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Abstract: This study suggested a new Two-Sided Fractional Percolation Equation (T-SFPE) with coefficients.
The algorithm for the mumerical solution for this equation is based on Finite Difference Method (FDM).
Stability, consistency and convergence of the fractional order mumerical method are discussed. The numerical
method has been applied to solve practical mumerical examples and comparing results with the exact solution.
Numerical experiments illustrating the effectiveness of the theoretical analysis are provided.
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INTRODUCTION
Recently, many engineering, mathematical and
physical phenomena described successfully by utilizing
fractional calculus, integrals theory and non-mteger
orders derivatives (Kilbas et al., 2006, Wei and He, 2014,
Abbas, 2015; Yuet al, 2013; Hajji et af., 2014; Zhao et al.,
2015; Kirchner ef al., 2000a, b; Magin, 2006, Podlubny,
1998).

In various fields of physics, geology, biology,
chemistry, finance (Sokolov ef al., 2002, Benson et al.,
20002, b; Magin, 2006, Kirchnern et af, 2000,
Raberto et al., 2002) and are frequently modeled through
fractional differential equations.

To obtain numerical solutions of Fractional
Differential Equations (FDEs), finite element methods
mtroduced by Ma ef af. (2014), Jiang and Ma (2011) and
Liu et al. (2014) because most FDEs do not have exact
analytic solutions. So that, numerical and approximation
techniques must be offered and developed.

Also, based on FDMs by Chen et al. (2014),
Vong and Wang (2015) and Wang and Du (2014), the
numerical treatments have been developed. FPE is a
mathematical model 1s a mathematical model in porous
media for fluid dynamics and in groundwater for
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the seepage flow problems (Wang and Du, 2014,
Thusyanthan and Madabhushi, 2003). FPE is a partial
differential equation acquired from the equation of
conventional percolation (Bear, 1972) by replacing the
space integer derivatives by the space fractional
derivatives. In addition, a 3D FPE is suggested by He
(1998).

Recently, by many researchers, some numerical
methods considered Chen et al. (2011) suggested Implicit
Fimte Difference Method (IFDM) for the one-dimensional
(1D) FPE.

Also, Guo et al (2016a, b) suggested an implicit
FDM for 1D FPE with Dirichlet and fractional
boundary conditions. Chen et al. (2013) proposed an
alternating direction implicit difference method for 2D
case.

Moreover, Chen et al. proposed 2D variable-order
FPE. Liu et al. (2014) suggested two FDMs for the 3D
non-continued seepage flow problem. Guo et al. (2016a,
b) and Liu et ai. (2009) discussed a second order FDM for
the 2D FPE. In this study, we investigate the FPE
numerical solutions.

Fractional percolation model: We consider the following
(T-SFPM):
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K(x.y.2,0)=p(x,y,2) Where (X, y, Z)* ¢ |, X<XXp, V<YV <Vp, Zp<2<Zp, Ovte T
and O<e;, +01,1=1,2, 3. K=(x .y, z t) is the pressure.
And the Boundary Conditions (BC): M., M, and M, are the percolation coefficients along the

x- to z- directions, respectively. The ¢, i3 a known
K(Xu,y,z,t): K(X,yu,z,t) _ K(x,y,zu,t) —0 fun(.:tion ofy, zand t.. + , 18 aknown function of x, z .and t.
* . is a known function of x, y and t. f(x, vy, z, t) is the
K(xey,2t)= ¥\ (y:20),(x ¥, 21)= ¥, (x.2.0), source term. * 1s the percolation domam. The time
K(x,y.2..t)="F,(xy.t) fractional derivative is the *», 1 = 1, 2, 3 order shifted

Grunwald estimate are defined as:

amlﬂf;i’z’t) _ (/_\;)m igm_pKf_mﬁo(AX), a%i(:();i’z’t) ) (A;)% igwm_ﬂﬁo(m)
6%1;(?;,2,0 _ A;ﬁ igaﬁ,pKiJ,fm*O(AZ), 6“1K6()i31/,2,t) _ (Ai)% Iigml,plqpﬂ,Lero(Ax) (2)
Tyl o K00 Morel S e (o)

MATERIALS AND METHODS

The propose method and its consistency: We discuss proposed EDM and consistency for solving T-SFPE, Eq. (1) can
be rewritten as the following form:

3K _ &M, [ 3K &K ) &M, [ 8K &K ) 8BM, [ 3K 8K
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&P\ o o By P i s B 3 i o s

(02K, [ 2 +1< LM, [ 0K vy & K LM, [ 0K vy G, +1< (xy,20)
a_yﬁz a_yﬂg ¥ a_yﬂg Bz aJrZBa 47" B4z Py a_zﬁa a-7> a-7% By

For the derivation of the EDM for T-SV-OFOE with K =W K e =W K = W
variable coefficients, first, we construct a computational

(3)

uniform grid by x=xptex where, X=X for  wpere oo o n,0# 3+ m, O* f* v and s>0. Now, we apply first

1=0,1,...,n and the gnd y =y/H*y where for

) i i order tume derivative given by:
10,1, ..., m also the grid points z = z+f* z where,

¢ 2(zg-z)plorf=0,1, ... p K( t ) K( ¢ )
And the grid peints t,=s*t where «t=T/M for, 87K( )™ i Vi Zea e Mo Yo B +O(At)
s=0,..,M Similarly, we define K;; ;"=K (x. y;, zs t.), o At

Qe T Q06 Y, Ze b, 0" =0 G ypzh t 0 (V% ),

T ez tande C=e (x5 ynt) Alsofromthe IC 5 approximate Eq. 3. Moreover, the mixed fractional
and BC one can get: derivatives in Eq. 3 using the Dirichlet boundary
condition and Theorem 1 by Chen et al. (2011) can be

K} described as:
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Now, we evaluate Eq. 3 at (x,, y,. 2, t,) and use EFDM to get K} to give:
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Equation 4 15 consistent with order O(* t)+O(* x)+0(* z) proposed method. We next define the followimng difference

operators:
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are of O(s y) and O(* z) approximation of the ¢ and * -order Grunwald shifted fractional derivatives term, respectively.
The operator form of the explicit method can be written by:

K, = (HNQ%JN%W,X AR tAtm,, A +Atmﬁa+w) et (6)
Equation 6 may be written in form:
K, = (1+At§ul_x AT, )(1+Ath At L, )(HAtQ%Z AL, .., . )K;}J_f At (7)
which mntroduces an additional perturbation error equal to:
[At%ul_x (Atg%y+Ath2+%y)+Athl . (AtQ%_Ymth . } Lot
Atg%y+Ath2+%y At% Lt )Kf] f

Atmﬁl*ﬂl-x +Atmﬁl+“1:x (Atgﬂe:ﬁ’ +Atmﬁz oy, ¥ )

Hence, we obtain the following fractional explicit scheme

A, A8, (A, A, ) ]

M /_\t M_ At
Bz Ty ) T
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at time t,:
R = (HNQDL A, X)Kf?ﬁmqu ; 8y and: |
v b ” M, At M, At
: , | Tags TP b
si3 253
K = (1+AtQ%_Y+AtmEZ+%y)KL " @)
and: Proof: Can be written Eq. 8 in the following matrix form:
K= (1A, Aty K (10)

sl 53 5
K - Cp,,pz Kpl,pz +AtQp,,pz

PPy

Computationally, the explicit method defined for

Eq. 7 can be solved using the following steps. At time tn: W}llere:
Bin = (K KK |
+ If (y;, z) is fixed, we will obtain an intermediate Ko = [Kf'slp;sKﬂpzs ’Kiﬂlplpgjl
solution K%, from He. 8 MQn = [mqn,m’qu,m ----- AtCﬁ.Lprj
»  If (x, zp is fixed, we will obtain an intermediate
solution K} from Eq. 9 Cifori=1, . .n-landj=1, .., n-1 are defined by:

+ If (x y) 18 fixed we will obtain an intermediate
solution from Eq. 10 using information compiled 1+8

. . i,pl,ngoq,l+E-‘1,F1:F2gBﬁU-l,l for le
during the previous step 5 i S
Loy 02800 E.»i,pl, 2, 8p 4 0 for j=i-1

1]

RESULTS AND DISCUSSION 0.5, 98002 Voip, 1, Bpyrey s I =171
Bi:Fl: Fzgﬂi-lﬂ +E—‘1-P1: FngﬁU-l_j” for ']<1+1

Stability and convergence of the EFDM: In this study, we
discuss the stability and convergence of the EFDM.

Where the coefficients:

Theorem: The explicit system defined by the linear 8. = DMAt
difference Eq. (8-10) with 1<e 4= * o, 4o ¢2 ig Ax™
conditionally stable, if: &, = MA

e AX&:*“H

M. At M, At
o — | = 1-(B+a, ) oo . . .
Ax Ax™ To explain this matrix pattern:
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3.p1eP2
5 +E K®  +AtgS
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0. pp-P2
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_ 53 si3
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Lp1.p2
si3
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53 H
Lpy.pz +(5ﬂ'1,P1:F2gDL1:" +E-‘"'1:P1-P2 gBl+DL1," )K":FI’PQ +Atq"'1-P1-P2

According to theorem by Isaacson and Keller (1966), the union of the circles centered at C,, withradius r; =+ | _;
¢, . Here, we have:

Ci:l = 1+(61vF1vF2g°-1v1 +E“1:F1vﬁzgﬁl+%v1 ) - 1_0(‘161431'132 '(B1+0“1 )E"lvFlvpz
And:

n n
= Ca= 81,?1:112 ;gu1,1-1+1+§1,p1,p2 ;gﬁﬁm,wﬂ = 0"181,}11:}12 +(B1+(I.1 )E-’i,Pl,Pz

and therefore, ¢ ;+r;* 1. We also have:

M, At M At M, At M, At
Cij T 21'a181,p1,p3'(Bl-ﬂxl)%hpl,pg = l'al,m,pg'(B1+al)%i,pl,pg = 1-0&1[ Ax™ }'(Bl"'ul)[ﬂxgﬁ% J =1- I[A;E‘li% ]_(Bl-i_ul){ S J

Axﬁﬁ%

Therefore, at most suffices to have the spectral radius of the matrix C to be one:

M, At M, At M, At M, At M, At M, At
bay| — = -(B+a) e |2l e +(B,+a, ) <l-aq, <1-(B, +a, )

AXBI+D’1 Ax™ AXBI oy

Similarly method above, we have the matrix form of Eq. S

Where the coefficients:
me,m = M;,At
3 _ 2s/3 o
KPLPz B Pl-PzKPth i)ITyA
) Wh,i,m = t
Where: . Ayt
3 s/3 s/3 s/3
Kpl,h - [Kpl,l:llz ? Klez:Pz 0 g m-lpy j|
and: So and in the same way, according to theorem by
[sz - — T Isaacson and Keller (1966), we get:
P Lpz 2 TP py 2t T mlpy
M, At M, At
and®y is the matrix of coefficients for i=1, ..., m-1 and %y Ay <1-(B, o, ) Ay
j=1, .., m-1 are defined by:

O, g MW B for o Now, resulting the system of equations defined by
- ’ ” ' _J - Eq. 10 is then defined by:
€ a8 "W 0,80 00,0 for j=i-1

Qpl,j,ngsz,Z +w131-]-132g52+0‘2,2 fOI'J =itl ;15,"1332 - Fl:PzK
for j<i+1
QPLJ,FzgﬂQ,JH Jﬂppu,ngﬁz *og J+l )

where:

s
P1.P2

8620



J. Eng. Applied Sci., 14 (23): 8616-8622, 2019

T
28/3 28/3 28/3 2sl3
Kpl,h - [Kpl,h,l’ Kpl,p2,2="'= KPl:szm'l :|
and:

T
5 s 5
[Kpl-Pz-l ? Kthz-z N KF]:FZ:m'l}

since, A;;fori=1,2, . m-landj=1, ., m-1 are defined
by:
1+“p3,p3,fgu3,1+Gps,p3,fgﬁa+us,1 for j=1

Moy 80, 00 1, 180y 0 fOr j=i-1

Py p 80y 2 H 0y 0 Bpovay 2 TOT] =141

forj<i+l

L+ .
MPa:Pa,ng‘a,JH GPa:Fa,fgﬁa*D‘a,J”

where the coefficients:

Ms, = M,
Az™

Yoo =  MAL
Az

So, according to the Greshgorin Theorem (Smith, 1985),
we get:
. {M;mm}ﬂ-(ﬁ o )[MZMAtJ
oAz )TN T AT

on show above that EFDM 1s comsistent and
conditionally stable, then, it converges at the rate
O(* x++ y++ z++ t) by Theorem (Smith, 1985).

Numerical simulation and comparison: We present
numerical example for solving the T-SFPE by the EFDM
given in Section 3.

Example: Consider Eq. 1 with the following BC and IC:
0.8 0.3
2 (g ZK
o™ ax

" ox"t
08 0.3
0 [y @K, [y 2K,
oty T o | oyl T oy

e} ™K a ™K
M, S e M iy
8+z[ ZEP@”J 6-2( Z@-z”'ﬁ} (x.%2)

Where f{x, v, z) = e ([-22 (3.2)/« 2.4y 2 H[-2¢ (3.2)/+
(2. Ay’ Z(1x)" 4+ (3.2)/* 1. 4"y 2(2-x)H* (3.2)/* (1.4)
V21220 (3 2202 H-20 (3o (2205 Yy
(1) 221+ (B)/e (1232w (B (1 2571 -
PP QP2 (i QAR TH 20 (B (2 Ay oA
2"+ BV (1.0 24 2-20 ] ) (1.4 7y (1-2)"'(2-
220 (3)/e (2.4)x7 P 2 - 20 (30 (2.4)x y 2(] -
2" H* Q)+ (1O Y222 3V (1.4 ¥ (1-2)"(2-
Y2 » (3)/s (24N TH[» (3o (1 40P 24 (2-2)]).

&0
ot o+x

Subjects to the IC:
K(x,y.z,0)=x"y’Z’
And Dirichlet BC:

K(x.y,zt)=K(x,0,2t) =K(x,y.0.t) =0
K(lLy,zt)= ey’ ZZ,K(X, Lzt)= e 'y 'z,
~t,2.2,..2.2

K(xyLt)=¢ 'x"y’z

That the exact solution to this problem is:

1 ,2.2,,2,2

K{x vl t)=e'x"y’z

Table 1 shows the numerical solution obtained from
the EFDM. This method compares well with the exact
analytic solution. The numerical result shown 1s with time
* £t =0.0125, +x=0.02.

Table 1: The nmumerical solution of example by using the EFDM for
+x=02and*t=0.0125

X=y=z ({-test Numerical solutions Exact solutions  Errors
0.2 0.0125 8.52E-5 4.581 E-5 3.939E-5
0.4 0.0125 4.549 E-3 3368 E-3 1.181 E-3
0.6 0.0125 0.052 0.042 0.01

0.8 0.0125 0.446 0.252 0.194

0.2 0.0250 4.083 E4 4.524 E-5 3.631E-4
04 0.0250 0.012 3.326 E3 8.67T4E-3
0.6 0.0250 0.157 0.041 0.116
0.8 0.0250 0.479 0.245 0.234

CONCLUSION

We have presented EFDM for the T-SFPE. The
consistency, stability and convergence of the method has
been described and demonstrated. The effectiveness of
the method is apparent in the numerical example provided.
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