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Abstract: In the present study, we have introduced linear operator defined on a new subclass of multivalent
functions with negative coefficients we derived some properties, like, coefficient inequality, weighted mean,

apply of Littlewood theorem integral operator.
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INTRODUCTION

Let w, be denote the class of functions of the form:

t{z)=z+ ¥ a7 (pe0) (1)

k= P+l

Which are analytic and p-valent in the open vt disk
V = {zcC:|z]<1}. Let Nw, denote the subclass of w, of
functions of the form:

a,z", (a, 20,z V) 2

Note that the researchers defined and studied
some classes of analytic functions like the form
(Eq. 2) by Atshan ef al. (2014), Aouf er al. (2016),
Breaz and El-Ashwah (2014), El-Qadeem and Mamon
(2018), Yang and L1 (2012). Here, we need to the linear
operator defined by Mahzoon and Latha (2009) such that
class can be defined by means of this linear operator. For
a function feNw, given by Eq. 2, we need the linear
operator defined in; Let &, B, meR, v, B, m, =0, peN:

f(z)=2"- i a,z"

K=ptl
Then we define the linear operator:
=B,
D m, > oby

m

D; 0 f(z) = zp-E?-pﬂ[H(K_p)gJ a,z", ze V

ptp

3)

functions f which satisfy:

®) (p-07 D5 A (2) | @
#(D5LE(2))"+20(p) (p-1) 2"

where, O<y<1, O<p<1/2 ¢, P, meR, ¢ B, m, >0, peN
and D" 7y .f is given by Eq. 3. Some of the following
properties studied for other class by Atshan et al. (2014)
and Liet al (2017).

MATERIALS AND METHODS

Theorem 1 (Duren, 1983); (Maximum modulus
theorem): Suppose that a function f 1s continuous on
boundary of U (U any disk or region). Then, the
maximum value of [f(z)| which is always reached, occurs
somewhere on the boundary of U and never in the
interior.

Theorem (2): Let the function feNw, be defined by Eq. 2.
Then few (p, K, v, p, m, £} if and only if:

(5)
where: O<y<1, 0<u<1/2.¢, B, meR, €, B, m=0, peN. The
result is sharp for the function:

3uy(p)(p-1)

[{H@}m(k)(k-l)}(mﬂ)

p+h

k=22

E

f(z)=2-
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Proof: Assume that the inequality Eq. 5 holds true and let
|z| = 1 then from Eq. 4, we obtain:

)02 D5 L1 (2)]-
Y‘“(D;’,Enf(Z))”-s-Zu(p)(p_l)me-z‘ _

< : Jr(K'p)e ma k-2
3 0teaf 100
k-l)[lJr(Kp;pﬁ)e}makzk'2
kgﬂ(k)(k—l){H%}m a, 37 (p)(p-1)+
_]){pr@}m a, =
ptf

3 y(k)(k
D HH(K_I))ST(k)(k-I)}(WH) a, 31 (p) (p-1) €0

<

3u(p)(p1)27- 3 ulk)(

k=rptl

-1

k=p+l
k=p+l p+B
(6)
By hypothesis. Hence, by maximum modulus principle,
few (p, K, v, B, m, €). Conversely, let few (p, K, v, B, m, €).
Then:
P)p-DZ D50 f(2))" |
w(D; LI (2)) +2u(p)(p-1) 2"

<. (ze U)

That 1s:

n
i 0 O

: ™
-’wp)(p—l)zF'Z-z::pﬂu(k)(k-n N
[]Jr(K_p)EJma Zk-Z
pHp ] "
Since, Re (z)<|z| for all z (zeV), we get:
Zk p+1 (k 1)(1+(K p)a} aka'z
Re P <y ®

3u(p)(pL)2 - X0 (k) (k-
{14' (K'p)EJm a 77
pp | "

We choose the value of z on the real axis, so that,
(D*F; . C(2))" is real:

k=ptl

< +(Kp) .
Y (k) k- 1)[1 oep ] i<
3uy (p) (p-1) 2~

N (Kp)e " .,
k:zpﬂ (k) (k—l)(H E a,z"
Letting z—1", through real values:
= Kple
3 (k)(k-l)[H( pfﬁ) J a,

[k 1{1+(K D) } }ak
pt+h

We obtain inequality Eq. 5. Finally, sharpness
follows, if we take:

> k)

k =p+l1

<3py (p) (p-1)-

f(z)=2 ® 3W,£p) (p) z, 22(9)
[{HP_TPB)S} (k)(k-l)J(Wﬂ)
Corollary 1: Let fcw (p, K, v, B, m., €). Then:
< 3wy (p) (p-1) ’
(10)

[[H(ijgaf(k)(k-l)}(mﬂ)

In 1925, Littlewood (1925) proved the following
subordination theorem Duren (1983).

Theorem 3; Littlewood (1925): If f and g are analytic in U
with f<g. Then, for @0 and z = re' and (0<r<1):

fel

We will make use the above theorem to prove.

7)"do <[ |g(7)" O (11)

Theorem (4): Let few (p, K, v, B, m, £) and suppose that
fis defined by:

f(z)=7 3wy (p) (p-1) S

[[[H(KPTB)STk}(k_l)}(w‘wl) (12)

If there exists an analytic function w given by:

k>p+l
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([u (K-P)ST (k)(k—l)}(wﬂ)
I -

L ) wr(P)(p )

N k
2 a7
k =p+l

(13)
Then for z = re' and (0-<a<1);

i
1]

Proof: Let f (z) of the form Eq. 2 and f, (z) defined
by Eq. 12 then we must show that:

f(re‘ﬂ)‘a da < Ig“

f(re‘@)‘adﬂ,(a>0)

1- i a,z" dﬂSJ.E“

k = p+l

i
1]

L 3wy (p)(p-1) 2| a8

[u (K'P)SJm (1) (1)) (ypet1)

ptf

By applying Littlewood’s subordination theorem, it
would suffice to show that:

1- Y a7 - 3ur(p)(p-1) .
k=ptl [[1+(I§fﬁ)e} (k)(k—l)}(ypﬂ)
By setting:
1- ) a,z" =1 3uy (p) (p-1) wi
kgﬂ [Pr(K_p)S}m [ ():|
p+P (1)
(k) (k1)
We find that:
[H(Kp)g}m
ptp | (Mt
ey
[w(z)] 37 (p) (p1) k;pﬂ K

Which readily yield sw (0) = 0. Furthermore, by using
Eq. 5, we obtain:

) ([H(Kpfgef(k)(k-l)} Cu1)
RICIP)

k =pt1

3uy (p) (p-1) 2 <

p+
3wy (p) (p-1)

1+ (k) (k-1) |(yut1)
7 - B
A3

3uy (p) (p-1)

) ({H(K—_pﬁ) e}m (k)(k—l)}(wﬁl)

ak|z|k <

k=p+l

a, <
‘z‘ <1
The proof 15 complete.

Theorem 5: Let ¢>0. If few (p, K, v, B, m, €) and:

3uy (p) (p-1)

[[H(K_p)g}m (k) (k—l)J(WJrI)

ptp

. k>2

f{z)=2

Then for z = re” and (O<r<1);

in
o

f’k(rem)‘m s (14)

f’(rem)‘mdﬂg IZ“

0

Proof:

f{z)=(p)z- E (k)a,z"!

k=p+1
3uy (p) (p-1) &) ol

f{z)=(p)z"- -
[(H(k'l’)ﬁ] (k)(k—l)}(yuﬂ)

pth
k=ptl

Tt 1s sufficient to show that:

v (k) gl 3wl (k)
lk—zr;ﬂ{P} < Llkp)e | | P}
pHp | |t
(k)(k)
By setting:
RS 3wy (p) (1) (ko
IS [H(kp)e}m &
prB ) ()
(k)(k-1)
Hence:
[1+(k_p)8}m
pth | ()
E o (k)(k—l)
[w (@] —kzzpﬂ wr (2) (o) a7z
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Which readily yields w (0) = 0. By using theorem (2), we
obtain:

{H—(k_p) eJm
p+B {yutl)
N e
[w @] TSI

k =p+1

Jep)e i - +
zziﬂlpﬁ](m&nywn

|z|<1

The proof is complete. In the following theorem,
we obtain weighted mean i1s m the class © (p, K,

v, B, m, €).

Definition (1): Let f, and £, be in the class o (p, K, v, B, m,
£). Then the weighted mean w; of f; and f, is given by:

(2= S [04) () (1), ()], 055

=

Theorem (6): Let f, and £, be in the class w (p, K, v, B, m).
Then the weighted mean w; of f, and f, is also in the class
w (p. K, v, P, m, ).

Proof: By definition Eq. 1, we have:

w,(2) = 2 ()1, (2)+ (1) (2) ] -
;{(1—]'){213-1(2 amzk}Jr(lJrj){me'ki ak,zzkﬂz

=p+l =p+l

N . .
7o Y S[(14)a,, +{14)a,, |7
k=gp+1 2
(15
Since, f; and f, are m the class w (p, K, v, B, m, €), so,
by theorem (1), we get:

- +(k_p)5 i -
2(@ wﬁijmﬂ

k =p+1

(vu+lja, , <py (p) (p-1)

And:

i {{1+%}m(k+p+n)(k+pm-l)}

pt
k=p+l

(vu+la, , <wy (p) (p-1)

k%{[y%f(k)(kq)}

(D] (1)a, H{14a, ] =

S04 2[[1+(1;%}m (x) (k—l)}

(mutl)ay ,+

1, .. < (k-p)e )
;m)zﬂ}iﬁihmwﬂ}

Hence:

k =p+l

(1u+l)a, , <
S () (p1) ) (1) () (1) =

wr (p) (p-1)
Therefore, wiew (p, K, v, p. m, £). The proof is

complete. In the following theorem, we obtaimntegral
operator Atshan and Kulkarni (2008) is in the class w (p,
K, v, B, m. e).

Theorem 7: Let f (z)ew (p, K, v, P, m). Then the integral
operator:

F(7)=(14)7" +1(p) I:%S)ds(LZO, ze U)

Isalsomo (p, K, v, B, m, £)if 0<1<2/p.

Proof: If

f(z)=2"- i a,z"

k =ptl

Then:

F (7) = (1) 2 1 () j{szzaksk}ds -

(1) 1 (p){zp_ 3z } _

P e k

g i l(P)aka =

k =ptl
k
Z- 3

k =ptl

where, g, =1 (p)/ka,. But:
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. 3uy (p) (p-1) g =
e [H(ifég (k)(k-l)}(wﬂ)
. 3uy (p) (p-1) LR, <
et {H(l;fég (k)(k-l)J(vwl) )
. 3uy (p) (p-1) L(p) a,
Rt [H(?{gj (k)(k—l)](wﬂ) i
Where
vp) o
2
< - My(p)(p-l) a,
k-pﬂ[[ +(1;f)8} (k)(k—l)J(WH)
By 3.26:

<3uy (p) (pn-1)
Fl (2)ew (p, K, v, B, m, €). So, the proof is complete.
RESULTS AND DISCUSSION

The scope of this study has cauwed several
limitations which however, provide basis for future
research along the path to geometric function theory of a
complex variable in several areas. These areas nclude,
application of multivalent functions with negative
coefficients and development of solving problems in
physics is an important area for future research.

CONCLUSION

The main objective of thus study 1s to study linear
operator defined on a new subclass of multivalent
functions with negative coefficients. Main techniques
used to derive our results are mainlycoefficient inecuality,

weighted mean, apply of Littlewood theorem integral
operator. Tt is observed that some of these results are the
best possible and by giving different values to the
parameters involved.
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