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Abstract: The purpose of this study is to present the idea of an f-partition for a closed interval. Also, we
mtroduce a new notion to a notion of fuzzy cone metric space that 1s called fuzzy cone function as well we
prove fumdamental fixed-point theorems. Moreover, we obtain a concept of £-fuzzy cone integrable function.
Finally, we conclude new results for fixed point in the E-fuzzy cone integrable functions.
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INTRODUCTION

The idea of the cone metric space and the fixed point
in the cone metric space was presented by Huang and
Zhang (2007). They replaced the set of the real numbers
by an ordered Banach space in the definition of the metric
and it 1s a generalized to the notion of the metric space.
Further, there are many researchers discussed the
generalization of the fixed point mn the cone of these
spaces (Abbas and Jungck, 2008; Huang and Zhang,
2007; Vetro, 2007). Di Bari and Vetro (2008) introduced a
new concept of the fixed pomnt m the field of @-mapping
and concluded some of the results and examples
achieved.

One of their interested on the applications in the
fuzzy cone metric space was introduced by Bag (2013)
where he studied many subjects that are related to it.
After that many researchers touched on the concept of
the fixed point m this space. Oner ef al. (2015) provided
another definition of the concept of fuzzy cone metric
space and concluded some of the results related to it and
fuzzy metric space 18 studied by many researchers
(AL-Mayahi and Hadi, 2015).

In this study, the notion of fuzzy cone metric
space is investigated and some fundamental definitions
are given. Also, we define a new notion of integration
to the notion of fuzzy cone metric space that is called
fuzzy cone integrable function. We prove fundamental
fixed-point theorems. Moreover, we introduce a concept
of &-fuzzy cone integrable function. Finally, we
conclude new results for the fixed point in the Z-fuzzy
cone integrable function. The range of fuzzy cone

metric is considered as such where such is defined by
the set of all non-negative fuzzy real number that are
defined on E*(T) where E*(I) is a given real Banach space
(Bag, 2013).

MATERIALS AND METHODS

Background materials: The definitions of the fuzzy
number, the convex fuzzy real number and the normal
fuzzy number are mentioned by Mizumoto and Tanaka
(1979) as well as for the arithmetic operations ®, &, © on
ExE were presented by Bag (2015). There are also
important definitions such as fuzzy real Banach space,
interior pomt and fuzzy closed subset of such are
mentioned by Bag (2013). A subset P of such is called
fuzzy cone if:

¢ Pis fuzzy closed, nonempty and P= {0}
* a beR, a, bz0, v, weP=avBbweP
+ vePand eveP=v =20

Given a fuzzy cone PcE*(I) such, we define a partial
ordering < with respect to P by v=w if w eveP. On the
other hand v<w such that v#w while v=w will stand
evelnt P

A fuzzy cone P 1s said to be normal if there 1s a
mumber k>0 such that for all x, yeE*(I) such with
O=v=w=v=<kw.

A fuzzy cone P 1s said to be regular if {x,} 1s an
increasing sequence which is  bounded
convergent that is x,<x, <, ..., x,<w for some weE*(I) such,
then there is xeE*(T) such that |[x,x|~0 as n-e.

above 1s
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Equivalently, P is called regular if {x,} is decreasing
sequence which 1s bounded below 15 convergent (Bag,
2013, 2015).

Definition 2.1; Bag (2013): The function D.. XxX-E*(I)
such is satisfies:

¢ Dux,y)=0forall x, yeX

¢ D y)=0=x=y

¢ D.x y)=Dudy, x) Forall x, yeX

¢ Dux, v)<Dux, y)aD.J(y, z) forall x, y, zeX

where, X a nonempty set, then (X, D.) 1s called fuzzy
cone metric space.

Definition 2.2; Bag (2013): Let (X, D.) be a fuzzy cone
metric space, let {x,} be a sequence in X and xeX. If for
every c£E with [|c||z0, there 15 a positive keN such that
D.ix,, x)<|c|| forall n-k, then {x,} 1s said to be convergent
we denote it by lim, _.x, = x.

Definition 2.3; Bag (2013): Let (X, D.) be a fuzzy cone
metric space and let {x,} be a sequence in x and xeX. Tf for
every ccF with O<||c/| there is a positive keN such that
Dul(x,, x,,) for all m=k, then {x.} is called Cauchy sequence
mX.

RESULTS AND DISCUSSION

Definition 3.1: Suppose that P 1s a normal fuzzy cone n
E*(I). Let u, veE and u<v. Define (u, v)= {s€E: s = (ua
(1-C)yv, for some {2(0, 1),

Definition 3.2: The set P = {u =s,8,<8,<, ..., <8, = v} I8
called a f-partition for (u, v) if and only if the sets {(s,,,
8} - ° are pair wise disjoint and (u, v) = {V,_ "[3i5, 81}
Vvt

Where the fuzzy sets M,, ..., M, identified with their
membership functions M,(s), ..., M,(s) defined on (u, v),
form a f-partition of [u, v] if the following conditions
forj=1, ..,

o M:[uv]-1, M)=1

*«  M;(s) = 0if s4(s,;, 5;) as menticned in the definition
we will inputu=s,8,=v

¢ My(s) is continuous

¢ My(s),] =2, ..., n monotone increasing on [s,,, 8] and
M(s), j =1, ..., n-1 Monotone decreasing on [s;, s, ]

o  Forallse[w v]:

ZMJ-(S):I

Definition 3.3: Let F: [u, v]-P be an increasing bounded
function and P 1s a f-partition of [u, v], we define fuzzy
cone upper summation and fuzzy cone lower summation
as:

[_Jf:une ( F’ P) — E:‘;IU F(S1+l ) “51 _SHI H

gfcone (F, P) _ E?:UF(SI )”Sl 7S1+1H

Definition 3.4: Let F: [u, v]=P be an increasing bounded
function. The function f is said to be integrable on [u, v]
with respect to fuzzy cone [u, v] if and only if P is
a f-partition on [u, v]:

limn - Ufcune (F, P) — hmn%w gf:one ( F, P) — Sfcone

We show the common value S™* ['F(s)d(s) is

simply by [, F(s)d:. Let, C'([u, v], P} dencte the set of all
fuzzy cone mntegrable function.

Lemma 3.5:

o If [u, vlc[u, x], then [, M(s)dp= [ M(s)d, for MeC'
([u, v], P)

o LEMEN) (5)d, =
peR

of Mis)dAp[, Ni(s)d, for «,

Proof: Suppose that the f-partitions P and Q of [u, v] and
[¥, x], respectively, then P = {u=sg;<s,<8,<, ..., <8, =V},
Q = {8,480 %, .y <8,,<8, =%}, Let,0 = QVP. The O is
f-partition of [u, x]. Therefore:

gfcanE(M,P) = ::E:M(SI)HSl _Sl+1||ﬁ

X M(s)

-[;chuns (M, P)+ -[__chnne (M, Q) — -[;chune (M, O)

m-1

S

|+ 2 MLs,)

1731+1 i=0 51751“‘:

Hence, [,/ M(s)do= [, M(s)dr (Eq. 2). Suppose that P
is a f-partition for [u, v] that is:

P=lu=s,~«5 <s,~<,..,<s, =V}
Then:
UR (M, P) =37 (oM (s, )+ BN(s,))
OEE:]:UM(SI)HSI 7sl+1||+ BE:]:UN(SI)HSI 8 H =

O:gf:une (M, P) + ngme(N; P)

s, —s ‘:

1+1

Thus:
J (o (), = af M () N(s)d,
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Definition 3.6: The function i: P-P is called subadditive
fuzzy cone mtegrable fimction if and only if for each
u, veP:

u By u i
[wd, <[ wd, + [ ed,
Example 3.7: Let X = E =R, then P = {n,€E*(I):1,20}cE

1s anormal fuzzy cone, Du(x, y) = |[x-v|| and (T) = 1/1+1 for
all t=0 then for all w, veP.

Solution:

IL”@”Ldr =In(@v @1),[5”%(11 =In{o®1)
T+

toT+l
" ge=m(ve)
tT+1

Since, wu:0, thus, wsvel zwaevelawy = (wal)
(vel). Therefore, Inlwevel)zInflwaevelewt) = In
(wal Hn (vel). So, we get that | is a subadditive fuzzy
cone integrable function.

Theorem 3.8: Tet (X, D.) be a complete fuzzy cone metric
space and P a normal fuzzy cone. Suppose that i: P-P is
a subadditive fuzzy cone integrable on each [u, v]<P such
that for all €20, [frdp=0. If h: X~X is a function such that
for all x, yeX:

Dy (hz, hy) Dz, ¥)
[ wd, <8[ 7w,

for some 82(0, 1), then h has a unique fixed point in 3{
Proof: Let x,6X and let x,,, = hx,. We have:

D (%1 %n ) Delb,
[ wd, = [

P

el D2y, Hpy
wd, <5, <

0 0

ol J.UD*(XI: XU)"PdF

Since, 6c(0, 1), thus:

D*(Xnd’ Xn)

lim, . | wd, =0

1}
If lim, Du«(x,,,, x)=0, thenlim,, D" *\d, 20 which is

contradiction. So, a lim,_D.(x,,,, x,) = 0. Now, we have to
prove {x,} is a Cauchy sequence. By triangle inequality:

Do (bt b g B (b, oty ) @, @D (i, By )

wdp < | wd,

0

J<D*(hx“, hz,,)

0

and by sub additive to |, we get:

F

J‘D*(hx,‘, .

Dafhx,, hx,,) Dl by, hx,)
, 5]‘0 yrd +,...,+I yd, <

P ] P

Ul

(8“ + 8“”+,...,+8""1)J'DD*(X1’ XD)\IJdp = %J.DD*(XF Xn)wdp —0

Thus:
lim,, . D.(hx  hx )=0

This means that {x,} be a Cauchy sequence and
since, X is a complete fuzzy cone metric space, therefore,
{x,} i3 a converge to x. Since:

Im(xml, hX)\lep _ J-UD*(hxn, hX)ll!dp B SJ-UD*(XH, X)\Udp

Thus, lim,_ DJx.,, h) = 0= hx = x. Now, if w 1s
another fixed point of h:

J-Dm(x,w)wdp _ J-UDm(hx, hw)wdp j SJ-UD(X,w)de

which 1s contradiction =x = w. Therefore, h has a unique
fixed point.

Corollary 3.9: Let (X, D+) be a complete fuzzy cone metric
space and P a normal fuzzy cone. Suppose that i: P-P is
a subadditive fuzzy cone integrable on each [u, v]cP. If h:
X-X is a function satisfy for all x, yeX:

J<Dm (2, hy)@Du(hz, ¥)

Dw (hz, hy)
j y1|Jdp<q

5 -

yd

P

for some ge(0, 1), the h has a unique fixed point in X.

Definition 3.10: Let P be a fuzzy cone. A non-decreasing
function £: PP is called £- function if:

o £(0)=0 and 0<E(v)<v for veP/{0}
+  vef(velnt P for every velnt P
+  lim,_E%(v) =0 for every veP/{0}

Definition 3.11: Let P be a fuzzy cone and take {w,} be a
sequence in P. We say that w, -0 if for every £€P and £>0
there exist meN such that w <e for all n=N.

For a non-decreasing function H: P-P, we define the
following condition which will used in definition
above:

(H H(w) = 0 if and only if w =0
(H,) for every w,eP, w,~0 if and only if H(w,)-0
(H,) for every w,, w,eP, H(w,& w,)<H(w )ah (w,)
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Definition 3.12: The function h: X-X is called £-h
function if there exist a E-function and a function H satisfy
the condition (H,-H,) such that:

H(D.(hx, hy)) < HD.(x, y)) forall x, ye X, ..., (2.15a)

Now, using the condition, we can define Z-f cone
integrable:

[,

Theorem 3.13: Let (X, D.) be a complete fuzzy cone metric
space and let h: X-X be a £-f cone integrable, then the
function h has a umque fixed point.

e (2.15D)

Proof: Let x,¢X and let x, = hx, Choosing {x}eX,
since, h is E-h function by definition (2.14) there exist
a E-function and a function H satisfy the condition
(H,-H,) by (2.15.b), we deduce:

D[y x,,,l))

J-H[D*(xml,x,‘)) \I_fdp

1]

dp _ J-H[D*(hx,, hx,,,,))wdp ~ aJ‘H[

D (), XU

e wdp

anHZ)

<e [ wdp=. .

Let velnt P, then by (2), veE(v)elnt P. By (3):

nawé I Xl XU P = 0
Hence:
lim , H{D.(x.x,))=0

n—pes

Therefore, we can find that neN such that, H(D.(hx,,
hx,.,))<vef(v) for all m=n, we show that:

H{D, (X0 Xy )) <0, -, (2.168)

Now, let (2.16a) hold for some men:

H(D: (i

n+?

VEE(V) DE(H(D. (%1, X)) ) <0EE(0) =0

hx,,., ) < H{D.(hx, bx,.. ) OH(D, (bx,,.,, b)) <

n+12

Therefore, {x,} be a Cauchy sequence and since, X 1s
a complete fuzzy cone metric space, therefore, {x,} is a
converge to x. Since:

H(Dv (20, %) H( Dy (hz,, hz) Du(x,, ®)
| ( i, = | [ hyd, < g, wd,

0

Thus:
lim_ H(D* (X015 x)) =0=>hx=x

Let weX such that hx = w:

H[D*(x, W)) H[D*(hx, hw)) H(D*(X W))
[ wd, = | wdp < & .

This 18 contradiction =x = w. Therefore, h has a unique
fixed point.

Theorem 3.14: Tet (X, D.) be a complete fuzzy cone metric
space and suppose that h: X~X be a E-f mtegrable such

that:
H[Dw(hx, hy (2 hx)@Du (7, hy))
) <[ yd,

For all x, yeX where, £ H and | as previously
defined, then h has a umque fixed point.

Proof: Let x,eX and let x, =
E-f integrable, we have:

J‘H[D*(xml ES)] d 7§J‘

1]

hx,. Choosing {x,}, since, h 1s

Dy [hxy, hay )

dpﬁé

J‘H(D*(Xn: hit, ) @D (%, . b))
o

H[D*(Xnv Hpl ))
wd, < & [ wd, <, .. <

(@"’1+§"’2+, ...,+§")J.DH[D*(X"X°) d,~ ES’“I Al XD))wdp,

m_am
3 "l

Next, we will show that {x,} is a Cauchy seq., so for,
any n, peN:

[X“, Hpap-l )@D*[me-l: Enip ))

J-H(D»«[Xn- Xm)j‘ljdpj J-DH(D wd,

1]

Then lim, . HD.(x, x,,)) =0 by (H), {x} is a
Cauchy seq. Since, X i1s a complete, then there exists u
such that D.(x,, u)~0 as n-oo:

H(Da (2,4, u)) H(Da (2, hit, |@Du (u, hu)) Du(x,, u)
.[ l wd, = In wdp < a.[n

1]

Thus, lim,_. H(D.(x,,,, hu)) = O=hu = u. Let w, another
fixed point of h such that w#u for a fixed £>0 and every
meN there exists neN such that e1-k)

2k

HD*(x . %, ) =
g(1-k)
H(D* (Xn+1= W))j 5 for alln>m.

H(D*(w, hw)) H( L (w,
w, hxn))@a(H(
hx,)) @k(H(D

This unplies that:

b, ))& H{D. (hx,, hw))
. (hx,,x_ )@ D.(w, hw)))
«(hx,, X, )@ Du{w, hw)))
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H(D, (w, hw )} < ﬁ H(D,(w, hx, ))&

3 €
EH(D*(th, Xn))-{E@E—E

This implies that H (D.(w, hw))-0. Now:

H[Dw[uw)) H[D*[hu,hw))
J‘ yd, = J‘O ydp =

0

H[D*(u, hu)@D*[w, hw)) H(Dm(u, hu)@D*[w, hw))
gf. wd, < k[ yd,
which gives H (D.(u, w)) = 0. Hence, w = u, then h has a
unique fixed point on X.

CONCLUSION

In this study, we defined the concept of the partition
of the closed mterval in the fuzzy cone metric space which
has an important role in the applications of conical shapes
as well as other concepts such as functions that can be
integrated into spaces. This study helps researchers to
find other scientific applications through their application
to identify integrations.
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