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Abstract: This study concerns with the problem of obtaining nen-zero distinct integer solutions to the given

temary quadratic Diophantine equation by mtroducing linear transformations. A few mteresting relations

among the solutions are given. From the resulting solutions of the given equation integer solutions to different
choices of parabola and hyperbola are obtained. Construction of Diophantine 3-tuples and special dio 3-tuples

is exhibited.
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INTRODUCTION

The subject of Diophantine equations is one of the
oldest and largest branches of number theory. The word
Diophantine refers to the Hellenistic mathematician of the
3rd century Diophantus of Alexandria, Egypt who made
a study of Diophantine equations and mtroduced
symbolism ito algebra. The study of Diophantine
equations is the study of solutions of polynomial
equations or systems of equations in integers, rational
numbers or sometimes more general number rings. One of
the fascinations of the subject is that the problems are
usually easy to state and when they can be solved,
sometimes involve sophisticated mathematical tools.

Diophantine equations play an umnportant and
significant role in number theory. It 1s worth mentioning
that Diophantine problems have fewer equations than
unknown variables and involve finding integers that worlk
correctly for all equations. In more technical language,
they define an algebraic curve, algebraic surface or more
general object and ask about the lattice points on it. In
this context, one may refer Miller (1980), Dickson (1952);
Gopalan et al. (201 3a-c, 2014, 201 5a, b, 2017), Gopalanand
Geetha (2014); Meena et al. (2014), Mordell (1969),
Vidhyalakshmi and Thenmozhi (2017), Vidhyalakshmi and
Priya (2017).

Diophantine equations are numerously rich because
of their variety. There 1s no universal method or algorithm
for determining whether an arbitrary Diophantine equation

has a solution or finding all the solutions, if it exists. Such
an algorithm does exist for the solution of first-order
Diophantine equations. However, the unpossibility of
obtaining a general solution was proven by Yun
Matiyasevich. There is a general theory for quadratic
Diophantine equations in many variables. There are many
quadratic Diophantine problems which kindled the
interest among mathematicians.

Definition

Nasty number: A positive integer n 1s a nasty number if
n=ab =cdand at+b = ¢-d or a-b = ¢+d where a, b, ¢, d are
non-zero distinet positive integers (Miller, 1980).

Diophantine m-tuple: A set of m positive integers {a,, a,,
@, ..., 8t 18 said to have the property D (nn), neZ-{0} if a;,
aan is a perfect square for all 1 <i<j<m and such a set is
called a Diophantine m-tuple with property D(n).

Special dio m-tuples: A set of m positive integers {a,, a,,
a;, ...+ 18 said to have the property Din), neZ-{0} if
aatatatn is a perfect square for all 1<i<j<m and
such a set 1s called a special dio m-tuples with

property D(n).
MATERIALS AND METHODS

Section 1: The non-homogeneous ternary quadratic
equation to be solved is:
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xi4y? = 2245 ()
Different sets of solutions to Eq. 1 are illustrated.

Set 1: Introduction of the linear transformations:

Z =30, X =20 (2)
Equation 1 leads to:
y2 =5ac+5 (3)

which is the positive Pell equation. The smallest positive
integer solution of Eq. 3 is:

o, =2, y,=5

To obtamn the other solutions of Eq. 3, consider its
corresponding positive Pell equation represented by:

v =507+
Whose general solution (&,.¥,) is given by:
N 1 "

=—f & ——1
yn 2 nr 1 2‘/5 gn
Where:

[ :(9+4\/§)"+1+(9-4J§)"”, o :(9+4J§)"”_

(9-4\/5)”1, n=-,012, .,

Applying Brahmagupta lemma between (t.y,) and
(&, 7, the other integer solutions of Eq. 3 are given by:

V5 )

G‘nﬂ = fn +7gn

o :gf,,*\/ggn, n=-10,1,2,., (5)

In view of Eq. 2, we have:

3y5
X'n+1 = zfn +J§gn> Zn+1 :3fn+7gn (6)

Thus, Eq. 5 and 6 represent integer solutions to Eq. 1.
A few numerical examples are given m Table 1. A few
interesting relations among the solutions are given:

v K18 K, =0

By X t9%,., =0

* 8Yn+2_9xn+2+x'n+1 =0

* 8Yn+3_1 61X‘n+2+9xn+1 =0
o 144y, %, t161x,, =0
o 16y Xtk =0

. 144y ,;-161x% %, = 0
* Ver e 10%,, =0

* Yn+3_161yn+1_180Xn+1 =0
* Yn+3_ISYn+2+Yn+1 =0

Each of the following expressions represents a nasty
number:

o 12y, 12%,,1H12
o 12y3,-825,, 112
¢ 6%, 2yy,,-127,,, 112

Each of the following expressions represents a
cubical integer:

* Y2 OV 6K
o 1/3(6Y3ns425 1 8y,-122,
. X T 2Yam 72 Zans s 3% 0V 1020

Each of the following
a bi-quadratic integer:

eXpressions represents

* 2y4n+4_2X4n+4+8y2n+2'8X2n+2+6
* 173 (6YimadZunra 24V 50007162000, 71 8
* Kt T2V 2 Zans TR s T BY 10058 1O
Each of the following expressions in Table 2
represent hyperbolas. Each of the following expressions

in Table 3 represent parabolas.

Set 2: Introduction of the linear transformations:
z=120, x =100 (7

Table 1: Numerical examples according to n

n Xntl Yor Zntl

-1 4 5 6

0 76 85 114

1 1364 1525 2044

2 24476 27365 36714
3 439204 491045 658806

Table 2: Hyperbolas according to (P, Q)

Hyperbolas P, )

SPRQ?=20 [ SREY, SWRN SREL, W) |

SP2-Q? =180 (64711, 102001-125,01)

SP2-Q? =20 Gt 2 =224 2% ¥ $27,1)
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Equation 1 leads to:
yi = 4402 +5 (8)

which is the positive Pell equation. The smallest positive
integer solution of Eq. 8 is:

o, =1, y, =7

To obtain the other solutions of Eq. 8, consider

its comresponding  positive pell equation represented
by:

v =440+
Whose general solution (g, 3 yis given by:

N 1
= ’G‘n:7 1
Yn 2 n 2mg

Where:

£, =(199+60411 )m1
(199+603IT )”1

+(199—60«/1_1)m, g, =
(19960411 )”1 ,

n=-1,0,1,2,..,

Applymng Brahmagupta lemma between (o, v,)
and (G,.%,) the other integer solutions of Eq. & are
given by:

1 7
==L +—= )
wet =5 4Jﬁgn

1]

V.., :%flﬁ\/ﬁgn, n=-1,01,2,.., (10)

In view of Eq. 7, we have:

=6f, +— (11)

gn’ n+
i o =S

o= +—=

Thus, Eq. 10 and 11 represent integer solutions
to Eq. 1.
Table 4. A few mteresting relations among the solutions
are given as:

A few numerical examples are given in

Table 3: Parabolas according to (P, Q)

Parabolas P, Q)

5p-QF = (2222002 5%y -4Y51)

15P-Q* =180 (6¥ 2427322456, 10234112 141)

5P-Q* =20 Kot 2¥240- 2700512, 20 AV, 27,00

¢ xX,,-398x, 1%, =0

* 300y, X.,+199%,., =0

¢ 300y,,-199%,5 %, = 0

s 300y,,,-79201%,,,+199%,,, = 0
o 132x,,,-19%y,,.+79201y,,,=0
o 132x -V +199y,, = 0

' Y398ty =0

* X,.-119400y,,,-79201x%,., = 0
' Yawr199y.-132%,,=0

* V.,-7920ly,.,-52536x%,.,, = 0

Each of the following expressions represents a nasty
number:

o 6/25 (T0y,,-d4%,,,+50)
o 2/5(42y,.-222,.,4+30)
o 6/5(14y,.,H1z,,,-22%,,,+10)

Each of the following expressions represents a
cubical mteger:

o 1725 (70y,- %, 210y, - 1325 L))
o 115 (42y,,,,-222,,,,+126y,,,-667,,,)
o 1/5(14y.tl12,.5-22%,  +42y,, 332, -66X )

Each of the following
a bi-quadratic integer:

eXpressions represents

125 (70¥,,05-44% 1+ 280y,..-1 765,01 50)
1115 (42y,.4-222,,,,+1 68y,,.,-882,.,+90)
15 (14Y, H 1124, 22X 0 5600y 442, 88,0, +30)

Each of the following expressions in Table 5
represent hyperbolas. Fach of the following expressions
in Table 6 represent parabolas.

Set 3: Introduction of the linear transformations

Table 4: Numerical examples according to n

n Apt) Yo+l Zy)

-1 10 7 12

0 4090 2713 4908

1 1627810 1079767 1953372

2 647864290 429744553 777437148

Table 5: Hyperbolas according to (P, Q)

Hyperbolas (P, Q)

11P3-Q? = 27500 TV <%, 4y, 1545, -220,11)

11P%-Q = 9900 (42011222011, 772041 -132¥0011)

LIP%-Q* =1100 Uy t1120 205, My MY -112,0)

Table 6: Parabolas according to (P, Q)

Parabolas P,

275P-Q7 =127500 (7 0¥ M09+ 50, 154%,44-220¥,)

165P-Q2 = 9900 (A 2Y220-2 22300030, TTZ001- 132501 )

3 5P'Q2 =1100 (v ot 117545-225000H1 0, 4 -Myn-117,4))
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Z =60, X =50 (12)
Equation 1 leads to:
¥ =1108+5 (13)

which is the positive Pell equation. The smallest positive
integer solution of Eq. 13 is:

a, =1, y,=4

To obtain the other solutions of Eq. 13, consider its
corresponding positive Pell equation represented by:

v =11’ +1

Whose general solution (&, 7.) 1s given by:

1

1
n :_fn> an = n
Y 2 2\ng
Where:

£ :(1o+3\/ﬁ)"+1 +(10-3Jﬁ)n+1, g, =
(10+3Jﬁ)“-(10-3~/1_1)m,n:-l, 0,1, 2, ..

Applying Brahmagupta lemma between (¢, v,) and
{&,,%.) the other mteger solutions of Eq. 13 are given by:

1

o, zafn+%gn (14)
- :2fn+ggn, n=-1.0 12, . (15)

In view of Eq. 12, we have:
X, =2 f + 0 3fn+£ (16)

+ n nazn+ = n
n+l 7 Jﬁg 1 Jl_lg

Thus, Eq. 15 and 16 represent integer solutions
toEq. 1. A few numerical examples are given in Table 7. A
few interesting relations among the solutions are given as:

* Xn+3_2oxn+2+x'n+l =0
¢ ISV Xe, t10%,, =0

Table 7: Numerical examples of Pell equation

¢ 15Yr 0%, %, = 0

* 15y,s-199%,110x,, =0
¢ 33x,,-50y,,, 1995y, =0
* 33Xn+2-5YH+3+5OYH+2 =0

¢ 33 S0Ys Y = 0

* YV Z20¥pr Y = 0

* Xw-300y,,-199%,, =0

* SV d0¥u-33x,, =0

Each of the following expressions represents a nasty
number:

s 6/25(40y,,,-22%,,+50)
o 265 (24yy-112,.,+30)
o 365 (16y,.,+112,,,-22%,,,,+20)

Each of the following expressions represents a
cubical mteger:

1725 (40y,,,4-22%,,,, 11 20y, -66%,,,)
1715 (24y,00-11 25,47 2y,.,-332,.,)
11016y, t+112,,5-22%, 448y, 332, -66x,, )

Each of the following
a bi-quadratic integer:

expressions represents

o 1125 (40y,,-22X,,,+160y,.,-88%,.,,+150)
o 115 (24y,.4-112,. 496y, -4z, ,,+O0)
o 11016y, 12,,-22%,,, 64y, 447, 88X, +60)

Each of the following expressions n Table 8 represent
hyperbolas. Each of the following expressions in Table 9
represent parabolas.

Set 4: Introducing the linear transformations:
Z=utv,y=u-v (7

Equation 1, 1t leads to:
x’ = 4uv+s (18)

Table 8: Hyperbolas
Hyperbolag

11P2-(% = 27500
11P2-0? = 9900
11P2-40* = 4400

(P. Q)

(40¥,41 22541, 88%pu1-110¥,41)

(245,01 -112,01, 442,41 -66,001)

16V, 112,41 -22% 1, 500122V -222,01)

n Xnt Yo+l Ly

-1 5 4 [

0 110 73 132

1 2195 1456 2634

2 43790 20047 52548

3 873605 579484 1048326

Table 9: Parabolas

Parabolas (P, Q)

275P-Q% = 27500 (40Va42-2 250042150, 88%,41-110¥,41)

165P-Q% = 9900 (24y,0-11 2, 430, 44z, -66v,.)

3 5P'2Q2 = 2200 (16vy ot 11750452250 4120, My 22y, 9-227.4))
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Table 10: Tlustrations

v u X v z

1 k*tk-1 2k+1 kk-2 k*+k

5 5k2-5k+1 10k-5 Sk2-5k-4 5k2-5k+6

11 11k*-15k+5 22k-15 11k*-15k-6 11k*-15k+16
11 11k2-7k+1 22k-7 11k%-7k-10 11k-7k+12
Table 11: Solutions

X ¥ z

2k*H+4k-1 2k+2 2k2-4k
k*+3k 2k+3 k*+3k+2
10k2-3 10k 10k3++2
5k*+5k-4 10k+5 5k*+5k-+6
22k?-8k-5 22k 22k2-8k+6
22k*+8k-5 22k+4 22k*+8k+6

Choose u and v such that the RH.S of Eq. 18 is a
perfect square and from which the x-value is obtained.
Substituting the comresponding values of u and v n
Eq. 17, the y and z values are obtained. This process 1s
illustrated in Table 10.

However, apart from the above sets of solutions to
Eq. 1, we have some more choices of integer solutions to
Eq. 1 which are presented in Table 11.

Section 2; Construction of Diophantine triples
Sequence 1: An attempt 13 made to form a sequence of
Diophantine triples (a,b.c), (b,c,d), ..., (c,d,e) with the
property D (1).

Case 1: Let a = k™k-2 and b = k*+k. Consider ab+1 =
(k*+k-17. Let ¢ be any non-zero integer. Consider:

act+l = (k2+k—2)c+l = pl2

(19)

betl = (k2+k)c+1 =q;

Performing some algebra, we have:
(I +k)pl-(k* +k-2)q) = 2 (20)

Using the linear transformations:
p, = XK +k-2)T, g, = X+(kK*+k)T (2D
Equation 20, we have:
X = (kK k-2 (k) T (22)

which 13 the Pellian equation with the imtial solution
T, =1, %, = k*k-1. Hence, from Eq. 21, we have:

p, =2k*+2k -3

Now from Eq. 19, we get:
c=4(k +k~1)

Hence, (a, b, ¢) 18 the Diophantine triple with the
property D (1).

Case 2: Letb =k*+k and ¢ = 4 (k*+k-1). Consider be+1 =
(2k*+2k-1Y. Let d be any non-zero integer. Consider:

bd+1=(k*+k)d+1 = p} (23)

cd+1= 4(k2+k-1)d+1 =q’
Performing some algebra, we have:
A{k +k-1)pi-(k+k) gl =3k*+3k -4 (24
Using the linear transformations:
p, = X+{K'+k)T, q, = X+4(K*+k-1)T (25
Equation 24, we have:
X =4(k k) (K +k 1) TP 41

which 15 the Pellian equation with the imtial solution
T, =1, X, = 2k2+2k-1. Hence, from Eq. 25, we have:

p, =3k +3k -1
Now from Eq. 23, we get:
d =3(3k*+3k -2)

Hence (b, ¢, d) 1s the Diophantine triple with the property
D).

Case 3: Let ¢ = 4 (I+k-1) and d = 3 (3k*+3k-2) Consider
cd+l = (6k*+6k-5¥. Let e be any non-zero integer.
Consider:

ce+1:4(k2+k—l)e+1:p§ 26)

de+1=3(3k"+3k - 2)et1=q;

Performing some algebra, we have:

3(3k*+3k-2)ps-4(k* +k-1)qi = 5k*+5k-2 (27)
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Table 12: Numerical examples according to k

k (a, b, c) (b,c,d) (c,d, e)

2 {4, 6, 20) (6, 20, 48) (20, 48, 130)
3 (10, 12, 44) (12, 44, 102) (44, 102, 280)
5 (28, 30, 116) (30, 118, 264) (116, 264, 730)
4 (18, 20, 76) (20, 76, 174) (76, 174, 480)

Using the linear transformations:

p, = X+4(k*+k-1)T, q, = X+3(3k*+3k-2) T (28)

Equation 27, we have:
X =12(k 1) (3K +3k-2) T 41

which is the Pellian equation with the initial solution
T, =1, X, = 6k™+6k-3. Hence, from Eq. 28, we have:

p, =10k’ +10k-9
Now from Eq. 26, we get:
e =5(5k*+5k-4)

Hence, (¢, d, e) is the Diophantine triple with the
property D (1). In all the above cases (a, b, ¢), (b, ¢, d), (c,
d, e), ... will form a sequence of Diophantine triples. For
simplicity and clear understanding, sequence of
Diophantine triples are exhibited in Table 12.

Sequence 2: An attempt 13 made to form a sequence of
Diophantine triples, (a, b, ¢), (b, ¢, d), (¢, d, e), ..., with the
property D (25).

Case 1: Let a = 5k™+5k-4 and b = Sk%5k+6. Consider

ab+25 = (5K2+5k+1)’. Let ¢ be any non-zero integer.
Consider:

ac+25 = (5k’+5k-4 )c+25 = p} 29)

bo+25 = (5k’+5k+6)c+25 =g

Performing some algebra, we have:

(5k*+5k+6]p;-(5k’+5k-4)q; =250 (30)

Using the linear transformations:
p = X+(5K +5k-4]T, q, = X+{5k*+5k+6)T (31)

Equation 30, we have:

X :(51<2+51<-4)(51<2+5k+6)T2+25

which 18 the Pellian equation with the imtial solution
T, =1, X, = 5k*+5k+1. Hence, from Eq. 31, we have:

p, =10k*+10k-3
Now from Eq. 29, we get:
o= 4(5k*+5k+1)

Hence, (a, b, ¢) is the Diophantine triple with the property
D (25).

Case 2: Let b = 5k4+5k+6 and ¢ = 4 (5k*+5k+1 ). Consider

be+25 = (10k™+10k+77. Let d be any non-zerc integer.
Consider:

bd+25 =( 5k’ +5k+6)d+25 = p} (32)

0d+25 = 4(5k* +5k+1)d+25 =

Performing some algebra, we have:

A(5k* +5k-+1)p] —(5k* +5k+6)q} =25(15k* +15k -2

(33)
Using the linear transformations:

p, = X+(SK’+5k+6)T, q, = X+4(5k +5k+1)T (34)

Equation 33, we have:
X = 45K +5k+6 ) Sk* +5k+1) T* 425

which is the Pellian equation with the initial solution
T,=1, X, = 10l2+10k+7. Hence, from (Eq. 32), we have:

p, =15k +15k+13

Now from Eq. 32, we get:

d:3(15k2+15k+8)

Hence, (b, ¢, d) is the Diophantine triple with the property
D (25).

Case 3: Let ¢ = 4 (5kK™+5k+1) and d = 3(15k*+15k+8).
Consider cd+25 = (30k’+30k+11)". Let ¢ be any non-zero
integer. Consider:
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ce+25 = 4(5k +5k+1}e+25 = p}

(35)
de+25 =3(15k" +15k+8)e+25 =
Performing some algebra, we have:
3(15k* +15k+8]p;-4(5k* +5k+1)q} = 36)

25(25k2+25k+20)

Using the linear transformations:

ps = X+4(5k" +5k+1) T, q; = X+3({15k* +15k+8) T

(37)
Equation 36, we have:

X = 12(51(2+5k+1)(15k2+15k+8)T2+25

which is the Pellian equation with the initial solution
T, =1, 3, = 30k*+30l+11. Hence, from Eq. 37, we have:

Py = S0k* +50k+15
Now from Eq. 35, we get:
e =25(5k’ +5k+2)

Hence, (¢, d, e) is the Diophantine triple with the
property D (25). In all the above cases (a, b, ¢), (b, ¢, d), (c,
d, e), ... will form a sequence of Diophantine triples.
For simplicity and clear understanding, sequence of
Diophantine triples are exhibited n Table 13.

Sequence 3: An attempt is made to form a sequence of
Diophantine triples (a, b, ¢), (b, ¢, d), (¢, d, e), ... with the
property D (121).

Case 1: Leta=11k"-7k-10 and b = 11k*-7k+12. Consider
ab+121 = (11K’-7k+1)". Let ¢ be any nen-zero integer.
Consider:

ac+121 = (11k*-7k-10)e+121 = p; (38)

bo+121=(11k*-7k+12)e+121=gf

Table 13: Numerical examples according to (a, b, ¢)

k (a, b, C) (b, c,d) (c,d, e

2 (26, 36, 124) (36, 124, 294) {124, 294, 800)

3 (56, 66, 244) (66, 244, 564) (244, 364, 1550)
5 (146, 156, 604) (156, 604, 1374) (604, 1374, 3800)
4 (96, 106, 404) (106, 404, 924) (404, 924, 2550)

Performing some algebra, we have:
(11k*-7k+12)p{ - (11k°-7k-10)q} = 2662 (39)
Using the linear transformations:

p, = X+(11K*-7k-10)T, g, = 40)

X+(11k2-7k+12)T
Equation 39, we have:
X’ :(11k2—7k—10)(11k2-7k+12)T2+121

which 18 the Pellian equation with the imtial solution
T, =1, X, = 11k*7k+1. Hence, from Eq. 40, we have:

p, = 22k*-14k-9
Now from Eq. 38, we get:
c=4(11k*-7k+1)

Hence, (a, b, ¢) 13 the Diophantine triple with the property
D (121)

Case2: Letb=11k-7k+1 2 andc = 4 (11k*-7k+1). Consider

be+121 = (22k*14k+13Y. Let d be any non-zero integer.
Comnsider:

bd+121 = (11k*-7k+12)d+121 = p}

(41)
cd+121 = 4(11k*-7k+1)d+121 = g}
Performing some algebra, we have:
4(11K*-7k+1) p3-(11K*-Tk+12) g} = “42)
121(33k*-21k-8)
Using the linear transformations:
p, = X+{11k*-7k+12)T, g, = 43)

X+4(11k2-7k+1)T

Equation 42, we have:

X = 4(11k2-7k+12)(11k2-7k+1)T2+121
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which is the Pellian equation with the initial solution
T, =1, 3, = 22k*-14k+13. Hence, from Eq. 43, we have:

p, =33k’ -21k+25
Now from Eq. 41, we get:

d :3(33k2—21k+14)

Hence, (b, ¢, d) is the Diophantine triple with the property
D (121).

Case 3: Let ¢ = 4 (11k*-7k+1) and d = 3 (33k*-21k+14).

Consider cd+121 = (66k*-42k+17Y. Let e be any non-zero
integer. Consider:

ce+121 = 4 (11k*-7k+1)e+121 = p}

(44)
de+121=3(33k*-21k+14)e+121 =g}
Performing some algebra, we have:

2 2 2 3
3(33k*-21k+14)p -4 {11k* - 7k+1)q} = 45)
121(55k* -35k+38)

Using the linear transformations:
- 2 -
p, = X+4(11k -7k +1) T, q, = 46)
X+3(33k*-21k+14) T
Equation 45, we have:
X* =12(11k7-7k+1)(33k"-21k+14) T* +121
which is the Pellian equation with the initial

solution T, = 1, X, = 66k*-42k+17. Hence, from Eq. 46, we
have:
p, = 110k*-70k+21

Now from Eq. 44, we get:

e= 5(55k2-35k+16)

Hence (c, d, ¢) 1s the Diophantine triple with the
property D (121). Tn all the above cases (a, b, ¢), (b, ¢, d),
(c,d e), ..
For simplicity and clear understanding, sequence of
Diophantine triples are exhibited in Table 14.

will form a sequence of Diophantine triples.

Table 14: Numerical examples

k (a, b o . cd (c.d, e

2 (20,42, 124) (42,124, 312) (124, 312, 830)
3 (48, 90, 316) (90, 316, 744) (316, 744, 2030)
5 (230, 252, 964) (252, 964, 2202) (964, 2202, 5080)
4 (138, 160, 596) (160, 596, 1374) (596, 1374, 3780)

RESULTS AND DISCUSSION
Section 3; Construction of special dio-triples
Sequence 1: An attempt is made to form a sequence of
special dio-triples (a, b, ¢), (b, ¢, d), (¢, d, e), ... with the
property D (26).
Case 1: Let a = 5k*5k-4 and b = 5k*5k+6. Consider

ab+a+b+26 = (5k’+5k+2). Let ¢ be any non-zero integer.
Consider:

actatc+26 = (5k2+5k—3)c+a+26 =p! @

boet+b+et+26 = (Sk2 +5k+7)c+b+26 =q;

Performing some algebra, we have:
(5k*+5k+7)p;-(5k* +5k-3)q; =250 (48)
Using the linear transformations:
p, = X+(5k +5k-3)T, q, = X+(5k*+5k+7)T (49
Equation 48, we have:
X? = (5K +5k-4)(5k* +5k+6) +10k* +10k+3) T* +25

which 15 the Pellian equation with the imtial solution
T, =1, X, = 5k™+3k+2. Hence, from Eq. 48, we have:

p, =10k’ +10k —1
Now from Eq. 47, we get:
¢ =20k’ +20k+7

Hence, (a, b, ¢) 1s the special dio-triple with the property
D (26).

Case 2: Let b = 5k+5k+6 and ¢ = 20k*20k+7. Consider
betb+c+26 = (10k™+10k+97. Let d be any non-zero integer.
Consider:

bd+b+d+26 :(5k2+5k+7)d+b+26 :pg (50)

cdtctd+26 =(20k’+20k+8)d+c+26 = q]
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Performing some algebra, we have:

(20K +20k+8)p3-(5k* +5k+7 ) = 51)

25(15k2+15k+1)

Using the linear transformations:

p, = X+(5k*+5k+7)T, q, = X+(20k* +20k+8)T (52)

Equation 51, we have:

(Sk2 +5k+6) (201<2 +20k+7) +
- T+25
25k +25k+14

which 13 the Pellian equation with the imtial solution
T, =1, X, = 10k™+10k+9. Hence, from Eq. 52, we have:

p, =15k’ +15k+16

Now from Eq. 50, we get:
d = 45k’ +45k+32

Hence, (b, ¢, d) 1s the special dio-triple with the property
D (26).

Case 3: Letc = 206+ 20k+7 and d = 451*4+-45k+32. Consider
cdtctdt26 = (30k+30k+17). Let e be any non-zero
integer. Consider:

ce+otet26 = ( 20k +20k+8)e+c+26 = p; (53)

de+d+e+26 = (45k+45k+33)e+d+26 = g

Performing some algebra, we have:

(45K* +45Kk+33)p;-(20k +20k+8)q; = 625(k ++1)

(54)
Using the linear transformations:

p, = X+{20k*+20k+8)T, q, = X+(45k*+45k+33)T

(35)
Equation 54, we have:

(201<2 +201<+7)(451<2 +451<+32)
+65k? +65k+40

XZ

T2 +25

Table 15: Numerical exarmnples

k (a, b, C) (b,c. d) (c,d, e)

2 (26,36,127) (36,127,302) (127, 302, 824)

3 (56, 66, 247) (66, 247, 572) (247, 572, 1574)
5 (146, 156, 607) (156, 607, 1382) (607, 1382, 3824)
4 (96, 106, 407) (106, 407, 932) (407, 932, 2574)

which 18 the Pellian equation with the imtial solution
T, =1, X, = 30k™+30k+17. Hence, from Eq. 55, we have:

P, =50k +50k+25

Now, from Eq. 53, we get:
e =125k’ +125k+74

Hence, (¢, d, e) 1s the special dio-triple with the property
D (26). In all the above cases (a, b, ¢). (b, ¢, d}, (¢, d, e). ...
will form a sequence of special dio-triples. For simplicity
and clear understanding, sequence of special dio-triples
are exhibited in Table 15.

Sequence 2: An attempt is made to form a sequence of
special dio-triples (a, b, ¢), (b, ¢, d), (¢, d, e), ... with the
property D (122).

Case 1: Leta=11K*-7k-10 and b = 11I*-7k+12. Consider
abtatbt+122 = (11k*-7k+2)%. Let ¢ be any non-zero integer.
Consider:

acta+ct122 = (11k’ - 7k -9)ctat122 = p; 56)

betbre+122 = (11k* — 7k+13)e+b+122 = g

Performing some algebra, we have:

(117 -7k+13)p-(11k*-7k-9)q} = 2662 (57)

Using the linear transformations:

p; = X+{11K*-7k9) T, q, = (58)

X+(1 1K -71<+13)T

Equation 57, we have:

- (11K7-7k-10)(11k*-7k+12 )+ T

22k’ -14k+3

which is the Pellian equation with the initial solution
T,=1, X, = 11-7k+2. Hence, from Eq. 58, we have:
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p, = 22k*-14k-7
Now from Eq. 56, we get:
¢ = 44k*-28k+7

Hence, (a, b, ¢) is the special dio-triple with the property
D(122).

Case2: Letb=11k"7k+12 and ¢ = 44k*-28k+7. Consider

botbtetl22 = (22k*-14k+15) *Let d be any non-zero
mteger. Consider:

bd+b+d+122 = (11K°7k+13]d+b+122 = p}

cd+ct+d+122 = (441<2-28k+8)d+c+122 =q; >
Performing some algebra, we have:
(401 28K8 )i (1105 Tt 13) g} =
121(33k’-21k-5)
Using the linear transformations:
P, = X+(11k2—7k+13)T: 9z = (61)

X+ {44K"-28k+8) T
Equation 60, we have:

, [ (11K -Ter12) (44K -28k+7) +

= T +121
55k*-35k+20

which is the Pellian equation with the initial solution
T, =1, 3, = 22K*-14k+15. Hence, from Eq. 61, we have:

p, =33k*-21k+28

Now from Eq. 59, we get:
d = 99k *-63k+50

Hence, (b, ¢, d) is the special dio-triple with the
property D (122).

Case 3: Let ¢ = 44I*-28k+7 and d = 99k%-63k+50. Consider
cdtct+dt122 = (66k*-42k+23) % Let e be any non-zero
integer. Consider:

cetotet122 = (44k’-28k+8 )e+c+122 = p}

detd+e+122 = (99k*-63k+51)e+d+122 = g

(62)
Performing some algebra, we have:
(99k*-63k+51)p;-(44k*-28k+8)q} = 63)
121(55k*-35k+43)
Using the linear transformations:
p, = X+(44k*-28k+8)T, q, = 64)

X+{99k"-63k+51)T
Equation 63, we have:

- (44K 28k +7)( 99k * -63k +50) + ol

143k*-91k+58

which is the Pellian equation with the initial solution
T, =1, X, = 66k*-42k+23. Hence, from Eq. 64, we have:

p, =110k*-70k+31

Now from Eq. 62, we get:
e =275k*-175k+104

Hence, (¢, d, e) 1s the special dio-triple with the property
D (122). In all the above cases (a, b, ¢), (b, ¢, d), (¢, d, e), ...
will form a sequence of special dio-triples. For simplicity
and clear understanding, sequence of special dio-triples
are exhibited in Table 16.

Sequence 3: An attempt 1s made to form a sequence of
special dio-triples (a, b, ¢), (b, ¢, d), (¢, d, e), ... with the
property D (2).

Case 1: Let a = k*+3k and b = I*+3k+2. Consider abta+b+
2 = (K*+3k+2Y. Let ¢ be any non-zero integer. Consider:

actatct+2 = (k2+3k+1)c+a+2 =p? (65)

botbteo+2 = (k*+3k+3)etb+2 = q;

Table 16: Numerical examples

k (a, b, o) (b,c,d) (c.d, e)

2 (20,42, 127) (42, 127, 320) {127, 320, 854)

3 (68, 90, 319) (90, 319, 752) (319, 752, 2054)
5 (230, 252, 967) (252, 967, 2210) (967, 2210, 6104)
4 (138, 160, 599) (160, 599, 1382) (599, 1382, 380
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Performing some algebra, we have:
(K*+3k+3)p; -(k*+3k+1)qf = 2 (66)
Using the linear transformations:
p =X+ 3k )T, g, =X+(k+3k+3)T  (67)
Equation 66, we have:
X = (13K ) (K +3k+2) <2k +6k+3) T +1

which 15 the Pellian equation with the imtial solution
Ty =1, 3 = k*+3k+2. Hence, from Eq. 67, we have:

p, = 2k*+6k+3

Now from Eq. 635, we get:
¢ =4k*+12k+7

Hence, (a, b, c¢) 1s the special dio-triple with the
property D (2).

Case 2: Let b = K'+3k+2 and ¢ = 4k*+12k+7. Consider
botbtet2 = (2k*6k+5). Let d be any non-zero integer.
Consider:

bd+b+d+2 = (K +3k+3)d+b+2 = p} ] (68)

cdtotd+2 = (4k”+12k+8)d+c+2 = g}

Performing some algebra, we have:

(4K°+12k+8)p3-(K*+3k+3) ¢} = 69)
3k*+9k+5

Using the linear transformations:

_ z _
p, = X+(K*+3k+3)T, q, = (70)

X+(4k2+12k+8)T

Equation 69, we have:

© (k*+3k+2)( 4k +12k+7 )+ _

Sk*+15k+10

which is the Pellian equation with the initial solution
T, =1, X, = 2k +6k+5. Hence, from Eq. 70, we have:

P, = 3k* +0k+8

Now from Eq. 68, we get:
d =9k*+27k+20

Hence, (b, ¢, d) is the special dio-triple with the
property D (2).

Case 3: Let ¢ = 4+ 2k+7 and d = 9k*+27k+20. Consider
cdtetd+2 = (6k*+18k+13Y. Let e be any non-zero integer.
Consider:

ce+c+e+2:(4k2+12k+8)e+c+2:p§ 1)
detdtet2 =(9k’+27k+21)e+d+2 = q;

Performing some algebra, we have:

(9k* +27k+21)p! - (4K’ +12k+8)q; = 5k’ +15k+13(72)

Using the linear transformations:

— 2 —
Py = X4 128 T | g, = 73)

X+(9k2+27k+21)T

Equation 72, we have:

(4k2+12k+7)(9k2+27k+20)+
X' = T
13k2+39k+28

which is the Pellian equation with the initial solution
T, =1, X, = 6k™+18k+13. Hence, from Eq. 73, we have:

P, =10k’ +30k+21

Now from Eq. 71, we get:
e =25k*+75k+54

Hence, (c, d, e) is the special dio-triple with the property
D (2). In all the above cases (a, b, ¢), (b, ¢, d), (¢, d, e), ...
will form a sequence of special dio-triples. For sumplicity
and clear understanding, sequence of special dio-triples
are exhibited in Table 17.

3336



J. Eng. Applied Sci., 14 (10): 3326-3337, 2019

Table 17: Numerical examples

k (a, b, C) (b,c. d) (c.d e

2 (10,12, 47) (12,47, 110) (47,110, 304)

3 (18, 20, 79) (20, 79, 182) (79, 182, 504)

5 (40,42, 167) (42, 167, 380) (167, 380, 1054)
4 (28,30,119) (30,119,272) (119, 272, 754

Section 4; Generation of solutions: Let (x,, v, z) be any
solution of Eq. 1. The solution may be in real mtegers or
in gausssian integers or in irrational numbers. Let (x,, v,
z,) be the second solution of Eq. 1 where:

X, =h-x,, ¥y, =h-y,, 2, =h+z, (74)

In which h 18 an unknown to be determined. Substitution
of Eq. 74 1in Eq. 1 gives:

h=2x,+2y,+27, (75)

Usmg Eq. 75 m 74, the second solution (x,, v;, z,) of Eq. 1
1s expressed in the matrix form as:

(X1= Yi: 4 )t :M(Xm Yoo &y )t

where, t 15 the transpose and:

1 2 2
M=2 1 2
2 23

The repetition of the above process leads to the
general solution (X, Y Ze) of BEq 1 written in the
matrix form as:

2 2 X“
Xn+1 Xu
Yorr 5| Y+ Y, (1) X Yo =012, .,
Zn+1 2 2 ZU

X X, Y,

where (%, y.) is the general solution of the Pellian
equation Y’ = 2X°+1. That is:

Y, - %{ (3+2v3) (3~ 245)"”]

%ol (o) 2

CONCLUSION

This research study concemns with the study of
the ternary quadratic Diophantine equation given by
xMy* = Z+5. Employing the solutions of the given
equation integer solutions to special hyperbolas and
parabolas are obtained. Further, using the solutions,
Diophantine 3-tuples and special dio 3-tuples are
constructed.
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