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Abstract: In robotics, it is well known that we cannot design a fully operative robotic system without having
a complete 1dea about its kinematics, especially, the mverse kinematics, considering the fact that a successful
task accomplishment of the robotic arm is completely dependent upon the accuracy of the end effector
positioning along the pre-specified path at every time step. In this study, a new method is proposed to solve
the inverse kinematics problem for nth-degree-of-freedom robotic arms. The basic idea of the method 1s to select
a polynomial whose constants are dependent upon the available work space in which the robotic arm operates
and align the joints of the robotic arm on that spatial curve. The method showed a perfect performance for
robotic arms with many degrees of freedom. However, a five degree of freedom robotic arm was used here to

demonstrate the performance of the method.
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INTRODUCTION

Inverse kinematics of robots studies the spatial
configurations of the robotic system that enable its end
effector to reach some desired point within the working
space of the robot. For a two DOF robotic arm, the mverse
kinematics problem is easy to solve because there are
only two possible configurations to move the end effector
to the point of interest, elbow-up and down. For robotic
arms with more degrees of freedom, the inverse
kinematics problem becomes much more complicated
and finding a solution to the problem becomes rather a
difficult task. That’s why the inverse kinematics problem
must be taken into account m the design stage of any
robotic arm. Many approaches have been adopted to
solve the mverse kmnematics problem. For example,
Crengaris ef al. (2014) Drexler (2016), Raj et al. (2015)
and Das and Mahapatra (2015) used fuzzy logic
technique to determine an acceptable solution to the TKP
(Ligutan et al., 201 7). As it is known about fuzzy logic, so,
many rules must be used for each joint in order to find a
solution that 1s nearest to the required one. However, the
end effector position obtained may not be guaranteed to
follow exactly the desired trajectory points.

Artificial neural networks were also used to solve the
inverse kinematics problem (Dulea, 2014; Csiszar et al.,
2017; Raj et al., 2015; Proceedings of the 2017 Congress
on Chinese Automation (CAC), 2017). Those researchers
made minor medifications on the structure of the ANNs
they used to enhance their performance. However, the
classical drawbacks of using the ANNs, although,
reduced but could not be avoided completely. For an

ANN to work well, the training set used for the
learmning process must be large enough in mumber.
This makes the convergence to a solution slow in
general. Despite huge m number, the training set 1s
usually only a subset of the total points in the working
space of the robotic arm which can make the output of the
ANN unpredictable when the end effector is required to
pass on points not included in the training set and the
ANN needs to be retrained. Also, using the ANNs does
not eliminate the possibility of having a multiple solutions
for the same end effector pomt which requires an
intervention or a decision to be made by the operator to
filter out the repeated solutions of the same end effector
position from the training set.

Denavit-Hartenberg’s kinematic representation is
another approach used by many researchers. Patil et al.
(2017), Das and Mahapatra (2015), Basu and Padage
(2017), Wang and Wang (2017) tried using the geometrical
approach by using Denavit-Hartenberg’s kinematic
representation of a SDOF robotic arm. However, they
couldn’t avoid the problem of solving the set of nonlinear
equations with multiple possible solutions. In fact,
[liukhin et al. represented the kinematics of the robotic
arm by fixing two jomt angles and the inverse kinematic
solution they presented is reduced to the simple elbow-
up-elbow-down one.

Numerical methods are also popular for solving the
iverse kmematics problem. These approaches where
used by Reiter et al. (2018) and Drexler (2016), for example.
Since, numerical methods make use of the lighly
nonlinear kinematic equations, they are usually not
guaranteed to yield an acceptable solution because for
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each point on the path, the iteration scheme is repeated
but the resulting joint vector values for one point can be
highly different from the joint vector values for the next
point on the trajectory which makes the overall motion
highly unstable. As the number of trajectory points
increases, the time for obtaining a solution for the
mverse kinematics problem for the total motion increases
as well because the iterations can take a long time to
converge.

From the above discussion, it is clear that, although,
fuzzy logic, artificial neural networks and numerical
methods are the most commonly used methods to obtain
an acceptable solution to the IKP each of these methods
has its benefits as well as drawbacks.

In this study, we use a novel approach to find a
solution to the inverse kinematics problem for an nth DOF
robotic arm. For this type of robots, the aforementioned
methods usually take a very long time to get the suitable
TKP solution, if they could find any. The proposed
method enables the robotic arm to accomplish its tasks
and move the end effector to the desired position quickly
and accurately.

Consider the robotic arm shown in Fig. 1 which has
four links with lengths L,-L,. The whole assembly has the
ability to rotate around the base (Joint 0) through 360°. Tt
1s required to drive the robot in a way, so that, the end
effector reaches the desired point E = (E, E, E)"
Assuming a planar motion of the robotic is in the Y-Z
plane which s free from any obstacles, a second order
polynomial 1s used. It has the form:

z(y)=a,ta,yta,y’ ey

This form is proposed to describe the configuration
of the robotic arm joints. There are infimte second order
polynomials described by Egq. 1 that can be used
depending on the values assigned to the coefficients

z
Joint 2 ;
f'___ Joint 3
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Joint 1‘_#"" L,
Lg
Ly
Joint O

Y

Fig. 1: 5 DOF robotic arm assembly

a,-a,. However, there is only one combination of those
coefficients that guarantees the two important constraints
which are:

»  The polynomial must connect the base pomt (0, O, 0)
and the desired end effector point E = (0, E,, E,)"

¢ All the four links with their lengths T.,, ..., T, should
fit on the polynomial starting from the base (0, 0, 0)
and ending at the end effector desired point E

MATERIALS AND METHODS

Description of the method: Considering the two
constraints mentioned m the previous study, the values
of the polynomial coefficient will be determined as
follows:

Since, the polynomial passes through the origin
(0, 0, ). a, = 0. For the other two coefficients to be
evaluated, two equations are needed. One of these
equations is readily available, since, the polynomial
passes through E = (0, E,, E,)" which gives:

E,=aE, +a,E’ (2)

To get ancther equation we need to locate another
point on the curve. Let’s assume that the coordinates of
pomt (D) are known, that 1s we assign point (D) the trial
coordinate set (0, D, D,). As shown in Fig. 2, a trial
location for (D) can be found by varying the angle (6)
within the interval 0-360°. Substituting (D) and (D,)
in Eq. 1 a second (but it still a trial) equation will be
used to determine a trial values of a, and a, of the
polynomial expressed m Eq. 1. The trial coordinates of
point D are given by:

D, = E,+L, Cos(®) (3)

D, =E_+L, Sin(® (4

Joint 2

Fig. 2: Locating point D
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Fig. 3: Intersection of the circle (Eq. 8) with the parabola
(Eq. 1)

Since, the assumed point D belongs to Eq. (1), this
gives us:

D, =a,D,+a,D’ (5)

Note that the Eq. 3 and 4 are in fact, the parametric
equations that represent a circle with radius (L.,) centered
at the end effector position E = (0, E,. E,)". Equation 2 and
5 can be solved together to determine the first trial
coefficients a, and a,. Expressing, Eq. 2 and 5 in matrix

form gives:
2
{Ey Ey}{al}_{Ez}
2
D, D|a,] |D,

_ DjE,-ED,
- 2 2
Ey DY _DYEY

_ -DyEZ —EyDZ
2 2

EYDY _DYEY

This yields:

1

a;

Now, we have determined the trial polynomial based
on a trial positton of poimnt (D). We can trace this
polynomial back in the direction of the base to locate the
points (C) and (B), respectively as follows. Let (D) be the
centre point of the circle whose radius 1s L.. The equation
of thus circle 1s

(y-D,)'+z-D,) =L} &)

As shown in Fig. 3, Eq. (8) intersects Eq. 1 at two
points with pomt (D) is in the middle. The first point lies
farthest from the base in the direction of the end effector
(which must be ignored, since, it is in the undesired
direction). The second point lies closer to the base
which is selected to be the trial point C with coordinate

Fig. 4: Locating point B

set (0, C,, C,). The points of intersection are located by
solving Eq. 1 and 8 simultaneously resulting in a fourth
degree polynomial of the form:

by+by +b2y2 + b3y3+b4y4 =0 )

Equation 9 has two real roots (which we are looking
for) and another two mmagmary roots with no sigmficance
to this problem. After we located the trial point (C), we
repeat the process to determine the location of point (B)
by Considering (C) as the centre of the circle whose
radius 15 L, (Fig. 4). The equation of this circle 1s:

o reey -0

Equation 10 intersects Eq. 1 at two points one of
them (the closest to the base) is the trial point B with
coordinates (0, B, B,). Until now, all the points we found
are only trial ones. For these trial points to be the true
points, one condition have to be met, that 15 the distance
between the trial point B = (0, B,, B,)" and the base point
A = (0, 0, 0)" should equal exactly the length of the first
Link (L1). If this was the case then the trial curve has
successfully fulfilled the two constraints mentioned
earlier. If not, the procedure must be repeated by selecting
another trial point D.

Testing the method: Two paths were chosen for the end
effector to follow and the proposed method was used to
determine the robotic arm inverse kinematics. The first
path chosen 1s the one shown in Fig. 5 which 1s an ellipse
in the YZ plane.

The path 15 traced beginming from the start point
shown and moving in the anticlockwise direction then
back to the starting point again. Figure 6 is the position
profile which shows the vanation of each joint angle of
the robot as the robotic arm end effector traces the
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Fig. 5: YZ elliptic path
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Fig. 6: The position profile corresponds to the path in Fig. 4

ellipse. Since, all the points of the path are in the YZ
plane, the base angle 1s zero at every time step in the

profile. ;
The method provides a smooth transition between . .
Baselocation !

any two consecutive configurations which is a very /000

Start point on the path

umportant requirement for a successful kinematic behavior

of a robotic arm, smce, it 1s directly related to the amount 1 ;

of torque required by the actuators at all the joints, the

smoother variation in the angle the lower torque needed . 3

do drive the robotic arm along the path. ) L
The second path chosen 1s shown mn Fig. 7. It 1s an Yol P

ellipse drawn in the XY plane. The path begins with the L

starting peint and it is traced in the anticlockwise X-axis

direction and ends with the same starting pomt. The

position profile corresponds to this path 13 shown mm Fig. 7. XY elliptic path
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Fig. 8: Position profile corresponding to the path in Fig. 7

Fig. 8. As seen from the position profile, the method also
provided smooth variation in all joint angles which means
that the method proposed is very useful in solving the
mverse kinematics problem for almost any path in the 3D
working space of the robotic arm. This time the base angle
varies during the motion.

RESULTS AND DISCUSSION

So far, we have demonstrated how a second order
polynomial (which 1s an equation of a parabola) can be
used to solve the mverse kinematics of a robotic arm with
redundant links which is classified as a very hard-to-solve
problem. According to the method, it is only required to
evaluate the three parameters describing the polynomial,
namely, a;-a,, However, using the second order
polynomial has one drawback; the polynomial is not
defined at the origin which makes all the pomts along the
Z-axis unreachable by the robotic arm. In fact, even the
points near the Z-axis can be hard to reach considering
the fact that at such close points, the second order,
polynomial becomes very sharp in shape which results in
some jomt angles to be either too small or too large. In
both cases, these extreme values of angles may become
far beyond the allowable range of each joint angle for
most open chain serial robotic arms.

The limitations of using a second order polynomial
can be avoided by using another type of curves that
overcome these problems, like the circle described by
Eq 11:

(Y +HzK) =R?, ()

To apply the method using Eq. 11, it is only required
to locate its centre at (0, H, K) and the radius R. These
values are also required to fulfill the constraints given in

1
Points along the Z-axis

B )
Baselocation (0, 0, 0)

Z-axis

==Y -axis
Fig. 9: Rectangular path

our earlier discussion for the case of the second order
polynomial. Using the circular configuration enables the
robotic arm to reach all the points within the working
space except the base pomt of the arm which 1s already a
forbidden point to reach or the robotic arm would hit
itself.

To test the performance of the circular configuration,
the path shown in Fig. ¢ is assigned to a 5-DOF robotic
arm which has the following characteristics:

»  The path ncludes poimnts that lie on the z-axis
»  The path selected 1s very close to the origin

A second order polynomial configuration will
certainly fail to follow such a path. Figure 10 shows the
configuration of the robotic arm reaching a pomt on the
path. The resulting position profile after tracing all the
points on the path by the end effector i3 shown in
Fig. 11.

The position profile clearly shows the very smooth
variation of all the five joints as the end effector traces the
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Fig. 10: The robotic arm following the rectangular path based on the circular configuration method
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Fig. 11: The position profile for the robotic arm following the rectangular path based on the circular configuration

method

path. This smooth transition from point to pont has an
advantage on the overall motion of the robotic arm in that
it reduces the power consumption to drive the arm as a
result of the reduction in the torque applied at each joint
during motion. Also, the smooth variation n joint angles
makes the robotic arm more stable during its motion which
increases the accuracy of path following performance.

As a comparisor, the 5-DOF robotic arm was given
the same path shown in Fig. 5 but this time the circular
configuration was used Figure 12 shows the arm as it
follows the given path. The figure shows the similarity of
the arm configuration between the two cases (2nd order
polynomial configuration and the circular configuration).

- 3
Start point

A /on the path

@
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.\
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Z-axis
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Fig. 12: The robotic arm following the path of Fig. 5 based
on the circular configuration method
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Fig. 13: The position profile for the robotic arm following the path in Fig. 5 based on the circular configuration method

The corresponding position profile is shown in
Fig. 13. Despite taking a similar behavior upon following
the path, the resulting position profile for the case of the
circular configuration showed a much smoother variation
in all the joints during the motion. This means that the
circular configuration technique is a much better choice
over the second order polynomial to drive the robotic arm.
Since, the motion 1s only in the YZ-plane, the base has no
rotation and its zero at all the time steps m the two
profiles.

CONCLUSION

In this study, a new way of thinking was used to
solve the mverse kinematics problem for open chain
robotic arms. The mverse kinematics of this type of robots
becomes very complicated and even impossible to solve
as the degree of freedom increases. The method is based
on selecting a curve m space and forcing the joints to
align on it. The selection of the curve is dependent upon
the available working space and on the design of the
robotic arm itself. The method proposed overcomes the
difficulties usually encountered n the case of mcreasing
the degree of freedom of the robotic arm. In fact the
method gave a very good performance in the process of
positioning the end effector for, theoretically, any number
of degrees of freedom the robotic arm may have. For
demonstration purposes, however, the method was tested
on a 5-DOF robotic arm.
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