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Higher Order Complex Differential Equations
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Abstract: Tn this study, we shall study the radial oscillation of solutions of n-th order complex linear differential

equations £ ¥ A, (z) f*" .+ A(Z) T +AL(z)f = F (z) where, A(z), j =0, 1,

..., n-1 and F(z) are transcendental entire

functions. We shall add some conditions on coefficients which show the relation between the Borel directions
of solutions f and that of F(z), further we obtain some estimates of growth of solutions m the angular

demains.
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INTRODUCTION

In this study, the Nevanlinna theory in an angle 1s an
important tool (Wu, 1994a, b, Zheng, 2011). In what
follows, we also assume the reader 1s famihiar with the
classic Nevanlinna theory in the complex plan C and the
standard notations such as Nevanlinma characteristic
T(r, f), proximity function m(r, f) and the deficiency &(a, 1)
with respect to a (Hayman, 1964; Laine, 1993). Let
O<g<P<2m, we let:

Q (o, By = {ze Clarg (2)e (o, P,
Q (o, B 1) ={Z[zeQ (0. B), |71}

and let S(e..B) denote the closure of Q(a, B).

Definition 1.1; Huang and Wang (2015): Let g{z) be a
function analytic in Q(a, P). The order of g on Qw, P) is
defined by:

log™log™ M (1, Q (&, B), g)
log r

P o p (8) = lim sup

If g(z) is an entire

plg)zp,,

where, M, Qe B), 5)= sup |sire?)
on C, the order™(g) of g satisfies

olg).

Definition 1.2; Huang and Wang (2015): The
sectorial order p,.(g) and the radial order py(g) are
defined by:

log'log"' M (r, Q (B-c, B+¢, 8+ ), g)
logr

Pg . (8) =lim sup
r—pes

s (g) = IEEE Pg < (g)

sectorial, resp. radial,
zeros of g are

respectively. Similarly, the
exponent of
defined by:

convergence for

log"n (Q(0-€,0+8, 1), g =0
log r

he o (g) = lim sup
’ T—hoo

}‘*e(g) = 11_{2 }‘*e, g

]

where, n((}(B-€, B+e, 1), g = 0) stands for the
number of zeros of g in Q(6-e, 6+e, r) counting
multiplicity.

Definition 1.3; Huang and Wang (2015): Let {(z) be a
transcendental meromorphic function of order p. The ray
arg (z) = 0 is called a Borel direction of f if for any
€0, Ay . (f-a) = p with at most two exceptional values
acCu {=}.

Definition 1.4; Huang and Wang (2015): Tet f be a
meromorphic function, then the lower order u(f) of f is
defined by:
i (£) = lim inf log™T (r, f)
e logr
We mention the Nevanlinna characteristic for an
angle (Wu, 1994a, b).
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Definition 1.5 (Goldberg and Ostrovskii, 2008; Wu
19%4a, b): Let 0<B-z<2m, k = 7/Pp-« and h(z) is
meromorphic on the angular domain Q (¢, p), we define:

k oo 1 t°
Agp by == .L {t—k-r? }{10@

h (re™)

h (tew)

Hog" ‘h (te‘ﬁ)‘} %

2k B
Bup(nh)="1 Llog*

sink (6-ct) d6

I

1 b .
T Jsmk (B, o)

C,pn,h)=2 2{
1<‘hv‘<r

D, g(r,h)y=A, 4 (r,h)+B, , (r, h)
B (W) =D, ¢ (r, +C, ; (1, h)

v

where, b, = |bJé™, (v =1, 2, ...) are the poles of h(z) in
Qo B. 7). counting multiplicities.

Definition 1.6; Huang and Wang (2012): For any
(a<eo)eC, we write C, 4(r, h = a) = C, ((r, 1/(h-a)) and for
any 0<e<mn/Zk (Huang and Wang, 2012; Goldberg and
Ostrovskii, 2008):

C,q(h=a)> 2{1&{} sin(ke) % n{Qf-e, 6+, 1), h-a=0)

We use 0, (h) to denote the order of S, ; which is
defined by
I S h
0, g (1, h) =lim sup log 8,4 (t, I}
) r—soo log r

Definition 1.7; Laine (1993): Set B (z,, 1) = {z|z-z |<1,},
the set D = U”,_, is called a ¥ 1 <o if 7, and

r,oee as zoee. Wu (2005) first studied the Borel
directions of solutions of second order linear
differential equations:

f+A (2) [+B (2) [ =F (2) (1.1)

where, A(z), B(z) and F(z) are entire functions. In this
study, we shall consider the n-th order linear complex
differential equation:

FOLA (DT A (2) PHA, (2) f =F () (1.2)

where, A(z), =0, 1, ..., n-1 and F(z) are entire fimctions.
We introduce the results obtained by 7. Huang and
Wang (2015) for Eq. 1 as follows:

Theorem A; Huang and Wang (2015): Let A(z), B(z) be
entire  functions with finite order, let F(z) be
transcendental entire and max {p(A), p(B)}<p(F) = . If

arg(z) is a Borel direction of F, then it is alsoa
Borel direction of every non-trivial solution f{z) of
Eq 1.

Theorem B; Huang and Wang (2015): Let A(z), B(z) be
entire functions with finite order, let F(z) be
transcendental entire and max {p(A), p(B)} <p<e. Suppose
that f{z) 1s a solution of Eq. 1. If arg(z) = 0 is a Borel
direction of F(z), then for any angular domain £{c,p)
contained the ray arg(z) = 6 with B-c>1/p, there exists a
Borel direction of fin Q(a, B).

Theorem C; Huang and Wang (2015): Suppose that A(z),
B(z) are entire functions with p(A)=p(B). If f{z) is a
non-trivial solution of equation:

fr+A(z) f+B (Z) f = 0

Then mesI(f)>min {2m, w/p (B)} where, I(f) =
1B€[0.27): pg = =}, Wu (1994a, b) used the Nevanlinna
theory in an angular region to study the growth of
solutions of complex differential equations in an angular
domam and some simmilar results about higher order

differential equations were obtained by several
researchers (Wi, 2013; Xuand Y1, 2009).

MATERIALS AND METHODS

Some needed lemmas: In this study, we give some lemmas
which is used in proof of our results.

Lemma 2.1; Milloux (1951): If h(z) is an entire function
with O<p(h)<es, then a Borel directions of order p forh’'(z)
1s also a Borel direction of order p for h(z).

Lemma 2.2; Sun (1987): Let h(z) be an entire function of
infinite order. Then the ray arg(z) = 0 is a Borel direction
of infinite order for h if and only if arg(z) = 0 1s a Borel
direction of infinite order for h'. Let f(z) be meromorphic in
the disc |z|<1, we define the order of f(z) in unit disc by
llrt;x} sup log™ T (r, f)(logl/1-1):

Lemma 2.3; Chuang (1999): Let f be meromorphic
function of infinite order. Then, the ray arg(z) = 0 is one
Borel direction of order 6 of { if and only if f satisfies the
equality:
. logSe . 6. (1. 1)
lim sup —————— ~ ==
e logr

2.1)

For any e{0<e<n/2).

Lemma 2.4; Wu (1994a, b) and Zhang (1993): Suppose
that f(z) is a transcendental entire function with order
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p(h) = p(0<p=es) and Q(w,p) is an angular domain with
B-e=m/p. If there is no Borel direction of order p for f(z) in
Qfet, () then p, ; (D<p.

Lemma 2.5; Huang and Wang (2012): Let z = rexp(ilr),
ryHl<r and <\ < where, O<B-z<2m. Suppose that n (>2)
1s an mteger and h(z) is analytic in Q (1, ¢, B) with o,
Then for every ££(0, B-0¢/2), G = 1,2, ..., n-1) cutside a set
of linear measure zero with o, =ty " ¢, andp, =p-3 " ¢,

there exist K=0, M=>0 only depending onh, €, ..., €,, and

€ (a,,, P,..) and not depending on z such that:

h™ (z)
h(z)

2
<K (sjnk (\u—ot)l_l[sin k, (IIJ-OLJ )}

=1

for all ze€ (a,,, B,.,) outside a R-set D where, k = m/p-c
and sin k; = 7 (Bie¥"', G =1, 2, ..., n-1). The definition of
Polya peak for the Nevanlinna characteristic T (r, f) could
be found by Zheng (2011) and Yang (1993).

Lemma 2.6; Baernstein (1973): Let f{z) be a
transcendental meromorphic function of finite lower order
1 and have one deficient value a. Let A(r) be a positive
function with A(r) = o(T(z, £}) as r=2c. Then for any fixed
sequence of Polya peaks {r,} of order u, we have:

lim inf mes D, (1,, a) >min{2n, 4 arc sin 8((;’1?)}
r—beo vl

3.1
where, D, (r, a) is defined by D,(r, <) = {6¢[-T, T}
[fre®)= @ T} and for finite a, D, (1, a) = {0e[-Tt, T): |f
(re18)|< eA ) Ti, t)} )

Lemma 2.7; Zheng (2011) and Wu (2005): Let f(z) be
meromorphic and of order A (O<A<ee) in the finite plane. If
B: argz =0, 0<0,<21 1s a Borel direction of f{z), then there
exists a sequence of disks:

&, (=12, .)

F] = {z: |z-zj|<aj|z]

}, z]:|z]

with lim |z | = es, lim ¢, = 0 such that f(z) takes every complex
e joee

number at least n, = |z[*" times in T, except possibly for
those numbers contamed in two spherical disks each with
radius e™ where }ig}SJ =0.

RESULTS AND DISCUSSION

Theorem 3.1: Let A(z),1= 0, 1, ..., n-1 be entire functions
with finite order, let F(z) be transcendental entire and

max {p{a)), p(A)}<p(F) =c. Let f20 be a solution of Eq. 1.2

lzjzn-1
and arg (z) = 0 is a Borel direction of F, then arg (z) = 0 is
also a Borel direction of f.

Proof: Under the condition max {p(A;), p(Ag)}<p(F) = o,
it is easy to see that every solution f of Eq. 1.2 must also
satisfy p(f) = «. Suppose that argz = 0¢ [0, 21) is a Borel
direction of F (z). By Lemma 2.5, for any sufficiently
small e

. log 8q  av (1, F)

limsup ——————"= =oo

e log r

It follows from (1.2) that:
S e BPSSy o GIPHA, @I L FA DT A2

which implies:
(1-0(1) Sq. gre (1, F)S Y 8o o, (1, £
1=10

Tt follows that there exists at least one such that:

. logS,__ 4. (T, £
limsyp —————— ==
e log 1

By using Lemma 2.3 again, we deduce that argz = 0 1s
also a Borel direction of . Hence by Lemma 2.2, the ray
argz = 0 is a Borel direction of {.

Theorem 3.2: Let A(z).7=0,1, 2, ., n-1, F(z) be as in
theorem (3.1) and max {p (4)), p (4,)}<p ®) = p=eo. f arg (z)=6

1s a Borel direction of F(z), then for any angular domain
Q(w, B) contained arg(z) with p-ec>1t/p, there exists a Borel
direction of fin Q(«, B) where £#0 is a solution of Eq. 1.2.

Proof: Suppose that argz = B¢ [0, 271) is a Borel direction
of order p for F(z). By Lemma 2.7, there exists a sequence
of disks I', = {z|z-z|<€|Z [}, G =1, 2, ...) with argz = 6,
lim | z;| = oo and ling; =0. For entire functions, « is always a
Picard value, so, < 13 located in one of the two spherical
disks in Lemma 2.7. Denote the spherical distance of z,, z,
by |z,, z,| and we can find a point b,cD; such that:

1 -‘z‘p-ﬁ
-=2e"

S ——
(1+‘F(b])‘2)2

(3.2)

where, lim 8=0. Then, we can find a constant C

independent of j such that for all sufficiently large j:
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P8

\F (b)), oo\ >Ce\zJ

Since, [b;| = (1+o(1)) |z|, we can conclude that for any
given >0

Jim sup log log M (1, Q (6-¢, B+€), F) >0 (32)
£ Logr

We assume that there exists no Borel direction of f in
€(w, P). Tt is easy to see that every solution f of Eq. 1.2
must satisfy 0<p(f) = p<eo. By Lemma 2.1, Q{e, p) also
does not contain any Borel direction of £, (=1, 2, ..., n-1).
Thus, applying Lemma 2.6, we get:

. log log M (1, Q (r, Q (o, B), F)
litn sup 3 “<p
r—seo ogr

.1=0,1..,n

(3.3)

Since, max {p(A), p(Aq)} <p, substituting Eq. 3.2 and

Eg. 3.3 into 1.2 yields a contradiction. Therefore, there
must have at least one Borel direction in € (u, ).

Theorem 3.3: Suppose that A, (z),] =0, 1, .., n-1 are entire
functions with (Ap=p(A), j =1, 2, ., n-1. If {0 15 a
solution of equation:

FO4A  (Df 0 LA (DA, () f=0 G

Then, mesI (f)zmin {27, T/p (A;)} where I(f) = {0€[0,
27 polf) = ).

Proof: Suppose that mesl(f)<o: = min {21/p (A;), so,
{: = 0-mesI(£)=0. Since, I{f) is closed, clearly S = (0, 2)/(f)
15 open, 80, it comsists of at most countably many
open intervals. We can choose fmitely many open
intervals T, = (g, By (1= 1, 2, ..., m) satisfying [e;, =S and
mess (S/AU"_, T)<(/4. For the angular domain Q(w; B,), it is
easy to see:

Q (o, BINT () =2

for sufficiently large . This implies that foreachi=1, 2, ...,
k, py =t0 and from the definition of 8, ; (fi<es. Therefore,
by Lemma 2.7 for sufficiently small £>0, there exist two
constants M>0 and K>0 such that:

f9(z)
f(z)

<KEr™,s=12....n (3.4)

for all zeu®_, Q{et2¢e, P-2€), cutside a R-set H. Applying
Lemma 2.6 to Ay(z) gives the existence of the Polya peak
{r,} of order u(A,) such that r,¢{z, zcH} and for
sufficiently large n:

mes (D, (1, %)) > G = min {27:,

T } (3.5)
H(AY)

where, we take the function A(r) as:

A(r)—max{’ logr fT(r’ Aj)}, i=12,..,n-1
T, A VT, Ap)

Without loss of generality, we assume Eq. 3.5
holds for all the n and set D (r,) = Dy (1, ) for
brevity. Clearly:

mes (D(r,)NS) = _mes(DAr,)

3¢
TS > mes (D(rn))-mesl(f)>7

(3.6)
Then for each n we have:

-

3

k
Ut
i=1

Cw

L }m D, )J =mes (S D(z, ))-mes

1

(3.7)

ND (x,) %-E:E

Tt implies that there exists at least one open
interval I, = (o, Py of 1,(1 =1, 2, ..., k) such that for
infimitely many j:

mes (D (1) (a, B))>;‘—k>0 (3.8)

Set F, = (D (1r;) n (aut+2e, B-28)) it is easy to see:

o 5 (1)) ) 7654 59

From Eq. 3.1, we have:

fi flot f
T-An_l(z) T, . AI(Z) —

AD(Z):' £

From p (A)<p (A,) and Eq. 3.4, we can cobtain:

e ot | )
%!‘log ‘Au(r]ee)‘ do S%[{Elog T@J‘e)

de+0{1) <mes(F) (T(r,, A )+O(log 1))
<c¢mes(F) A'(1)T(1, Ay), q=1,2, ., n-1

+log” ‘Aq (1."j eie)‘}

(3.10)
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where, C; is a positive constant. Regarding Eq. 3.9 and
3.10 yields a contradiction. Therefore, there must have:

mes I(f)>G:=min {27‘5,

T }
l“l (1 i )

The Nevanlinna theory of value distribution of
meromorphic functions in the finite plan is very powerful
tool to study the higher order complex differential
equations.
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