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Abstract: The purpose of this research is to extend and study types of topological spaces as Lindelof spaces

by using coc-r-open sets. In this study, we study and introduce the concepts of coc-r-open sets. A special
intrest types of spaces called coc-r-Lindelof and T-coc-r-Lindelof are studied and obtain some of their basic
properties. We introduce new types of functions using coc-r-open sets. Moreover, the relation between
Lindelof, I-Lindelof, coc-r-Lindelof and I-coc-r-Lindelof spaces are studied and mvestigated the topological

properties of them using coc-r-open sets.
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INTRODUCTION

We recall the concept of a I-Lindelof space by using
coc-r-open sets and give some important generalizations
on this concept and also we prove of some results on this
concept. By Al-Ghowr and Samarah (2012) researchers
provided coc-open sets m the topological spaces where
they studied continuity by using these sets. Later, some
researchers have studied these sets and expanded by
Stone (1937), regular open sets were introduced and used
to define the semiregularization space of a topological
space (Willard, 1970, Bowbaki, 1989) studieded the
concept of compact space by JTankovic and Konstadilaki
(1996) introduced the concept of re-compact, re-Lindelof,
countably rec-compact, perfectly k-normal, Luzin
space, generalized ordered space by Al-Zoubi and
Al-Nashef (2004) introduced the concept of I-Lindelof

spaces.

Definition 1.1 (Al Ghour and Samarah, 2012): A subset
B of topological space (X, T) 1s said cocompact open set
(coc-open set) if for each x in B there is open set
G in X and compact subset LeC (X, 1) such that
x€G-LcB. The complement of coc-open set they call it
coc-closed.

Remarks 1.2 (Jasim, 2014):

*  Each open set is a coc-open set

¢  Each closed set is a coc-closed set

¢ Thereverse of (1, 2) is not always happen

Definition 1.3 (Stone, 1937): A subset A of a
topological space (X, 1) they call it regular open set
(r-open set ) if A = 5" The complement of regular open
set they call it regular closed (r-closed) set and it easy to
see that A is regular closed if A = &

Remarks 1.4 (Willard, 1970):

»  Eachr-openset is open

s+  Eachr-closed setis a closed

»  The converse of (1, 2) not always happen

Remarks 1.5 (Willard, 1970):

¢ The family of all r-open sets in X is symbolized RO
(X, 1)

»  The family of all r-closed sets in X 15 symbolizedd RC
(X1

Definition 1.6: A subset B of topological space (X, 1)
they call it co-compact regular open set (coc-r-open set)
if for each x in B there 18 r-open set GcX and compact set
L in X such that xeG-LcB, the complement of coc-r-open
set they call it coc-r-close set.

Remark 1.7: Each coc-r-open set is not necessarily to be
open set, every coc-r-closed set is not always to be
closed set. Also, each open set 1s not necessarily to be
coc-r-open set and every closed set is not necessarily
to be coc-r-closed set.

As the next examples
Examples 1.8: Let, X = {a, b, ¢}, 1= {o, X {a}, {b}, {a,
b}l be a space on X, the coc-r-open sets are {X, ¢, {a},
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Fig. 1: The following diagram shows the relation between
types of coc-r-open sets

{b}, {c}, {a, b}, {a, ¢}, {b, c}} then {c} 1s a coc-r-open but
it is not open and {b} is coc-r-closed but it is not
closed.

Tet X = {1, 2 3, ...}, © = {GcX: 1eGluin! be
topology on X, the coc-r-open sets are {G<3X: G°}. Noetice.
that {1} is an open but is not coc-r-open and {2, 3, ....} is
a closed but it is not coc-r-closed.

Remarks 1.9:

*  Eachr-open set 1s coc-open

+  Eachr-closed is coc-closed

+  Each r-open set is coc-r-open set

s  FEachr-closed set is coc-r-closed set
»  Each coc-r-open set i1s coc-open

+  Each coc-r-closed set 1s coc-closed

Proof: It is clear.

Remark 1.10: The converse of remarks 9 1s not always
happen as the next examples:

Examples 1.11: Let, X={a, b, ¢}, 1= {2, X, {a}, {b}, {a,
b}} be a topology on X. Tt is clear {a, b} is a coc-open:
coc-r-open but it is not r-open and {C} 1s coc-closed,
coc-r-closed but it is not r-closed.

LetX=1{1,2.3,... .}, 1= {GcX 1eG}lu{a} atopology
on X, the coc-r-open sets are {GcX: G° is finitelu{s?,
thus, {1} is a coc-open but it is not coc-r-open and
{2,3, ...} 18 a coc-closed but it is not coc-r- closed
(Fig. 1). The relation between types of coc-r-open sets.

Remarks 1.12:

¢ The intersection of two r-open set is r-open (Willard,
1970)

*  The mntersection of r-open sets and open set 1s open

¢ The intersection of two coc-r-open set is coc-r-open

¢ The union of coc- r-open sets is coc-r-open set

*  The mntersection of coc-r-open sets and coc-open set
1s coc-open

¢ The intersection of two coc-open set is coc-open
(Al Ghour and Samarah, 2012)

Proof: Clear. Let C, Dbe coc-r-open, to prove Cn coc-r-
open set. Suppose xeCrD, then xeC and xeD, since,
C, D are coc-r-open, thus, there exist two r-open sets G,
WcX and two compact subset K, T, such that xeG-KcC,
xe€W-LcD, therefore, xe(G-EK)nN(W-L)cCnD wmply that
xe(GrKON(WrL"=CnD then, xe{GnW)HIN{K“nL"cCrD
thus, we get xe(GNW)-(KuL)cCnD by using (1) GUW 1s
r-oper, since, KuLcX 1s compact set in X. Hence,
CnD  is coc-r-open.

Let Aca, e/ be cocr-open to prove u,, AC 1is
coc-r-open. Suppose x€uU,.,, then xeAc for some ceh,
since, Ag 1s coc-r-open, thus, there is r-open sets UncX,
compact subset Ka such that xeUg-KecAo for some
aeh, since, Aacu, . Ac. Hence, cu,, is coc-r-open.
Clear.

Definition 1.13 (Radhy, 2010): Let X be a topological
space and C be a subset of X. A point xeC they call
it r-mterior point in C if there 1s r-open set G mn X
containing x such that xeGcC.

The set of all r-interior points of B they call it
r-interior subset of B, it 1s symbolized and C* r-open set
in X such that {BcC?}.

Definition 1.14 (Radhy, 2010): TLet X be a
topological space and B be a subset of X. The

mtersection  of all r-closed sets of X which
contains B are called r-closure of B and is
denoted B .

Remarks 1.15 (Radhy, 2010): Let X be a topological
space and B be a of subset, then:

s B CB°

» Bcyp

» Ifxep’, then for any r-open set G in X contains x we
have GnB#¢

« If B a closed subset of X, then, B® is a r-open
subset

s If A anopensubsetof X, then, A isa r-closed set

* If Aa r-closed set, then A 1s closed set

Definition 1.16 (Radhy, 2010): A space X 15 said to
be r-compact if every r-open covering of X has a finite
sub covering.

Proposition 1.17 (Radhy, 2010):

»  Every compact topological space 1s r-compact

¢+  Eech r-compact subset of T, topological space is
r-closed set set
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Theorem 1.18: Let X be T,-space and A a subset of X

*+ If Aisacocr-openinX, then, A =A™
o IfAisacocr-closedinX, then, A= &

Proof: Let A 15 cocr-open m X, since, ACA°CA,
we need to prove that AcA®. Let x€A, since, A 1s
coc-r-open, thus, there exist r-open G, compact set K
such that xeG-KcA. Since, every compact is r-compact
and X be T,-space, thus, K is r-closed set (by using
Proposition (1.17), (1), (2)), so, K r-open subset in X and
x€GnKcA and G, K° are r-open sets in X, therefore,
GnK® is r-open in X, hence, x€ A"

Let xea” and x¢A, then xeA® since, A is
coc-r-closed n X, thus, A® is coc-r-open in X and xe€AS,
there exist r-open U, compact subset K such that
x€U-KcA®  Since, K is compact m X,
therefore, K 13 r-compact, so, K 1s r-closed (by using
proposition (1.17), (1), (2)), then K" r-open, since, UnK"®
is r-open, x€UrK“cA®, xe o and using by remarks (1.15),
(3) then (UrK")A#¢d this is contradiction with
UrnKC c AS, thus, xeA, since, Ac A" hence, A= &~ .

subset

Remarks 1.19:
¢+ The coc-r-open sets is a topology on X symbolized
by t*

+ IfXis a finite set then t™ is a discrete topology

* A closed subset of compact space X 15 compact
relative to X (Lipschutz, 1995)

* In each topological space, the interssection of
compact set and a closed set 1s compact (Lipschutz,
1995)

* Each compact subset of T,topological space 1s
closed set (Lipschutz, 1995)

+ A topological space (X, 1) is regular space if for each
x€ in x and open set UJ in X such that x there is an
ope n set W such that x eWc w’ (Dugundji, 1978)

* A space (X, T) s called T,-space if X 1s regular space
and T,-space (Dugundji, 1978)

*  Every T;-space 1s T,-space (Dugundji, 1978)

Proposition 1.20 (Radhy, 2010): Let X be regular space,
1f AcX 18 an open then AeRO (X, 1).

Corollary 1.21: Let X be regular space, if FeX is a closed
then FeRC (X, T).

Proof : Tt is clear.

Theorem 1.22: Let (x, T) be T, topological space, thus,
THCT.

Proof: Used Bet® to prove Bet. Let xeB, thus, there
is r-open set GcX and compact subset I. such that
x€G-LeB, thus, xeGNLcB. Since, L is compact and X
is T -space, therefore, L is closed, so, L° is open. By using
remarks (1.19), (5), so, GrL* is open set in X. Hence, BeT.

Remarks 1.23: Let (X, 1) be a T, topological space, thus:

s Each coc-r-open set is open
s Each coc-r-closed set is closed

Proof: It clear.
Theorem 1.24: Let (3, 1) be a regular-space, then t=t*

Proof: Clear by using proposition (1.20) and remarks (1.9),
(3).

Theorem 1.25: Let (X, T) be a T,-space, then T=1"
Proof: Tt is clear.

Definition 1.26: Let (X, 1) be a topological space and B be
subset of X. The intersection of all coc-r- closed subsets
of X which contains B called coc-r-closure of B and is
denoted 8° such that 8 = n {F: F cocr-closed set in X
and BcF}

Remark 1.27: 5% smallest coc -r-closed set contains B

Proposition 1.28: Let (X, 1) be a topological space and
AcBcX. Thus:

. 2™ is an coc-r-closed set
*  Aiscocrclosedsetif A= 2"

— k. —1k —1k
* AUB =A UB
. KrK c Kﬂ{

= —x'

Proof: It 1s clear.

Proposition 1.29: Let X be a topological space and AcX.
Then, xe 2™ iff for every coc-r-open setg in x contained
point X we get GNAz#d.

Proof: It 1s clear.

Proposition 1.30: Let X be space, A and B be subsets of
X
» &l’k :¢ , il’k -x
——tk —rk —rk
. AUB =A UB

— k. —rk —rk
hd AUB cA UB
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Proof: It clear.

Definition 1.31: Let X be topological space and A be a
subset of X. The umon of all coc-r-open subsets of X
containing in A they call it coc-r-interior of A symbolized.
A™suchas A= U {U: U coc-r-open set in X and UcA}.

Proposition 1.32: Let X a topological space and B a
subset of X, thus, B*"* is the largest coc-r-open set
containing in B.

Proof; Clear by definition of B™.

Proposition 1.33: Let X be a topological space and B be
a subset of X, then xeB"™ if and only if there is coc-r-open
set U contaimng x such that xeUcB.

Proof: It is clear.
Proposition 1.34: Let X be a space and AcBc X, thus:

+  A™is coc-r-open set

* A s cocr-open ifff A™®
- Anrk — (Anrk)nrk

¢ If AcB then A™ c B™*
o AR o AUB)™

o ATNB™C(ANB)™

Proof: It is clear.

Proposition 1.35: Let (X, T)a topological space, A a sub
set of X, thus:

- SV gk
RN
A"y :(Ac)
] K’ :(Acuﬂc )C
. S
aro(a]
‘cAand 2* cocr - closed

coc-r-open set in X but (Ac)
with Ac) ca°. By using

Proof: Since, aca™, then (z»
subset m X, then /3™

coc-r-open subset &
proposition (1.32), then:

et

Now: Let xe(A°)™ thus, there is coc-r-cpen set G in X
such that xeGC A", to prove ../ z*V
Let xe(Kﬂ‘ . thus, xea”,
coc-r-open subset n X
Hence, GnA+¢, this is contradiction with G2 A, so,
xe(?‘ )C . Hence:

since, x€3 and G

(a)" (&) )
From Eq. 1 and 2, weget (A°Y k= E )
By using Eq. 1, then, ¢ ~(a mk)c
By wsing Eq. 1, (& Aﬁ‘ )”I then, ( ﬂ)“: o

By using Eq. l,Ac —af, then, o ( )

On coc-r-P-open and coc-r-regular open sets
Definition 2.1 (Kumar and Chowdhary, 2011): A subset
A is said to be B-open setif , _* The complement of f-
open is said P-closed. A subset A is called P-closed set
lf Eg A,

Definition 2.2: A subset B is said coc-r-p-open set if
BQET“’*_. The complement of coc-r-f-open is called
coc-r-f-closed. A subset B is called coc-r-B-closed set

ok ?
if g%* " g,

Remark 2.3: 3-open — coc-1-B-open.
coc-1-p-open—7® P-open. As the following examples
shows:

Examples2.4: Letx = {1,2,3, .}, 1= {GcX: 1eGluid}
then {GeX: G7is finite}. U {d}, let A = {1}, then 5" o
then A is not coc1-P- openbut 77 _y, then A is [3 open.
Let X ={a, b, ¢}, T= {o, X, {a}}, then t* = {A: AcX]},
then {b} 1s cocrP-open but s not P-open because

b -0

Remark 2.5: Every coc-r-open is coc-r-P-open set in X
but the convers is not true in general as the following
example shows.

Example 2.6: Let X = R with usual topology, since, X 18 T,
and regular space, then T = % A = (0, 1], thus, A
is coc-r-f-open but is not coc-r-open in X.

Remark 2.7: The mtersection of two coc-r-p-open sets
18 not necessary coc-r-P-open set as the following
example show.

Example 2.8: Let X = R with usual topology, since, X 18 T,
and regular space, then T=1% C=(1,2], D=[2,3),
thus, C, D are cocr-P-open but CrD = {2} is not
coc-r-open in X.

Remarks 2.9: A subset B 1s called cocr-X-open in
(X.T)if B is called P-open in (X,v*). The family of all
coc-r-f-open subsets in X is symbolized BO (X, t%).
Every r-open is coc-r-f-open set.
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Definition 2.10: Let (X, 1) be a topological space and
BcX. Then, B is said coc-r-regular open subset in X if
p=5"". The complement of coc-r-regular cpen set is
said coc-r-regular closed and it easy to see that B is
coc-r- regular closed if p_gF*

Remarks 2.11: A subset B 15 called coc-r-regular open in
(X,T) if B is called r-open in (X, ™). The family of all
coc-r-regular open subset in X is symbolized RO (X, t*).
The family of all coc-r-regular closed subset in X is
symbolized RC (X, 1™).

Remarks 2.12: If AcRO (X, 1) then A is coc-r-open but
the convers is not always happen such that the next
example.

Example 2.13: Tet, XX = {1,2, 3, ..}, 1= {G=X: 1eGluin},
then T = {GcX: GCis finite}u e}, let A= {1,3,4,5, ..} is
coc-T-open in X but 2* " —x , hence, A¢RO (X, 1™).

Proposition 2.14:

s If Ais coc-r-open, then & exdx ]

« I Ais coc-r-closed, then &% €RXT)

e IfA, BeRO (X, 1), then ANBeRO (X, ™)
o T ACBO (X, T%), then Ferqi#)

Proof: It is clear.

Remarks 2.15:

¢ If AcRO (X, 1%), then AePO (X, %)

¢ IfAcRC (X, ), then AePO (X, T

o IfAeRC (X, v™), then A is coc-r-closed

Proof: It is clear.

On I-coc-r-Lindelof spaces

Definition 3.1 (Bourbaki, 1989): A topological space (X,
1) is said Lindelof if each open cover of X has a
countableb sub cover.

Definition 3.2: A space X is said to be a coc-r-Lindelof if
each coc-r-open covering of X has a countable sub
covering.

Definition 3.3 (Al-Zoubi and Al-Nashef, 2009): A
topological space (X, T) is said I-Lindelof if each
covering F of X by r-closed subsets of the topological

space (X, T) contaiming a countable subcover L such that
X =ui{F% Fel.l.

Definition 3.4: A topological space (X, T) 15 said to be a
I-coc-r-Lindelof if each covering F of X by coc-r-regular

closed subsets of the topological space (X, T) containing
countable subcover I. such that X = u{F*: Fel.l.

Examples 3.5: The following are straight forward examples
of T-coc-r-Lindelof spaces.

Let X = {1, 2, 3, ..}, T = {GcX 1eGlu {p} then,
7% = IGcX: G° is finite} U {a}, since, all coc-r-regular
closed sets of the topological space (X, T) are 2, X,
thus, ¥ 1s I-coc-r-Lindelof.

LetX=1{1,2,34}, v={o, X, {4}, {2, 3}, {2, 3, 43}
then v = {G: Gc3 . Thus, X is I-coc-r-Lindelof.

Theorem 3.6: The next are equivalent for a topological
space (X, T):

*+ X 1s al-cocr-Lindelof

s  Each cover {U,: aeN} of X by coc-r-P-open subsets
containing  a
thatX:UueNKrkd

»  Every family {U,: we/} of X by coc-r-regular open
subsets with empty intersection containing a
countable subfamily such that

countable  subcover such

Proof: (I)~(i1) Let {U_ aen} cover of X by coc-r-B-open
subsets, thenT edx#|, (by using proposition (2.14), (4))
for all e Thus, éU_m"‘ .ae Al forms covering of X, since,
X 18 I-coc-r-Lindelof, therefore, Eﬂ‘ :QEA} has a
countable subcover such that x=v, T, """

(11)~1i1)

Used {U,: aer} be a family of coc-r-regular open sets
of X with empty intersection. Since, U,* eRC (¥, 1) for all
ael. by using (remarks (2.15), (2) ) we get 17,7 PO (X, T5)
for all aer. Since, N,, U, = o, then X = U, US,
thus, {U," aen} is cover of X By assumption, {U,:
aeA? has a countable subcover such that Therefore,

o ok —i &
_ ark? = ok _
T et (Uum ) D= U Muctt U

X=y Uy
(111)~(1)
Let {F, wel} be covering of X by coc-r-regular
closed sets in X, thus, X = u,,,, F,. thus, & = N, F.°.
Since, I, eRC (X, t), therefore, F," RO (X, ™) for all e
by assumption The family {F,” ¢ € A} has a
countable subfamily such that g-n g " Then
x=U,_, (a“ ) U, B, hence, X is I-coc-r-Lindelof.

Definition 3.7: A topological space (X, T) is said to
be T-coc-r-compact if each covering u of X by
coc-r-regular closed subsets of the topelogical space
(X, T) containing finite subcover v such that:

10207



J. Eng. Applied Sci., 13 (24): 10203-10212, 2018

X=u{U"™ Ue vV}

Remark 3.8: Every I-cocr-Compact space is T-coc-r-
Lindelof and the converse is not necessary as the next
example.

Example 3.9: Let, X = {1,2 3, ...}, 7= {A: AcX} then 1™
= {A: AcCX}, since, (X, %) is desecrate topology, then
AeRC (X, v™) for each A subset of X, ¥ is a countable
set, thus, X 1s I-coc-r-Lindelof but {{x}: xeX} 1s a cover
of X such that {x}eRO (X, T™) but it has not a finite
subcover, hence, X is not T-coc-r-compact.

Remark 3.10: Every coc-r-Lindelof space 15 not
necessary to be I-coc-r-Lindelof as the next example.

Example3.11: Let X={1,2 3, ..}, 1= {GcX: 1 ¢Gtu{X}
then t* = {GcX: 1650 {GcX: 1€G, GUis finite}, thus, X
is coc-r-Lindelof space but the cover {A = {1, 2, 4,
6, L HufiXy, xgAl of X by coc-r-regular closed

sets is a countable cover but X#A™u,,= {2, 4,6,

b Uen = §x}

Definition 3.12: A topological space (X, T) is said
coc-r-extremally disconnected (coc-r-ed ) if & is
coc-r-open for every coc-1- open G n X.

Proposition 3.13: If CnD = &, C is coc-r-open, then
¢rD = .

Proof : Let CND = », then there is xeCnD™, since, CriD =
2 and C cocr-open, thus, x¢D, so, xeD* and CND-{x} #o.
Therefore, CnD = o, this is contradiction, hence,
¢rD = .

Proposition 3.1: A space X is coc-r-e.d if for all G,
WeRO (X, ™) with GnW = o, then G* ~W"*=0.

Proof: Let X be coc-r-ed and G, WeRO (¥, %) with
GrW = o. Since, GeRO (X, 1), then G is coc-r-open, thus,
G*~W" =@, (By using proposition (3.13) ). Since, X is
coc-1-e.d and WeR O (X, t%), therefore, W™ is coc-r-open
in X, so, W'ng =@ by using proposition (3.13).
Conversely : Let G be coc-r-cpen, then G rdx#) (By using
proposition (2.14), (1)), thus, T =dx#), since, & is coc-T-
closed , therefore, & eRcx®) (proposition (2.14), (2)),
since, g% ~g" -@ by using assumption we get

o lkﬁaﬂ‘“m,@ ,then — == kae .80, g g™, then &*

. = s =
1s cocr-open. Hence, X 1 coc-r-e.d.

Proposition 3.15: If X is coc-r-e.d, L is subset of X such
that LeRC (X, %), then L. coc-r-open.

Proof: Let LeRC (X, v%), then p_F¥*, since, X is
coc-r-e.d, thus, T=* 1is coc-r-open, hence, L. coc-r-open.

Proposition 3.16: Every I-coc-r-Lindelof space is
coc-r-e.d.

Proof: Let X be T-coc-r-Lindelof space. Suppose X is not
coc-1-e.d, then there is G, WeRO (X, t™) such that GnW
=gpbut g~ w2z . Thenthere is xeG ~w" , since, G,
WeRO (X, ), thus, G°, WeRC (X, t™), therefore, {G°
W forms a covering of X, since, X is [-coc-r-Lindelof
space, so, X = G™UW™ Let x€G"™™ but x<&" , then
G NG # 2. Since, G"*NGc GG, this is contradiction,
thus, ¢"~w'=z . Hence, X is cocr-e.d (By using
proposition (3.14)).

Remark 3.17: The convers of proposition 3.13) is not
necessary true as the next example.

Example 3.18: Let, X = R with indiscrete topology, then
= {A: AcX}, then X is coc-r-e.d Since, {x}eRC (X, ™)
for every x in x, since, the cover {{x} xeX} of X has nota

otk

countable subcover such that X = U, {x}*™

Theorem 3.19: Every coc-r-Lindelof, coc-r-e.d space
1s I-coc-r-Lindelof space.

Proof: Let {F,: ceA} be covering of X, F.e RC (X, t) for
all aef, then, F, 1s coc-r-open for all e/ (By using
Proposition (3.15) ). Thus, {F, cei} is covering of X by
coc-r-open  subsets, since, X is coc-r-Lindelof space,
therefore, {F, «e€f} has countable subcover such
that X = U, Fo = Uy Fo™ Hence, X is I-cocr-Lindelof
space.

Remark 3.20;
o I-cocr-Lindelof 7 I-Lindelof
»  T-Lindelof #* I-coc-r-Lindelof

As the following examples show.

Examples3.21: 1) Tet X ={1-4},1={x, X, {4}, {2, 3}, {2,
3, 434, then, ¢ = {G: Gc X3,

Thus, X 18 I-coc-r-Lindelof, since, {1, 2, 3}, {1, 4} are
r-closed coverof X but X = {1,2, 33" u {1, 43" = {2, 3}
w §4t = {2 3 4} thus, X is not I-Lindelof.

Let X = R with indiscrete topology, then 1% = {A:
AcX}, thus, X 1s I-Lindelof but X is not [-coc-r-Lindelof.

Definition 3.22: A topological space (X, T) is said
S-coc-r-Lindelof if each covering F of X by coc-r-regular
closed subsets of the topological space (X, T) contamning
countable subcover L such that X =u {F:FelL}.
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Remark 3.23: BEvery I-coc-r-Lindelof space is S-coc-r-
Lindelof but the convers is not necessary as the next
example.

Example 3.24: Tet X = {1, 2, 3, 4, ...}, 1 = {G=X:
1¢GIU{XY, then, T = {G c X: 146G U{GX: 1€, G°is
fimte}, thus, X 1s S-coc-r-Lindelof, since, A = {3, 5.7, ...}
is cocr-open in X but A*=1357.} is not coc-r-open
in X, therefore, X 18 not coc-r-e.d, hence, X 1is

not I-coc-r-Lindelof (By using the convers of Proposition
(3.13)).

Theorem 3.25: A topological space (X, T) is I-coc-r-
Lindelof iff it a coc-r- e.d and S-coc-r-Lindelof space.

Proof: The necessity 15 clear. We prove the sufficiency.
Let {F,: weA} be covering of X by coc-r-regular closed
sets, since, X is coc-r-e.d, then F, is coc-r-open for each
wer (By using Proposition (3.15) ), thus, F, = F,"™. Since,
X 18 S-cocr-Lindelof space, therefore, {F,: ae/} has
countable subcover such thatx-=u_,E, =v,E™. hence,
¥ is T-coc-r-Lindelof.

Definition 3.26: A topological space (X, T) 1s said to be
coc-r-regular space iff for every x in x and closed subset
C of X such that x¢#C there exist coc-r-open sets G, W
such that GNW = 2, x€G and CcW.

Definition 3.27: A space (X, T)is said to be coc-r-regular
space if for each x in X and coc-r-closed subset F of X
such that x#F there exist disjoint coc-r-open sets G, W
such that xeG and CcW.

Proposition 3.28: A topological space (x, T) 1s
coc-r-regular space iff for all x in X and all open set U in X
such that xeU there 1s cocr-open set G such that
XeGc Eﬂc c U.

Proof: Let X be coc-r-regular space and xeX be open
subset m X such that x€U. Then, U° 1s closed set in X and
x¢1F then, there is coc-r-open sets G, W such that
GNW = &, x€G and TFcW. Since, GnW = o, thus GcW*
and WcU. Hence, yeGoG  cw' cw U

Conversely: Let x in X and L. be closed set in X such that
x¢L then L° open set in X and xel.®, thus, there is
cocr-open  set G such  that XeGC G I .
Therefore, . EGC((}rk)E and G (@k)c coc-r-open sets which
have empty intersection. Hence, X coc-r-regular.

Remark 3.29: A space X 15 said to be coc’-r-regular
space iff (X t™) is regular space.

Proposition 3.30: Let X be coc’-r-regular space, if G is
cocr-open then G € (¥, t™).

Proof: Let G 1s coc-r-open in X, since, X 18 coc’-r-regular

space, then for each xeG there exists an coc-r-open set
W, such that:

XxXeW, erk =G
(By using Proposition (3.28) ). Thus:
—k 1
G=w {WX xe@G f
So = 3" Hence, G € RO (X, T%);

Tl ark

—rkork ——rk s otk
G =(u W, ) =(u W, )

xeC b:4 xeC b:4

Remark 3.31: If X is coc’-r-regular space, C 18 coc-r-
closed then CeRC (3, ).

Proof: It is clear.

Definition 3.32 (Gleason, 1958): A topological space (X,
T) 1s said to besaid to bextremally disconnected (e.d) in
case Gis open for each open set G in X

Remarks 3.33 (Gleason, 1958):

» Aspace X 13 e.diff forall G, WeRO (¥, 1) with Gn'W
=g, then, Gnw=3

» If a topological space X 1s e.d, then every r-open, -
closed in X is open set

Theorem 3.34: If a topological space X is ed space,
then every coc-r-Lindelof is I-Lindelof.

Proof: Let {F,: ce/} be r-closed cover of X, then F 1s
closed for each qen, thus, F, 1s r-open for each aeh ( by
using remarks (1.4), (2) and Remarks (1.15), (4)). Since, F,
1s 1-closed for each ce/ and X 1s e.d space, therefore ,F,
15 open set m X for each e/ ( by using remarks (3.33),
(2)), s0, F, 18 r-open, then, F, is coc-r-open set in X for
each we/. Since, X is coc-r-Lindelof, thus, the cover {F,:
aeA? has a countable sub cover such that X = U
{Feo1=12 ., ntufF,>1=1, 2, ., n} Hence, X 1s
I-Lindelof.

Theorem 3.35: If X is cocr-e.d , coc’-r-regular space,
then the followimng are equivalent:

* X 1s S-coc-r-Lindelof
*» X1s I-coc-r-Lindelof
* X 1s cocr-Lindelof
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Proof:

(L)— (1)

Clear by using Theorem (3.22).
(1)—> (1)

Let {U,xe/} be cover of X by coc-r-open subsets,
since, X is coc’-r-regular space, then by using proposition
(3.30) we get UeRO (X, ™) for each we/. Thus,
T *ere (0,1 for each aeA, therefore, U, “uenl formsa
cover of 3, since, X 1is I-coc-r-Lindelof, therefore,
éU_m"‘aE ~} has countable subcover such that x—, =

ecause U, € RO (X, v™) for each aer, so, X = Uy U,

Hence, X Is coc-r-Lindelof.

(iii)—» (i)
It 18 clear by using Theorem (3.19) and remark (3.23).

Remarks 3.36:

¢ If X is T,space (T, regular space), then, every
coc-r-closed 1s r-closed

o If X is Ta—space, then X is ed if and only if X
is coc-r-e.d

¢+ IfXis T;-space, then X is regular space if and only if
X 18 coc’-r-regular space

Proof: Used AcX be coc- r-closed, since, X is T;-space,
then, X is T,-space, thus, A is closed subset in X,
therefore, A 18 r-closed (X 1s regular space). From (11), (1)
it is clear, since, X is T,-space, then T = 1%

Theorem 3.37: If X is T,, ed space, thus, the next
statements are equivalent:

»  ¥is cocr-Lindelof

+ X is I-Lindelof

¢« X is Lindelof

¢« X 1is I-coc-r-Lindelof

Proof:

)= (Gi)

Since, X 1s e.d, thus, X is [-Lindelof (theorem (3.34))
Gy (iii)

Let {1, cefr} be open covering of X. Because X is
T.-space, then X 1s regular space, thus, U, 1s r-open in X
(Proposition (1.20) ) for every ceh.

Since, U, is open in X, therefore, U, is r-closed
(Remarks (1.15), (5)) for each e

Then, {U;:ae Al forms a coverng of X . Because X
18 I-Lindelof, therefore, {0, :ae A} has countable subcover
such that x=u,, U, =, U,., hence, X is Lindelof space.
(i1 = (iv)

Let {F,aeA} be covering of X by coc-r-regular
closed subsets, then, F, is coc-r-closed of X, thus, F,

is r-closed for each ce/ (By using Remarks (3.36), (1) ),
thus, F, is open for each ae/ (By using Remarks (3.33),
(2)), therefore, {F,: weAt forms a cover of X, since, X 1s
Lindelof, so, {F, aeA} has countable subcover such
that ¥ = v,y F, Becawe X is Trspace, then F,
coc-r-open in X for each ae/, thus, ¥ = U, F,."*, hence,
¥ 18 I-coc-r-Lindelof.
(w)—» (1)

Tt is clear by using (Remarks (3.36), (2), (3)) and
Theorem (3.35).

Theorem 3.38: Let g X-Y be a co-r-continuous
function, onto and (Y, T+) be coc-r-e.d space, incase X is
coc-r-Lindelof] thus, Y is I-coc-r-lindelof.

Proof: Let {F ¢ei} be covering of Y by coc-r-regular
closed subsets, since, Y is a coc-r-e.d, then, F, is
coc-r- open in Y for each wer (By using Proposition
(3.15)) because g 18 coc-r-continuous function, thus, g
(F,)is cocr-open in X. Because Ycu,, I,
therefore, X =g (Y) c u,., g (F,), so, {g(F,): zeA} forms
a covering of 3. Since, X is coc-r-Lindelof, then, {g(F,):
o€/} has countable subcover such that Xcu,,, g" (F,.),
since, g onto, thus, g (X) = You,, g (' F.) = u.y
F,. = Uy F. ™ hence, Y is I-coc-r-Lindelof,

Theorem 3.39: Let g: X~ Y be a coc-r-open function,
byective and (X, Ty) be cocr-e.d space, if Y 1s
coc-r-Lindelof, thus, X 1s I-coc-r-Lindelof.

Proof: Let {F ¢ei} be covering of X by coc-r-regular
closed sets. Because X 1s coc-r-e.d, thus, F, 13 coc-r-open
in X for each e/ (By using Proposition (3.18)) because
g 1s a coc-r-open function, thus, g {F,} 1s coc-r-openin Y
but X c U, F,, therefore, Y =g (X)cu,. g (F,). so, {g (F,)
aeN} forms a cover of Y, since, Y 1s coc-r-Lindelof, then,
{g (F: aer} has a countable subcover such that
YUy g (Fo, thus, X = g7 () € Upr 2 ( Fa) = U Fog
=u, F.o* hence, X is I-coc-r-Lindelof.

Theorem 3.40: Let go X-Y be a coc-r-continuous,
coc-r-open function, onto and X coc’-r-regular space, if
X 18 I-coc-r-Lmdelof, thus, Y 1s also.

Proof: Let {F,; ceA} be cover of Y by coc-r-regular closed
subsets, then, F,? € RO (X, ), thus, F,° coc-r-openin Y
for each e/, since, g 18 a coc-r-continuous function,
therefore, g (F,")is coc-r-open in X for each weh, so, (g
(F,O)is coc-r-closed inX for each aeh, since, X coc’-1-
regular space, then g’ (F,%) € RC (3, *) (By using Remark
(3.31)), since, You,, F,. thus, X = g"' (Yicu,., g" (F,),
therefore, {g' (F,: cerl forms a covering of X,
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since, X is I-coc-r-Lindelof space, then, {g' (F,»
aeA} has countable subcover such that Xcu,, (g'

(F)™.

Thus, we get Y = f (x)cg ((g" (F,.) M=u,, (g

(F,o0™ hence, Y is I-coc-r-Lindelof,

Definition 3.41: Let X~Y be a function of space X mto
space Y thus, gis said S-coc-r-P-closed function if for
every veY and for every G € v with g (y)cG, there exist
p-open set V such that yeV, g (V)=G.

Definition 3.42: A topological space (X, T) 1s said
cocr-P-space if the countable union of coc-r-closed
subsets is coc-r-closed

Definitions 3.43 (Jankovic and Konstadilaki, 1996): A
topological space (X, T) is said re-Lindelof if each
covering of X by regular closed subsets of the topological
space (X, T) containing countable subcover.

Proposition 3.44 (Jankovic and Konstadilaki, 1996): A
topological space (X, T) is said re-Lindelof iff each
covering 1 u of X by P-open subsets containing
countable subcover v such that X = {U:Uev}.

Proposition 3.45 (Al-Zoubi and Al-Nashef, 2003):
Each I-Lindelof space 1s re-Lindelof space.

Definition 3.46: A function g: (X, 1)-(Y, 1) is said super
coc-r-open if g (1J) is open in Y for each coc-r-open U in
X

Theorem 3.47: Tet g: X-Y be a function of space X into
space Y 1if g super coc-r-open then
! (g)gg-l(B)"‘ , for each B subset of V.

function

Proof: Letg: X~ is super coc-r-open function, x=g'(B)
and U coc-r-open inX contain x, thus, g(x)eBrg(U), since,
g 18 super coc-r-open function, U coc-r-open inX, thus, g
(U)is openset in Y, therefore, g (UNB # 2, so, g (B)NU
# @, then .« m’k , hence, ;1 (g);gl—(m"‘ , forall BCY.

Theorem 3.48: Let g0 (X, o)~ (Y, T4 be a s-cocr-pi-
closed, super coc-r-open function with g'(Y) s-coc-r-
Lindelof for every y in Y and X coc-r-e.d, coc-r-P-space,
incase Y is I-Lindelof, thus, X is [-coc-r-Lindelof.

Proof: We have to prove that X 1s s-coc-r-Lindelof. Used
F a covering of X by coc-r-regular closed subsets, thus,
for every v in Y, F forms a cover of g'(Y),
since, g'(Y) s-coc-r-Lindelof, thus, we get a countable
subcover Iy of F such that g’ (Y)cui{F: F e .. Put

A Regular space
X T,-space
M e.d space

¢ T.-space I-Lindelof

RN

A
coc-r-Lindelof P Lindelof
X

* coc-r-e.d space
® coc'-r-regular space
<

o
I-coc-r-Lindelof<—l
*

Fig. 1: The relationhip among the types of Lindelof spaces

Gy = {F: F e F}, therefore, Gy 1s union of coc-r-regular
closed subsets, since, F € RC (X, ) for every F € I and
since, X coc-r-e.d, so, we get Gy is coc-r-open (By using
Proposition (3.15)). g (y) c G, forevery y iny n Y. Since,
g 1s s-coc1-P-closed, then, there is B-open V, such that y
eV, g (V)=G,

Then, the family {V:yeY} is a covering of Y by
B-open subsets, since, Y is I-Lindelof and By using
Proposition (3.44), (3.45) thenthe cover {V, :yeY} contains
a countable subcover such that y=u{v, :ncnN}. LetL =
u {F,:neN}, itis clear that L is a countable family. Let
xeXandy = g(x), thus, Yev, , ke N, there fore, xe £ (V) »
since, g super coc-r-opent function and by using Theorem
(3.47) we get v, ;mxkggﬂ« by using remarks
((2.15), (3) ) and since, X coc-1-P- space, so, we get
xeG_"=G, =UlF:FeE,lcufFFel}, then, X iss-coc-r-
Lindelof, hence, X 18 I-coc-r-Lindelof (By using Theorem
(3.25)). (Fig. 2).

CONCLUSION

In this study, we study the concept of coc-r-open
sets and investigate some of their fundamental properties.
New type of spaces, that related to these concepts, such
as coc-r-Lindelof and I-coc-r-Lindelof are introduced and
studied. Also, new classes of functions using coc-r-open
sets are introduced and studied. This study will open a
new way for other researchers to study the applications
of the concepts of coc-r-open sets.
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