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Abstract: et G=(V, E) be a graph. A set ScV is called resolving set if for every u, veV there exist we'V such
that d(u, w) # = d(v, w). The resolving set with minimum cardinality 1s called metric basis and its cardinality 1s
called metric dimention and it is denoted by B(G). A set D=V 1s called dominating set if every vertex not in D
is adjacent to at least one vertex in D. The dominating set with minimum cardinality is called domination number
of G and 1t 18 denoted by y(G). A set which is both resolving set as well as dominating set 1s called metro
dominating set. The mimmum cardinality of a metro domimating set is called metro domination number of G and
it is denoted by yB(G). In this study we determine on the metro domination number of cartesian product of P,

P,and C,C..
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INTRODUCTION

All the graphs considered are simple, finite and
connected. Given a graph G = (V, E)and u, veV, d; (u, v)
(or sumply d(u, v)) denotes as distance between u and v in
(3, i.e., the length of a shortest u-v path.

Harary and Melter (1976) introduce the metric
dimension graph G. The vertex and edge sets of a graph
G are represented as V(G) and E(G). The distance between
vertices u, we V() is represented as dG{v, w) or d(v, w).
A vertex ac V() resolves a pair of vertices v, weV(G) if
d(v.a) # d(w, a). A set of vertices ScV(G) resolves G and
S 13 a resolving set of G, if every pair of distinct vertices
of G are resolved by some vertex in 5. A resolving set S of
G with mmimum cardinality 1s a metric basis of G and its
cardinality is the metric dimension of G, dencted by B(G).

Let D be a dommating set, if every vertex not m D 1s
adjacent to at least one vertex in D. The minimum
cardinality of a dominating set is called the domination
number of the graph G and denoted by y(G). The cartesian
product of two graphs G, H 1s a graph with vertex set V(G3)
V(H) and ((g,, h). (g;, h)) €E(GH) if and only if
either g, = g, and (hy, hy) eE(H) or (g, g;) €E(G) and
h, =h, (Dirac, 1952).

Vizing (1963) was mitiated by the domination
mumber of the cartesian products of graphs and also
were intensively investigated in the past (Vizing, 1963,
El-Zahar and Pareek, 1991 ; Jacobson and Kinch, 1983).
We define a metro dominating set and which can be
served as a better alternating for the locating dominating
set as A dom inating set D of V(G) having the property

that for each pair of vertices u, v there exists a vertex a in
D such that d(u, a)#d(v, a) is called the metro dominating
set of G. The minimum cardinality of a metro dominating
set of G 1s called metro domimation number of G, denoted
by vP(G) (Buckley and Harary, 1990).

Remark 1.1: For any connected graph G,yp(G)zmax
fiy @), B}

MATERIALS AND METHODS

On the metro domination number of Cartesian product of
P, P.: In this study, we determine some of known result
on the metro domination number of cartesian product of
P.F.

Theorem 2.1: For all m, n,yp (P,, P,) = [n+1/ 2] nz4.

Proof: Consider P,, P, as two canonical copies of P, with
vertices lebeled u, u,, ... , u, and v, v,, ... , v, with for
each i, w v, the only edges between the two paths.
Domination number y(P,, P,) = [nt1/2] (Tacobson and
Kinch, 1983) and metric dimension PP, P = 2
(Khuller et al., 1996). The dominating set 1s also serves as
metric set, thus, (Eq. 1):

YB(P,. B,) = {“7”} M

To prove the reverse inequality we find a metro
dominating set of cardinality n+1/2. We define a set D as
follows:
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Fig. 2: yp(P,, Py =7

e D ={uyyk:1},n=1(mod 4)
e D,={vy, kell,n=3(medd

Choose D in above cases and then DI = [n+1/2]
proved and D is a dominating set, in fact for every v,cV-D
by the choice of D, at least one of v,, or v,,; must be n D
and which deminates v,, by using Khuller et al. (1996), D
is resolving set. Hence, (Eq. 2):

VB, P,) < [“ﬂ @

Therefore, from Eq. 1 and 2:

1B(p,. P = {n;} (3)

Ex: The mimmal metro dommating set of a graph G of
Fig. 218 5

Theorem 2.2; For all m, n:

n— " ) ifne3 ns4k 46 k > ifn
(P;,P,)= 4

(n+1)-[n-1] ifn=dk+6kz=1

Proof: Consider P, P, as three canonical copies of P,
with vertices lebeled u, v, ... , u, v, v, ..., v, and
W, Wy ..., w, with for each I, u, v, w, the only
edges between the three paths. Dominatio number
v(P,, P) = n- [n-1/4] (Jacobson and Kinch, 1983)
and metric dimension B(P,, P) = 2 (Khuller et ai., 1996).
The dominating set is also serves as metric set, thus,

(Eq. 4):

n-1

YB(P,. P.) =n- {T} &)

To prove the reverse inequality we find a metro
dominating set of cardinality n [n-1/4]. We define a setD
as follows:

» D, ={uu; kel}, n=3(mod4)
* D;= vy ke1}, n=1{mod4)
» D;= 4wy, ke1}, n=3(mod4)

Choose D in above cases and then DI = n-[n-1/4]
proved and D is a dominating set, in fact for every v,eV-D,
by the choice of D, at least one of v;-1 or v;+1 must be in
D and which dominates v, by using Khuller ef al. {(1996),
D is resolving set. Hence, (Eq. 5):

1B, P < n{ﬂ s)
Therefore, from Eq. 4 and 5:

YB(R, P)=n- {ﬂ (6)

Ex: The minimal metro dominating set of a graph G, of Fig.
3is7.

Theorem 2.3: Forall m, n, yp(P,,P)=n,n=4,7 8 andn
=10.

Proof: Consider P,, P, as four canonical copies of P, with
vertices labeled u,, u,,: u,, v, V2, ..., V, Wy, W5, ... , W, and
X, X, X, With each for i, w, v;, w, x, the only edges
between the four paths. Domi-nation number y(P,, P,) =n
{Tacobson and Kinch, 1983) metric dimention p(P,, P,) = 2
(Khuller et ai., 1996). The dominating set is also serves as
metric set, thus, (Eq. 7):

v(P,.P)zn (7

To prove the reverse inequality we find a metro
dominating set of cardinality n. We define a set D as
follows:

Case; 1: Suppose n = 4+ 3k for some integer k=0. Let.
D= fu, v, w, Xt D, = X, s t=0,1, .., [K/2]} and
Dy = s Waas X =0, 1, ., [K/2]}. Set D =D ,uD,uD,.
Tt is easy to show that D is a dominating set of P,, P, of
order n (Chartrand et al., 2000; Elumalai and Karthikeyan,
2014).
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Fig. 4 yp(C,. CH=6

Case 2: Suppose n 8+3k for some mteger k=0.
Let. D, = {us, vy, Wy, X Xg, s, We, X}, Dy = X, Viress Uges
t=0,1, ... [k2]} and D; = {1, Wiz Xpwrs 1= 1, .,
[2]}. Set D = DuD,uD;. Again, it can shown that D
15 a dominating set of P,, P, of order n.

Case 3: Suppose n = 12+3k for some integer k=0. Let.
Dy = {uy, v gy, Vi, Uy, Vo, W, Wy, Wig, Xg, X, Xy D7 = X,
Vowss Uz £ = 0,1, [K2]} and D; = {010, Wiz X!
t=0,1, ..., [ K2} SetD = D,uD,uD,. As above, D is
dommating set of P,, P, of order n.

Choose D in above cases and D= n proved and D is
a dominating set, in fact for every vieV-D, by the choice
of D, at least one of v, or v;,, must be in D and which
dominates v, by using Khuller et al. {(1996), D is resclving
set. Hence, yP(P,, Po<n Therefore, from Eq. 1 and 2

Y, P) =

116

RESULTS AND DISCUSSION

Generalisation result
Theorem 3.1: For all m, n, yp(P,,, P)< mn/5.

Proof: Label the vertices of P, P, as y; for I <i<m, 1< j<n.
Consider the vertices y,, where, j = 2, (mod 5). There are
not more than mn/5 of these vertices and they dominate
of all P, P,except for approximately 1/5 th those vertices
of the form W, V. Yu. ¥ It 1s sufficient to show that not
more than 2/5 (m+n3+2 vertices of P, P, are not dominated
by this set. Hence, by using Jacobson and Kinch
(1983), for lower bound, 1/5 yp(P,, P.)< 1/mn) (mn/5+2/5
(m+n)+2). By using Khuller ez al. (1996), we note that the
dominating set which satisfies the above condition also
serves as metric basis. Thus, yp(P,, P,)< mn/5.
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Fig. 5 yP(Cs, Cy =7

On the metro domination number of cartesian product of
C,., C.: In this study we determine some of known result
on the metro domination number of cartesian product of
C,.C,wherem=23_4, 5and 6.

Theorem 4.1: For all m, n, yB(C;, C,) =n -[n/4], n>4.

Proof: Let D be a domiating set of C,, C,. Letu, u,, ...,
W, vy, V.., v, and w,, w, ..., w, are the vertices of
C,-C,, respectively such that for each1,1=1, 2, .. ,n-1.
Domination mumber v(C.-C,) =n [n/4] (Klavzar and Seifter,
1995) and metric dimension B(C,, C,)1s 3 if m or n is odd
and 4 otherwise (Caceres et al, 2007). The dominating set
1s also serves as metric set, thus, (Eq. 8):

YB(C,, C,) = n m ®)

To prove the reverse inequality we find a metro
dommating set of cardinality n[n/4]. We define a set D as
follows:

e D=y, 121, n=3mod4)
D,=vys 121 g,n = 1{mod 4)
D;=w,,: 121 g, n=3(mod 4)

117

\'
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Choose D in the above cases and then |D| = n-[n/4]
proved and D 13 a dommating set, in fact for every
v,eV-D, by the choice of D, at least one of v, or v;,; must
be in D and which dominates v,, by using Caceres et al.
(20073, D 15 resolving set. Hence, (Eq. 8):

YR(C,. C, )< n{“ﬂ )]

Therefore, from 11 and 12 yp(C;, Cy=n/4.

Ex: The mmimal metro dominating set of a graph G,
of Fig. 318 7.

Theorem 4.2: For all m, n: yp(C,, C)=n,n >4.

Proof: Let D be a dominating set of C,, C,. letu, u,, ...,
Uy Via Voo oo , X, are the
vertices of C,-C, respectively such that for each i,i=1, 2,
.., n-1. Domination y(C,, C)) = n (Klavzar and Seifter,
1993) and metric dimension B(C,, C)1s 3 if m or n 1s odd
and 4 otherwise (Caceres ef al., 2007). The dominating set
is also serves as metric set, thus, (Eq. 9):

LV, WL W, ., W, and X, X, ..
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YB(C,, C,) = H—|:%:| (10)

To prove the reverse inequality we find a metro
dominating set of cardinality n. We define a set D as
follows:

o D=y 121}, n=1(mod2)
e D= fw, 121} g n=2mod2)

Choose D in the above cases and then |D| = n
proved and D 1s a dommating set, in fact for every
v,£V- D by the choice of D, at least cne of v, or v, must
be in D and which dominates v, by using Caceres ef al.
(2007), D 18 resolving set. Hence, (Eq. 10):

YB(C,, C)=n (1)
Therefore, from Eq. 10and 11:
YB(C,. C)=n (12)

Ex: The mimmal metro dommating set of a graph G, of
Fig. 415 6.

Theorem 4.3: For allm, n:

n+1 ifnz23,n=5k,kz=21
n ifn = 5k, k =21

cocn- |
Proof: Let D be a dominating set of C,, C,. Letu,, u,, ...,
Uy Viy Vi ey Voo Wi, Woy oo, Wiy X, X oo Xpand vy, vy, ooy
v, are the vertices of C,-C; respectively such that for
eachi,i=1, 2, ..., n-1. Dominatio number y(C.-C,) = nt+1
(Klavzar and Seifter, 1995) and metric dimension p(C,, C,)
is 3ifm or n is odd and 4 otherwise (Caceres et al.,
2007). The dominating set is also serves as metric set,
thus, YP(Cs, Czn +1. To prove the reverse inequality we
find a metro dominating set of cardinality n+1. We define
a set D as follows:

¢« D, ={u 11}, n=1(mod5)
¢ D,=vq; 11t n= 4(mod 3)
o Di=wy, 121t n=2(mod5)
¢ D,=x,121}, n=5mod 5)

¢ D,=vy,: 121}, n=3(mod5)

Choose D in the above cases and then|D| = ntl
proved and D is a dominating set in fact for every v,eV-D
by the choice of D, at least one of v, or v;,; must be in D.
and which dominates v,, by using Caceres et al. (2007), D

is resolving set. Hence, (Eq. 12):

YR(C., Caz=n+1 (13)
Therefore, from Eq. 11 and 12:

YB(C,.Ch=n+1 (14)

Ex: The mmimal metro dominating set of a graph G,
of Fig. 518 7.

Theorem 4.2: For all m, n: yB(C,, C,)=2n,n =4.

Proof: Let D be a dominating set of C;, C,. Letu, u, ...,
U, Vs Vg, o > X Yo ¥ Yoo
and z, 7z, .., z, are the vertices of C,-C, and C,,
respectively such that for each 1,1=1, 2, ... , n-1. By
using Klavzar and Seifter (1995) and metric dimension
P(C..Cois 3 ifm or n 15 odd and 4 otherwise
{(Caceres et al., 2007). The dominating set 1s also serves as
metric set, thus, yP(C,, C.)z2n. To prove the reverse
mnequality we find a metro dominating set of cardmality
2n. We define a set D as follows:

SV Wy W o, Wy oy X, Xy, oo

o D,=vy, 121}, n=1{mod 2)
s D,=w, :1=1} n=2(mod2)
o D,=vy,,: 121}, n=1(mod2)
s Dy=2zy:121} n=2(mod2)

Choose D in the above cases and then |D| = 2n proved
and D is a dominating set, in fact for every v,eV-D by the

choice of D, at least one of v, or v,,, must be in D and

il i
which dominates v, by using Caceres ef al. (2007), D is
resolving set. Hence, Hence yB(C,, C,) < 2n. Therefore,

from 1 and 2 yp(C,, C,) = 2n.
CONCLUSION

Determination of the locating domination number of
a graph is equivalent to finding the least number of
monitors that can do the contamn task in a given graph or
network. Metro dommating set better
alternating set for the locating dominating set. Using this
concepts we are finding the results for Cartesian product
of some graphs which 1s absolutely finer than the locating
domination number.
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