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Abstract: This research 13 present the structure of a new mixture distribution by incorporating three
distributions which have one parameter by utilizing the cumulative function of exponential pdf, standard
Weibull pdf and Rayliegh pdf which is defined by “New Mixture Distribution”. The method of mixing contains
two main parts: The first part includes the process of mixing the distribution of exponential and rayliegh
depending on the tail in each of them as well. The second part mixing the exponential and Weibull depending
on the tail in each of them as well. Here, the exponential plays a big role in the mixing process in both parts.
Based on the results of the first and second parts of the blending process, the new distribution was obtained.
Moreover, realizing the mathematical and statistical properties of it. Furthermore, explaimng the shapes of the
density function and hazard rate function. Also, our investigation of 1™ moment, incomplete moment, the
moment generating function and characteristic fimction. Finally, obtaining the quantile function and any other
statistical properties.
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INTRODUCTION

Statistical applications play an important role in our
life, especially in medicine and engineering which they
have lifetime distributions such as Rayleigh, Weibull and
exponential distributions. Waloddi Weibull invented
the Weibull distribution m 1937 and delivered his
hallmark American study on this subject in 1951. He
claimed that his distribution applied to a wide range of
problems which mtroduce by Nadarajah and Kotz
(2005).

Lord Rayleigh (1880) mtroduced the Rayleigh
distribution in connection with a problem in the field of
acoustics. Since, then extensive work has talen place
related to this distribution in different areas of science and
technology. The Rayleigh distribution is a special case of
the Weibull distribution with shape perameter equal to
two. Which represents by Merovci and Elbatal (201 5a, b).
Also, the exponential distribution is a special case of
Werbull distribution when the shape parameter of Weibull
distribution is equal to one which represents by Merovci
and Elbatal (2015a, b). Working on finding new
distributions derived from a particular distribution

encowraged researchers to explore certain methods that
would help them to mix distributions and form new
distributions that may be more useful than the
distributions generated in the statistical field, especially
1n the area of reliability and survival. Cordeiro ef af. (2014)
represents the new method of mixed the distributions
depend on the tail of the distributions m 2011 and 2013.
Nasiru (2016) introduce the new distribution depends on
the tail of Weibull two parameters and the Rayleigh one
parameter distributions. The new distribution 1s very
flexible and can be used effectively in modeling survival
and reliability problems. The amn of this study 15 to
present the new mixture distribution called “New Mixture
Distribution”. This new distribution is dependent on the
taill of mixed between exponential Rayleigh and
exponential Weibull. The organization of this study
structure of this new
distribution. Also, define the probability density function,

includes the mathematical
cumulative density function, survival function, hazard
function. Moreover, discuss the shapes of the density
function and hazard rate function. Also, introduce the
statistical properties of the new distribution. Fmally, the
conclusion of the study is determined.
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MATERIALS AND METHODS

The mathematical structure of this new distribution
takes three parts. First part, mixed between exponential
and standard Weibull distributions both have one
parameter as follows: the pdf’s functions are:

f,

Exp

(y)=TYe™ and £y, (z) = 0z"'e™
The cdf’s functions are as follows:

F (y) =1e" and F,

Exp Weib (Z) = 1_e'Za
The generalized exponential standard Weibull distribution
with cdf function is:

FEW(t) =le™ L

where, T = mm{Y, Z}, Y and Z are two mdependent
random variables. Second part, mixed between exponential
and Rayleigh distributions both have one parameter as
follows: the pdf’s functions are as follows:

By

fo, (v)=Ye™ and f,_{u)=Pue?

The cdf’s functions are as follows:

B

F,(v)=1-¢" and F,, (u)=1-e¢*

Ezp

The generalized exponential Rayleigh distribution
with cdf function 1s:

. By )

(k) =1-e
where, k = MIN{V, U}, V and U are two mdependent
random variables. Third part using the result from Eq. 1
and 2 to mix between them the final result 1s the new
mixture distribution with c¢df function:

B2, o

2T+ g +x

F(x) = l-e{ z ], x>0 3)
where, X =min {K, T}, T:=0, B>0 are two scale parameters

and >0 is the shape parameter of a new mixture
distribution and pdf function form is:

-2 Y}ngz +x%) (4)

fix) = (2T +Px+ox™ e x>0

Tt is observed that, the proposed new mixture
distribution has several interesting properties and it can
used effectively to analyze them. The survival function of
new mixture distribution 1s:

B
(2 T+ xt +x%) 5
Sx)=e 2 , x=0 ®)

The hazard rate function 1s:
h(x)=2r+fx+ox™!, x>0 (6)

Tt is clear that, if T = 0, the new mixture pdf transform
to Weibull-Rayliegh pdf, if p = 0, the new mixture pdf
transform to exponential-Weibull pdf. Furthermore, if #0,
B = 0 and T = 0 then, the new mixture distribution reduced
to standard Weibull distribution (Fig. 1 and 2).

Shapes: Discuss the shapes of the density and of the
hazard rate functions. Consider:

11m X)=
e 2 o=l

and lim f(x}=0. Then:

Inf(x)= 1n(2T+ PBacox ™! ) -( 2Tx+gxz +x° ]

din f (x) Broo-1px™?
ox 2T +Bx+ox ™!

-(2T+BX+0LX°°'1) =0

Then:
oot (o) (0-1)x? = (27 Brrox(* |

There are more than one root of this equation. So, if
x = %, i8 the root of the equation, then, it depending to a
local maximum, mimmum or a point of mflection which
depending on the I(x,)<0, I(x,)>0 or J(x,) = 0. Where:

ahgix):((B+a(a4)xwzﬁ2Y+Bx+axmj4—
(2Y+Bx+otx“") J(x)= ng}iz(x) =

-2

(Bro(o)x=?) + (20 prrax)
H(2repra) (a(a)(o-2)x)-
(B (o1)x7)

Moreover, since, the hazard rate function 1s:
h(x) = 2 +Pxtax™":
h'(x)=ﬂ+a(a-1)xa'2, x>0
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Fig. 1: The density and cumulative functions of new mixture distribution
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Fig. 2: Shape of survival and hazard rate functions of new mixture distribution

The shape of hazard function depends on the
parameter (¢) such that Xie and Lai (1996). If «<1, then,
hix) will be decreasing function that 1s x>0 and h’(x)<0. If
=1, then, h(x) will be mereasing function that 1s x>0 and
h*(x)=0:

) oo o<1
lim,_ h{x)= {21’ <l
And:
lim, , h(x) = {ET <1
o o<1
RESULTS AND DISCUSSION

New mixture distribution properties: In the following, the
discussion of statistical properties of new mixture
distribution:

Moments
Theorem 1: The rth moment of new mixture distribution 1s:

M, = E{(x'}) = 2YK({r, T, B, )+
BE(r+1, T, B, o)oK {r+a-1, T, B, o)

Boa

ITr+Zx® +x*

E (Xr) - Ixrf(x)dx = TXY(2T+BX+0tx°"1)e-[ ]dx
” @)

Let K(r, T, B, 0:) _ ]:Xre-[”w%hxqj

1]

Expanding (¢%=) and (e-p/2x") as Taylor series as follows:

n

(_ZT) (_B)m ]:Xﬁnﬂmerx“dx
Lo2®mlY

K(r, T, B,a):ii

Then:

n

J‘Xr*-n*- 2me-xa dx

0

Let:
u=x"" gy = (e 2m+ D x  dx

B du
- {r+n+2m+1)x

rn+2m (#)

% .=
u= Xr+n+2m+1, then, nrram1 o (##)

From (#) and (##) get:

J‘Xr+n+2m x* ds = J‘Xr+n+2me—u"*“*ﬁ“ du —
3 3 {r+n+2m+1)x"
1 T 1
.I. 3T du —

r+n+2Zmt+ly r+n+2m+1

4]

+n+2m+l —% —
-(r+n+2m+1)F(L2Inl,u }

rn+2m+1
[0

a

+n+2m+
_F(r n+2m l,x“}
o
o

This 1s a special integral (incomplete Gamma function)
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K 1.8.a)=—% 3 (-2v) (-f)mG(r+n+2m+1]

—; n!

where, U, 1s the Wright generalized hypergeometric
function which 1s defined i the appendix by Wright
(1935). Then:

M, =E(x") =

YR (1, Y, B, o)+

BR(r+1, T, B, a)+oK {r+a-1, 7, B, o)
Where:

1 +1 1
K (I', T, B, 0:.) :al'?u {[ra, aj, -0{}

Then, the mean of the new mixture distribution is:

E{x)=2YK(LY,B o)+
BE(2, 1. B, o) +aK (o, T, B, o)

And, the second moment of the new mixture distribution
1s:

E(Xz) =2YK(2, Y, B, o)+

BK(3, 7. B, o)oK (a1, 1, B o)

Then, the variance of the new mixture distribution is:

Var(x) = E(X2)+[E(X)T =
2YK(2. T, B o) +BK (3, T, B, o)+
oK {o+1, T, 3 o)+

[2YK (1, T, B o+BKE(2, T, B, an+odiar, T, B, o))’

TIncomplete moments: In life time model, one of the big
important things is to know the r* incomplete moments
which is given by T(y) = BE(X|X<y). For getting the rth
incomplete moments define:

I[r.a)=1I(r. a, B o) _[ (8)

0

From Eq. 2, rewrite 1 (y)=rx’f(x)dx and it’s possible to
represernt as: ’

bA - 2‘£'X+Ex2+x"
T.(y)= J-Xr(ZYJFBXJrOLXM)B{ ]dx
= (2T i 'Bmy rn+im _-x®
to=3 3O e ©
(=27)" (-B)

I(r+n+2m, y) :‘I':Xr+n+2me—x“dx

By using the Meyer function which 15 define in the
appendix can find the value of integration of Eq. 8 by
Kiryakova (2002) as follows:

exp(-g(x)) =Gy (8(x)}) (10)
From Eq. &:

I.a IX GIU si']|

By Prudnikov et al. (1986) using equation (2.24.2.2),
which is define in the appendix can represent as I(r, a)
where:

jas(r-ﬂ) g - 'lr’" sr-1
I(r’a): i1 ss+_|{ ‘ rlr prZ} (11)
S(zﬂ:)? s s 3

where, ¢ = 8/j where, 3 and j are co-prime nmumbers as
represents by Jeffrey and Zwillinger (2007). Compering
Eq. 9 and 11 with the equation (2.24.2.2) satisfy the
equation of incomplete moment. Here:

B=1a-1=rthenr+l=q

m=1,n=0,s=0,j=1,c=j,1=5s

pil,w*:%andcoil

Moments generating function

Theorem 2: The (mgf) of 3 M (1) = E (&%) is given
by M () =2YK(, 2Y-t, B, c)-PK(H, 2Y-t, B, artaK(the-1,
2Y-t, B, o):

Proof:
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e” (2T+Bx+0tx“'1 )er

O o, | O e

By
(21 frraet )l (12)
b 2Tt)x+ﬁx2+xmj|
LetK(tZTtB(x:_[e P dax
0
K(t,27-, B, o) B) r
n 0m =0 m'

M) =2YK (t, 2Y-t, B, c)+PK(t+], 2Y-t, B, ¢)reK(tre-1.2
Y-t, B, o). Where:

K{t,2YT-t,B, ) =

(2r-t)" (-B)"
_Zn Dzm n . (2m) r

m!

t+n+2Zm+2
o

K(t+1,27-t, B, o) =

i = (274) -er(t+n+2m+2}

1 )
a= = nl  2"ml! o

And:
K{t+l,2Y-t, B, o) =

_Zn Dzm D 2Y.t (2mBI):!F{t+n+2m+2}

o

Factorial moments generating function

Theorem 3: The factorial moments generating function of
X denoted by: M () =2YK(t, 2Y- Int, B, ¢)+PK{t+1, 2Y-In
t, BerraK(tte-1, 2Y-Int,p, o).

Proof:

e txf(x)dx = J-eXl“ fx)dx =

B2,

2Tx+Tx"+x

e 2T+ Pr ok e { ]dx =

E ZTX+EX2+X“

(2T+Px+ox*" e { a3
J

Jae

b n X+EX2+X
letK (t, 2T-n't, B, o :Ie [z ]dx

0

K (t,2T-nt, B, a)=

ii (2r ]11t) Y (-BY” F(t+n+2m+l]

2% ml! o
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That yield, M(t) = 2 YK(t, 2Y-In t, B, o) +p K(t+1,
2Y-B, araK ({1, 2Y- B, «). Where:

K (L, 2Tdn t, B, o) =
_Zn 3. D(2T Int))° (-B)™ 1ﬂ(t+n+2m+1]

2"ml o

K(t+1,2Y-In t, B, o) =

1 < 2T-In t
522( n))(B)

t+n+2m+1
n! 2mmF o

And:
K (t+a-1, 2Y-n t, B, a) =

LS B, EIOr O tan)

n! 2%ml! o

Quantile function: The cuantile function is denoted
by x = Q(v) = F'(v). Where:

I = S B2
and1—v = e_[m%}{hxq]
This yield:

[2Yx+ sz +x j -ln (1-v)

letz= (2YX+BX2+X ]

Depended on Taylor series represent:

> i
x* = Eclx‘where,cl = 2

And, (@), =« (¢-1), .., (¢-nt1)is the descending factorial.
Tetz=% 7 0% such that:

$.=c ¢ = C1+§3¢2 =Cz+%cl+2Y and

¢, =cforiz3

If ¢, #0 reverse the last series and acquire (equation
25.2.60) represents by Abramowitz and Stegun (1970).
x=Qv) =3 1,82 such that. Where:
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8= ¢171= 8 7 '¢2¢173
and 83 = (2¢22 - ¢1¢3)¢1-5

And so, on.

Skewness: The skewness of new mixture distribution is
dependent on moments (Merovei and Elbata, 2015a, b)
denoted by:

M

3

Cs=

3
(M, )
Where:
M, =E &)=
2YK G, Y, B o) +H4K (3, Y, B, o)+
oK (2.7, B. o)
and K(3, Y, B o) =

)
33 (2r) (25, ﬂ:r(4+n+2m]

m! oA

i i (-2r) (E) F[5+n+2m}

D) (-zf)“ (QBI)m F[ot+3+n+2m]

[0
Also:
(M2)§ - [E(xz)]E =[2YK (2, Y. B o)+

3
BK (3, T, B, a)+aK (at1, T, B, o) ]
Where:

3
]

K (o, Y, B o)

QIH

(-B)mF Q+2+n+2m
2"m! o

Kurtosis: The skewness of new mixture distribution
denoted by:

M,

CK =
(M, )"

-3

where, M, = Ex = 2TK{4, T, B, «HpK (5, T, B,
e HPRe+3, T, B, o)

[M,]* = [EG)) = [EGD) =
2TK2, T, B, o) +-PK3, T, P, a)taK(atl, T, B, )"

Characteristic function
Theorem 4: The Characteristic function of new mixture
distribution 1s:

@, (it) = B(e™) = I;e“xf(x)dx =

]‘;eltx (2T+Bx+ogx"’1 )e—[ZT}H%xZﬂ{q ]

1]

dx =

—[(2r- 1t)x+Ex2 +x%]

[@rxraxe
1]

let K(t, 2Y —it, B. o) =
s 1 X+Ex2+xm

J‘e [(2T—1t) ]dX

1]

Kit,2Y—it, B, o) =
1 i i (2]F—Iit)n " F(t+n+2m+l}

2"m! a
@, (it) = 2YK(t, 2Y —it, 3, o) +
BE{t+HL 2Y —it, B, o) toK{tto-1, 2Y-t, B, o

Where:

K{t+1, 27t B, oy =
1 21 —it t+n+2m+l1
Egz:( !1) (/" ( LTI }

2"m! o2
And:
K(t+a-1 2Tt B, o) =
(24" (™ [ tto+n+2m
P

nUmEl n: ol

CONCLUSION

This study, propose a new mixture distribution, 1t 15
called “The New Mixture Distribution™ which is expand
the Weibull distribution in the analysis of data with real
support.

This research include these results: mixing between
the exponential and Rayliegh contain one parameter
depending on the tail of each of them. Mixing between the
exponential and Weibull contain one parameter mn the
same former style. Using the result from above to
represent the new distribution called “New Mixture
Distribution™. Explaming the shapes of the density
function and hazard rate function. Our realization of
r™-moment, incomplete moment, the moment generating
function and characteristic function. Finally, obtaining the
quantile function and any other statistical properties of
the new distribution. Hope that this research contributes
to the development of the search for new distributions
that accompany the process of economic and health
development and benefit from the problems of survival
and reliability analyzes.
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APPENDIX

This research using a special function called wright
generalized hypergeometric function:

- [T Do, +E "
" ] T, D!

(0., ’-"’(“S’E)-x}
(B.D). - (B.D)
The meyjer function is:

u : 1 a,

¢1°T(B)

— cm,cn+l
= WG et e+l

{ o | AL 1), Afe, as)}

" (js) Aleb;), Al 1-o-p)

Where:

M =(Ei_1bk'2;_1ak+?]+l

And a-by#1, 2, .., (a, b, and @) are complex parameters
and (¢ and 1) are co-prime numbers.

Pw' = m+n+?
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