]
Where:
k, = h’+3h? (x-x }+3h{xx )2 +3{xx, )3
k, = h*+3h%(x,,,% ) #3h{x,,, %) +3(x,, %)’
(X_X1—8 )3 > XE [Xirxv X1—4]
1 k., XE[X1_4,X1] 9
Birg_j(x)*ﬁ kﬁj XE[Xi,XiM] ( )

(XHX—X)E, X E[Xpgs Xg
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Where:
k, = h’+3h?(xx,, ) +3h(x=x,, ) +3(xx,)
k, =h’+3h’ (xl+4—x)+3h(xl+4—x)2 +3(x,., —x)3

5y el ]
k.,
k,,

(%1 'X)3 >

1 XE[X1—8> Xi—4]

-1 (10)
6h’

B1-12, 3 (X)

xe %, %]
xelx,x,]
Where:
k, = h'+3h? (xx,, )+3h (xx,, ) +3(xx,)
k, = h*+3h*(x;-x)+3h(x, -X)2 +3(x —x)3

By substituting x = x; mto Eq. 7-10, the value for each
piecewise function can be stated as:

B,(x)=0
1
Pt E (11)
B s(x) 5
B (x) =

By applyimng the first derivative concept mto Eq. 7-10,

the first derivative functions at point x = x; can be
written as:
B a(x)=0
1
B'174,3(X1)=_
8h (12)
Bl (%) =0
, 1
) X)=—
Bl-123( 1) Sh

Since, the steps to get the Eq. 13 as same as the steps
to get Eq. 12, the second derivative of the Eq. 7-10 are
obtained as:

B"i,3(x1):0
" — 1
B i-4,3(X1) 16 b’
) 2 (13
p 178,3(X1)_W
" — 1
B i-12,3(xi) 16 b2

Using the Eq. 3, we substituted and derive the
approximation function, thus, we have cubic B-spline
approximation equation:
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Y(x) = C B s (X)HC, B, L (x)HC, By 5 (x)4C, By s (x)+
C4 'B4, 3 (X) +C8 'B& 3 (X) +C12 'BIZ, 3 (X) +C16 'Blﬁ, 3 (X) +
CZD 'BZD, 3 (X) +C24 'BZ4, 3 (X‘) +C26 'Bzﬁ, 3 (X‘)
(14)

where, C, is unknown coefficients with T = -12, -
8, -4, ..., n-4. Then, by substituting the all the value in Eq.
11-13 mto the proposed problem with consider the Eq. 14,
the simply cubic B-spline approximation ecquation easily
get:

0’”1'C1-12+B1'C1.8+Y1'C1_4 = r1 (15)
Where:

M N
4h* 4h 6

R
4h 6
1

yi=72_&+&
4h® 4h 6

For1 =0, 4,8, .., n12 After that the approximate
solution is leads to construct the linear system that can be
seen as:

AC=R (16)
Where:
(o, B, v, © 0O 0 0 0 0]
0 oy B v 0 0 0 0 0
0 0 o B ¥ 0 0 0 0 0
0 0 0 o, B, v, 0 0 0 0 0
A=l0 0 0 0 o, Py v O O 0 O
0 0 0 0 0 oy By ¥y 0 0 0
0 0 0 0 0 0 oy By ¥, 0 0
00 0 0 0 0 a, By v, O
L0 0 0 0 0 0 0 ap By vy

@]

T
[0-8 0-4 CD 04 08 C12 Clﬁ CZD 024]

T
Ef[ru'o'“ I I Ly Lg Ty Ty Ty rsz'B]

Clearly, A represents as the coefficient matrix, € is an
unknown vector and R is a known vector. In fact, the
coefficients matrix, A of linear system (Eq. 16) should be
considered positive definite condition [2.]2 3 [ 3, ] to get
approximate solution based on studied by Young
(1971).

RESULTS AND DISCUSSION

Formulation of quarter-sweep successive over relaxation:
In this study, the formulation of the family of SOR
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iterative methods will be presented. The idea to choose
the iterative methods as linear solver based on the study
by Young (1971 ), Hackbusch (1995) and Saad (1996). They
mentioned that the iterative methods are the best linear
solver to solve the linear system which has large and
sparse matrix. As we can see that the matrix A m linear
system (Eq. 16) 1s large and sparse, the family of SOR
iterative methods are chosen as linear solver to solve the
linear system (Eq. 16).

The SOR iterative method was introduced by Young
(1954, 1971, 1972, 1976). Basically, tlhus method 1s the
improvement of GS iterative method. The aim of SOR
iterative method is to accelerate the convergence rate and
reduce error approximation soluttion by adding the
relaxation parameter, w .The range of w is 1 <w<2 and the
optimum value of & will lead to the numerical solution of
SOR iterative method becomes more accurate.

As mentioned earlier in first paragraph in this study,
the matrix A 1s large and spare, so, let define matrix A in
the summation of three matrices form as follows:

A =L+D+U (a7
Where:
D = A Diagonal matrix of matrix
A LandU = Strictly Lower matrix and strictly Upper

matrix, respectively

By taking Eq. 17 mto Eq. 16, we can define the linear
system as:

(L+D+U)C =R (18)

By referring Eq. 18, the general scheme of QSSOR is
written as (Youssef and Meligy 2014; Radzuan et al.,
2017, Suardi et al., 2017a, b):

i1 (k+1)
E'ZJ -1 3%

ci(k”) =(1-0) ci(k) + @ - " (19
ay -Z] —iv aijcj

Fori =0, 4, 8, .., n. Thus, the implementation of
(QSS0R iterative method are shows i algorithm 1.

Algorithm 1; QSSOR iterative method:
L. Set initial value ¢® =0
ii.  Calculate the coefficient matrix and vector, R

iii. Fori=0,4,8, ..., n, calculate

¥l (k+1)
r- . C
Cgkﬂ) =(1-m)cfk3+ (x){ i : :J:1a1_| ]

n (k)
i 'ZJ=|+1 ;€

iv.  Check the convergence test, |c&-¢®l<e = 10% If yes, go to step
(v). Otherwise go back to step (iii)
V. Display numerical solution

Numerical examples: In order to observe the performance
of the proposed iterative methods, we consider three
numerical examples which are tested at several grid sizes
and solve via. selected iterative methods such as FSGS,
FSSOR, HSSOR and QSSOR iterative methods. The FSGS
iterative method acts as control parameter. Then, three
comparison parameters are taken during implementation
of proposed methods like number of Iterations (Iter),
execution Time in sec (Time) and maximum error (Error).
The tolerance error is constant and set up as ¢ = 10" for
each different grid size. Example 1 (Cagler et al., 2006;
Caglar and Caglar, 2009). Suppose the two pomt boundary
value problem 1s as:

yn_yl — e(x'l)'I: x e [0, 1] (20)

The exact solution for example 1 18 known as. The
numerical results for Eq. 20 can be observed in Table 1.
Figure 2 and 3 are illustrated the results based on Table 1
1n term of number of iterations and execution time, example
2 (Robertson, 1971). Consider two-pomnt boundary value
problem in form:

-y"-2y'+2y = e, xe |0, 1] (21)
40000 7 -eeeeeeee FSSOR
35000~ HSSOR
P QSSOR
2 30000 1
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3
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S 100004 e e
5000
0 e T T T 1
1024 2048 4096 8192 16384
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Fig. 2: The number of iteration for example 1
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Fig. 3: The execution time for example 1
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Fig. 4: The number of iteration for example 2

Table 1: Comparison of the number of iterations, execution time (sec) and
the maxirmum absolite error on iterative methods, for example 1
MMethod Tter Time (sec) Error
1024
FSGS 1025490 109.60 1.03e-05
FSSOR 2946 0.57 3.05e-08
HSSOR 1526 0.33 1.16e-07
Q8SOR 769 0.26 4.39-07
2048
FSGS 3527433 501.08 4.14e-05
FSSOR 5792 1.14 1.49¢-08
HSSOR 2946 0.58 3.11e-08
QSSOR 1526 0.40 1.16e-07
4096
FSGS 11811520 3214.48 1.66e-04
FSSOR 10245 2.78 9.42e-08
HSSOR 5792 1.10 1.49¢-08
Q8SOR 2946 0.53 3.11e-08
8192
FSGS 38052999 15288.39 6.63e-04
FSSOR 19073 841 1.77e-07
HSSOR 10245 275 9.42e-08
QSSOR 5792 1.13 1.49¢-08
16384
FSGS 115439220 58347.49 2.65e-03
FSSOR 36021 27.47 2.90e-07
HSSOR 19073 773 1.77e-07
QSSOR 10245 2.88 9.42e-08

where the exact solution is defined as v(x)= vzl e,
The results are recorded mn Table 2 for the Eq. 21. The
number of iterations and execution time in Table 2 are
illustrated in Fig. 4 and 5. Example 3 (Mohsen and
El-Gamel, 2008). We consider one-dimensional two-point
boundary value problem defines as follows:

-y"-dy = cosh(1), x [0, 1] (22)

The exact solution of this example 1s y(x) = cosh
(2x-1)-cosh(1). Table 1 shows the numerical results are
recorded for Eq. 22 at different grid sizes. Figure 6 and 7
are presented the graph of number of iterations and
execution time for example 3.

The reduction percentages for all performance of
iterative methods were obtained and can be shown in
Table 4. From the results were carried out in Table 1-3.
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Table 2: Comparison of the mumber of iterations, execution time (sec) and
the maximum absolute error on iterative methods, for example 2

M/Methods Tter Time (sec) Error
1024

FSGS 886861 100.44 8.24e-06
FSSOR 3823 0.66 1.05e-07
HSSOR 1933 0.40 1.01e-06
QSSOR 977 0.26 1.50e-06
2048

FSGS 3095807 482.89 3.26e-05
FSSOR 7553 1.66 4.97e-08
HSSOR 3823 0.75 2.62e-07
QSSOR 1933 0.37 3.79%-07
4096

FSGS 10576347 300927 1.30e-04
FSSOR 14905 4.40 6.29¢-08
HSSOR 7553 1.57 8.77e-08
QSSOR 3823 0.81 1.0e-07
8192

FSGS 35077202 16192.67 5.21e-04
FSSOR 29377 14.44 1.23e-07
HSSOR 14905 4.56 7.21e-08
QSSOR 7553 1.56 4.97e-08
16384

FSGS 111394765 56824.70 2.09e-03
FSSOR 57831 49.66 2.6%9-07
HSSOR 29377 14.11 1.26e-07
QSSOR 14333 4.44 6.24e-09

Table 3: Comparison of the number of iterations, execution time (sec) and
the maximum absolute error on iterative methods, for example 3

M/Method Tter Time (sec) Error
1024

FSGS 848604 96.58 7.44e-06
FSSOR 2613 0.54 1.35e-07
HSSOR 1354 0.31 4.90e-07
QSSOR 720 0.25 1.94e-06
2048

FSGS 2975185 466.09 3.02e-05
FSSOR 5218 1.33 3.44e-08
HSSOR 2613 0.50 1.35e-07
Q8SOR 1354 0.36 4.90e-07
4096

FSGS 10223821 2999.24 1.21e-04
FSSOR 9886 3.55 2.66e-08
HSSOR 5218 1.19 3.44e-08
QSSOR 2613 0.59 1.35e-07
8192

FSGS 34187618 15930.80 4.84e-04
FSSOR 17413 9.54 2.16e-07
HSSOR 9886 311 2.66e-08
Q8SOR 5218 1.06 3.44e-08
16384

FSGS 109919813 57115.58 1.94e-03
FSSOR 36776 33.21 3.63e-07
HSSOR 17413 8.34 2.16e-07
Q8SOR 9202 2.79 8.34e-08

and Fig. 2-7, the combination between SOR iterative
method and quarter-sweep approach need less number of
iterations to solve two-point boundary value problems at
all grid sizes are considered. Inline the results m term of
execution time shows that the QSSOR iterative method is
the fastest method to solve the proposed problem among
the others iterative methods. Also, the reduction
percentage of QSSOR iterative method 13 the higher
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Fig. 7: The execution time for example 3
Table4: Reduction percentage of the number of iterations and
computational time for the FSKSOR, HSSOR and QSSOR
compared with FSGS method
Examples Tter (%) Time (%0)
Example 1
FSSOR 99.71-99.99 99.48-99.95
HSSOR 99.85-99.99 99.70-99.99
QSSOR 99.93-99.99 99.97-99.99
Example 2
FSSOR 99.57-99.95 99.34-99.91
HSSOR 99.78-99.97 99.60-99.98
Q8SOR 99.89-09.99 99.74-99.99
Example 3
FSSOR 99.69-99.97 99.44-99.94
HSSOR 99.84-99.98 88.68-99.99
Q8SOR 99.92-99.99 99.74-99.99
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reduction percentage for all problem are tested can be
observed m Table 4. Clearly, QSSOR iterative method
requires lesser number of iteration and execution time for
solving two-pomt boundary value problems.

CONCLUSION
The study presented the cubic B-spline
method in  solving two-point boundary  value

problems. The combination between cubic B-spline
approach and quarter-sweep concept are applied to
discretize the proposed problem. Then, the numerical
examples are tasted via. the family of SOR iterative
Based on the
numerical solutions, we concluded that QSSOR iterative
method 15 superior in term of munber of iterations and
execution time than FSGS, FSSOR. and HSSOR. iterative
methods.

methods are used as lmear solver.

RECOMMENDATIONS

Apart of this finding, the two-step iteration with
B-spline approach such as AM (Ruggiero and
Galligan, 1990), TADE (Sahimi et al., 1993) and QSAM
(Sulaiman et al., 2009) can be consider for the future
research.
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