Tournal of Engineering and Applied Sciences 14 (2): 534-538, 2019

ISSN: 1816-949%
© Medwell Journals, 2019

Lie Group of Solving System for Partial Differential Equations
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Abstract: In this procedure, we established some examples for system 1st order partial differential equations

to find the general solution using Lie group.
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INTRODUCTION

Lie group theory of deterministic differential
equations 18 well comprehension m literature
(Hydon, 2000; Ibragimov, 1999; Bluman et af., 2010,
Bluman and Anco, 2008; Nass, 2014) and can applied
for many substantial applications n the context of
differential equations. For instance, for determination of
group-invariant solutions, solving the 1lst order DE,
reducing order for higher ODE, reducing the number of
variables of partial differential equations and finding
conservation laws.The powerful and by now rather
standard tool in the study of deterministic
problems 1s symmetry analysis of differential equations
(Olver, 1986; Stephani, 1989; Cicogna and Gaeta, 1999).
The theory of infimtesimal symmetries of Ordnary and
Partial Differential Equations (ODEs and PDEs,
respectively) is a classical research topic in applied
mathematics, tools both for
mvestigating the qualitative behavior of differential
equations and for obtaining some explicit expression for
their solutions (Stephani, 1989; Olver, 2012).

nonlinear

providing powerful

MATERIALS AND METHODS

Example (1): solve the system of PDE by symmetry
method (of one-dimension shallow water):

du

—fu—+—=0

e dx &x

@Jru@Jr@ =0 (1
ox

dz 8z v

—Ftv—+z— =0

gt dx

Write the vector field as:

s 8 a2 o
X =t oy (2)
"o Max o Ve

Note that the operator X depend on the variables t, x,
u, v, z as follows:

£=¢(t x)
n=n(t,x)
c=o(t x, u) (3)

Now, we must find the 1st prolongation of the vector
field write as in style:

X[l] _ X+Cu i.:,.(_:u i+CV i+
allt aux avt (4)
é a é
-~ I
. v, % dz, . az,

After that, applying the formula given in Eq. 6 for
system (Eq. 1) given as:
11 _ _
X = [ut+uux+vx](l): , =0

XM= [vt+uvx+vux](l): , =0 (5)

XM= [zt-b-vzx-i-zvx](l) = 0

Gu, Hug, +G, Fou, =0
g, tul, +vl +ov +tu, =0 (6)

CZ' +vQZx +zgvx Hyr, +1z, =0

Then, the determining equation of system given in Eq. 6
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is:

+ + g, tu, (o, )+ +
Gt_(uux VX)(G‘-‘_C"t)_uxnt ! (UUX+VX)C_,X (7)
+Vx (Tu _T]x ) +(UVX +11VX )CX +Gux -0
Tx +VX (TV _nx )Jr
u(uvxwuxxrx-ct>"’x“t*“{(uvx+vux)cx } ©
v[cx+ux(cu‘ﬂx)+(uux+Vx)Cx}+TuX+GVX::O

1][[}{‘|‘ZX (Urlz_nx )+
wt-(vzgzvx)(wz-@)'Zx““”{(vz;zvx)cx } )
Z[Tx +v

; ('l:v-'r]x)+(uvx+vuX)C_,XJ+er+1|JvX =0
At last, we separation the coefficient of Eq. 7-9 with
respect to u, v, and z, this attend for coefficient of these
variables equal to zero:

u,:-(6,-C, Jun, +Ho, M, Juru’s v to =0
v (e, )+2ul +(T,m, =0 (10}
l:o,tuG, +ve, =0
u,-v(t,-G, ) +2vug, +vic,m, )+t =0
L e A N S
1:t,+ut, +vg, =0
v :-Z(IIJZ—C, )+VZ€XZ(TV_HX)+ZUC’X+L|J =0
s p S )0 02
Ly, +vip, +zz, =0
The above system 1s given the general solution:
gt x) = ¢ ttc, (13)
n(t, x)=¢xte, (14
Yt x,z)=c,z (15)
o(t,x, u) =1(t,x,v)= 0 (16)
The Lie symmetries are determined as follows:
X = tol 17
ot ox
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x, =12 (18)
ot

X, =20 (19)
oz

x, -2 (20)
O0x

Example (2): Solve the following system of PDE by Lie
group:

(21)

Write the vector field as:

8
X = _7+ R
€ o Mo oy

é

ﬂp% (22)

Remark that the operator X depend on the variables
t, %, u, v, k as follows:

St x)
(t.%)
(t,x.u)

T(t. %, v)

y=wy(t, x. k)

X

=

Q = Jx
Q

(23)

Now, we must find the 1st for X of style:

0

+
vtav
t

=X+ 7Q

. P

X

(24)

C., Ck

8vx Ck' k, k.,

After that, applying the equation n Eq. 24 to the
system given m Eq. 1:

XM= [ut-ﬁ-kzux +v! J@) =0
X = v, +1<u§}(1) =0 (25)
XM = [kﬁukx +vf{}( =0

Then:
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C,, +2kyn, +kzgux +2v 5, =0
L+t +2ku g, =0 (26

th +ul, +ok +2v. i =0

Then, the determining equation of system given in Eq. 6
18!
Sy '(kzux +Vi )(Gu -C.lt ) UM, +2kllﬂlx +

K[ o, 1w, (o,,) +(Ku, e, |+ 27)
2v, [ Tov. (g ) (v, Hul ), | =0

Tt_(vx +ku}2{ )(Tv _C-*t)_vxnt+vx (Tv_nx)+(vx +ku}2{ )CJX +(28)

Yuiku, | o, +u, (o, )k, +vE ), | = 0

Urlt_(ukx +Vf( j(wk _C-*t )_kxnt +ka +
u|:llrlx+kx (lpk_nx)+(ukx +V)2( )Cx}+ (29)
2v, [TX +v (1,1, )+(vx+kui )CX} =0

Solving Eq. 27-29 by separation of the coefficient of
the variables:

u,v,, k., ui, vi. vxui (30)
0, K (0, <, ), 2k (o,m, 4K, =0
v,:2t, =0
vii{o, L) 2 ()i, =0 G
vul:2ks,

1.0+, =0

u, :2Zke, =0

v, {78 ) K2 (T, )4, 2k, = 0
ulik{T,C, ) +kE, Fy+2k(o, m, )+kC, = 0
u vk =0

lit+t, =0

(32)

kg, -C )ty n, jtul,c =0

v, 2o, =0

Vil s 2 2 rn ) <0 G
vul:ZkC =0

Iy, +uy, =0

Then, the general solution of above system:

L{t.x)=c,
n(t, x)=c, (34)
Tt %, v)=¢
G(t, X, u) = 1|J(t, X, k) =0
X =2 (35)
ov
X, = 9 (36)
ot
x,-2 (37)
ox
RESULTS AND DISCUSSION

Example (3): Solve the following system of PDE by Lie
group:

—tu—+v— =20
ot ox ox
@Jrk@Jrv@ =0 (38)
o ox  ox
%-&-u%-&-k@ =0
ox

First write the vector field gives:

8 8 8 @& 0o
X=tZimZligZ iy (39)
“at Max Con Tar Var

The operator X depend on the variables as follows:

t

tx)

X
X

g

(
(
o(t, %, u) (40)
Tt x, v

Ult, %,

a 3 uJx
Il
=

>

——

= 4
I
=

)

Now, we need find the 1st prolongation of the
operator X in the style:

Cu i+cv(i+
o, v, (1)

0
—+

XM = x+
-

& G G
—+, —+, —
e v, S, 7k, G, Ok _

Next, applying the formula given in Eq. 38-41, we
obtain the following:
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X[l](ut+uux+vkx)‘ =0

=0

=0

oo (42)

x] (v, tkv_+vu, )‘

XU (ke ke, k)| =0

=0

We result the following:

L, tou, +ul, +tk,+vl, =0
Gy, T, TkC, +mu, +vG, =0
C—*k. +ﬂ<x+uckx g, JrkC_mx =0

(43)

Then, the determining equation of above
givenin Eq. 6, we obtain:

system

o,-(uu, +vk, (o -, )-un, tou, +
u[cx-i_ux(cu_nx)+(uux+ka)Cx :| +

’[kx +V|:l]rlx +kx (wk'nx)+(ka+kuX )J - 0

(44)

(T,m, )+
(kvx+vux)

T, +V|:GX +u, (o, -n, )+, +ka)C_,XJ =0

(kv v, (1,4 v +1{ } -

u|:llrIX+kx (l]rjk _nx)+(ukx +kux )CXJ+¢UX +

(46)
k[crX +u, (6,1, )+H{um, vk, )C_,J =0

Lastly, solve above system with separation of the
coefficient u,, v, and k,:

ux:—u(csu—qt)—nﬁu(csu—nx)+u2C_,X +vktg =0

k,—v(o,-C, Jtuvl +v(,-n, )+ttu=0 (47)
lio,tuc +vf, =0

uv(t,-L, ) +v(e,n, ) tvutkvtr =0

v,ik(T, 4 ) k(g o, ) v =0 (48)

lit+kt +ve_ =0

u, k(-G ) kg, +ptk(o,n, J+kug, = 0

k(i £, )0, oo, ), kg, =0 (49)
L, +uy +ke, =0

The
solution as:

above system 18 itroduce the general
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£(t, x) = e tte,
n(t, x) = ¢ t+c,
o(t, x, u) = (¢, ju (50)
T{t, x, v) ={c,¢; v
P(t, x, v)={c,<; )k
The Lie symmetries of above system as:
X, = il w @ (51)
v du vk
x, -2 (52)
%
X, =t—u 0 —vﬁ—kE (53)
du v &k
x, -2 (54)
ot
CONCLUSION

Tn this research, we introduced steps of algorithm for

transformation invariance system 1st order partial

differential equations to find the general solution.
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