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Abstract: In this study, some relations between the logarithmic order and lower logarithmic order of integral
functions of two complex variables are obtained in term of their Taylors series coefficients where the results

have been given in the form of theorems.
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INTRODUCTION

A series of the form:

f(s)= ian exp(sh, )is called integral Dirichlet series

n=l
(1
where, s = o+it (0, treal variables), a sequence {a,}cC and
{A.} is a strictly increasing sequence of positive real
numbers such that:

npes
n

0=k, <A, < L., <Ay, —> oo, (N —oo ), set lim% = D*<ioo

(2)

Let o, and o, be the abscissa of convergence and

abscissa of absolute convergence of f(s), then, the
following (Ritt, 1928) is satisfy:

0<G,-6,<D" (3)

o, = -tim 228 (2] )

ntea n

Thus, if D'<e and g, = e, fis) represents an integral
function and by Eq. 4 0, = <, so that, the series
£(s)=3"_ a, exp(sh,) converges absolutely at every point of

the finite complex plane. Further, for D" = 0, we get:

o, = o, = -lim sup logla. | (5)
ntea )\"n
Let, M(0) defined as Izurmi (1929):
M( o) = L.u.b[f(c+it)| (6)

-eazien

and:
u{o)= max{\an\ed“},also (7

v(o) defined as Tzumi (1929):
v(o)= max{n: u(c)= |an|eck“} (8)

As usual, if there are more than one maximun tern,
we take v(0) to be the highest index. Several researchers
have studied the properties of M(o), u(o) and A, To
study the growth properties of integral function f(s),
definitions of order p and lower order A where given by
Ritt (1928) as:

o= lim sup(loglogM(G)) (9)
. o}

5 tim inf(log logM(G)) (10)
. o}

MATERIALS AND METHODS

Let f{z,z,)= i am:nzll*“z;Ln (an

m,n=0

Be a non-constant integral function where O<i <
Ay oy Agmee, O <<, L, < —ee are strictly increasing
sequence of positive integers such that no element of the
sequence f, 1 is zero. The maximum modulus of

mu=1

integral function is denoted by Gol’dberg (1959):

Mg (r, f) = max [f(z,. z,)| (12)

@, 22 Gy

The maximum term w(r) of integral function f(z,,z,) is
defined as Gol’dberg (1959):
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u(r, f) = |r[l'“+““)} (13)

o e

be the family of closed polycircular
domains m space (z, z,) dependent on parameter >0
and possess the property that (z,z)G,. if and only
if (z;/r,z,4r)eG,. For the integral function (Eg. 11),
Gol’dberg (1959) obtained the order m terms of
coefficients of its Taylor expansion as:

where, G,

logp., i 1

o og (e 1) ogla,

where, O<p<ee. If the order p = 0 then, the function
(Eq. 11) 1s called of order zero (slow growth). The theory
of integral function of slow growth has been enriched by
the research of Iyer (1942). Later on, Shah and Singh
(1958) derived formulae for logarithmic order in terms of
coefficients of its Taylor expansion as:

log[h,, +u,|

p*-1=limsup

§ (15)
. log((ler;_Ln) : logla,, n\'l)

A corresponding result for the lower logarithmic
order A* does not always hold. In fact, it has been

shown that, if:

log (&, +u, )~log ( Ay Hity,, ), then

log|n, +u,|

liminf

<A*-1 16
me log((h, 1) ogla,, [ e

But if Kumar and Rastogi (2014):

M/(}\‘mﬂ' m)(“nﬂ'“‘n)

lo
% er ol
m+1, n+l
Forms a non-decreasing sequence function of m, n for
mz>m, and n=n, then:

liminf —— 128w M
~e log((h,h, ) logla,, [ )

= )*-1 a7

If logarithmic order is equal to logarithmic lower order
(p™ = A*), then, the function Eq. (11) is said to be of
regular growth. In this study, some formulae in terms of
the coefficients of Taylor series for logarithmic order,
lower logarithmic order have been obtaned as theorems
in the next section.

RESULTS AND DISCUSSION
Theorem 3.1;
Let fi(z,z,)= Y a, Lz
m, n=1
- A‘ m n
fz(zp Zz): E b, .z" Z;Q’
m, n=1

be integral functions of regular logarithmic growth
such that:

IOg (;‘l m+“"l, 1 )NIOg (;‘2 m+M2, n )NIOg (;‘m—‘ru‘n)
log (A, it J~10g (Aot Theer )

10g ‘am,n| /(7\'1 m+1+7\'1,m)(“1: n+1'y‘1,n)
‘am+1,n+1
b
log ‘ m,n‘ /(7\'2 m+1+;‘2,m)(u2,"+1-“’2’")
‘bm+1,n+1

be non-decreasing sequence function of m, n for m, n for
mxm, and nxn, Then, f(z, z;) and f;(z, z) of same
logarithmic order p*, if and only if:

log|b
og{ i m’"}o(log(?nm-mn)),asm,n—)oo (18)
logla,. |

Proof: Since, fi(z, z,) and £z, z,) 1s of regular logarithmic
growth of logarithmic order p*, it implies that from
Eq. (15-17):

log |2, +
lim Sup 08 M1 1“1, ol =p*l=
- -1
mae log ((;\,l:mﬂ,tl‘n) log |a,, .| ) 19
log p\‘l m+“‘1, n|

A*-1 =1liminf .
w log (()‘*1, o THy, n) log Ja,, n‘rl)

Further, since, log (A ;+p, J~log(h+u,), this gives:

log ((Mﬂtn)-l log \amnfl) 1 (20)
log [, *iL,| p*-1

lim sup

m, njes

Similarly, for the function fi(z, z), if it is of
regular logarithmic growth of logarithmic order p*,
it implies that:

IOg ((;\"m +Mn)-1 IOg ‘bm "‘-1) - 1 (21)
log [ +1 | Pl

lim sup

m, njes
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Subtracting Eq. (21) from Eq. (22) this gives Eq. (11) again,
if o, p; are the logarithmic orders of f,(z,, z,) and f,(z,, z;),
respectively this gives:

log|b
log oglb.,.

11 |legla,, )
Pl pe-l loglhy,

If Eq. (19) hold then py-1, py-1 :

Theorem 3.2; Let:

be integral functions of logarithmic orders and
respectively such that, pj,p; and g5, respectively such

that:
log(kl, m My )"‘log(kz, oMy ),.,
log (}‘*3 T, )Nlog(;\'m +“"n)

(22)

o8, ol g, ) log b, e
log (%, +1,) " logle,, "}

Then:
py-1< J(p: 1) {p3-1) 24

Proof: From the defimtion of logarithmic orders g, p; and
first condition Eq. (25) that:

log (A tit,) Tog ') 1«
log [, +4, pi-l 2

IV

lim sup

1, n—pes

1 .
1og((xm+un) log\bmn‘l)zL_g (26)
log [, 14, :

lim sup

m, nes

Now, from Eq. (28 and 29) and for arbitrarily € it gives that:

Jlog((lm ) logla,, " log( (%, +1, )" oglb, .I')
>
log (X, 1) 27)

Using condition (ii), to get:

1og((xm 4, ) logle,, nl") 2 1 (28)
log (7, +H,) (Pt} (pe)

pi-1< (o7 1) (1)

o1

Corollary: Let £(z,2,)=-3" o, 2" forl— 1, 2,..p

be integral functions of loganthnuc orders p,1i=1, 2,
p such that:

log(ll,eruLn)mlog(km+u.n), fori=1,2,..,p

J[f[l log (()n,m*'

log((lm+un Y'logla, ', fori=1,2,..p

pr-1= Jﬁl(pf-l)

where, p* 15 logarithmic order of the mtegral function
[z, 2= D0 2 "2

-1 .
T log\a:n,nl")~

Then:

Theorem 3.3: Let:

Zla Zz 2 an ?nﬂ Hi
mon =
i AZm u-2n
mn =
i l3m Uﬁn

be integral functions of logarithmic orders and,
respectively such that, p.p; and p;, respectively such
that:

log(Kl,mﬂJl,n)“log(k[z_mfr!‘"[z,n))w (29)
log (ka,mﬂ"'a,n )~10g(7wm+#un)

_ ! !
log loga(m)[ (e ““)].logb(m )|[ (ot ““] ~log({log|c) :n| FHa
(30)
Then:
p,-1 S(p:-l)Jr(p;—l) (31)

Proof: From the definition of logarithmic orders pj, p; and
first condition (Eq. 29):
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1

10g(10g|am,n| e ] 1 e (32)
lim sup Z—_ =

m.aye log[A,, +44,| pi-l 2
and:
1
T
10%(10g|bm, al } L e (33)
lim sup >
m, n-se log A+, | p,-1 2
Summation (Eq. 35) and (36) , it gives that:
) i
. Ta i
log[loglam_n }Lm+unJ+log(logbm‘n " }>
logl., 1t = G4
1 1
——t—=-
pi-l pe-l
or:
} 1 } 1
10g(10glam, L doglb, | T }
=3
log .+, 33)
1 1
——+——-€
pz'l pz'l

Now using condition (Eq. 30) and for arbitrarily €, to get:

1
1og(1oglcm e } (36)
11
Z——t—=—
log A, +u,| pi-1 py-l
or
pe-1<(p ) +(p3) (37)

CONCLUSION

In this study, we have some inequality in term of
order and lower order of multiple Dirichlet series of slow
growth by using some conditions.
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