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Abstract: In this research, we present a new radius for a modified trust region method and used them to solve
the large-scale unconstrained optimization. Our approach increases and improves the robustness and efficiency
of the trust-region frameworks as well as decrease the computational cost of the algorithm by decreasing the
number of the trust-region subproblems that must resolved when the trail step rejected. Theoretical analysis
shows that the new approach conserve the global convergence to the first-order critical points under classical
assumptions. Moreover, the superlinear and the quadratic convergence are established under suitable
conditions. The numerical results show that the new method is effective and promising for solving

unconstrained optimization problems.
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INTRODUCTION

Consider the following optimization problem:

minf(x), xeF (L
Where:
fix) = The objective function
FcR* = Feasible region or conditions set

One of the most important cases is when F = R* in
this case, problem (Eq. 1) is called an unconstrained
optimization problem.

The optimization comes in large variety of fields such
as Applied Mathematics, Computer Science, Engineering,
Economics, ete. To optinize any object, first, we must
determinate the measures of some objective and
quantitative of the problem under study. The objective
could be time, profit or any quantity or combination of
quantities. In the simplest case, an optimization 1s used to
find the best value of the variables that make the objective
function in the best form (maximization or minimization).
The process of determination the components of
the given problem is known as modeling. The first
step-sometimes the most important step in the
optimization process 18 the construction an appropriate
model. When the model 1s very simplistic, then 1t will not
give useful ideas for the practical problem and in the other
hand, if it is very complex, it may become too difficult to
solve.

The efficient algorithm for solving optimization
problems doesn’t require too much computation time and

data storage. The performance of an algorithm is indicated
by the number of iterations, the number of function
calculations and the required time to run the algorithm
(CPU time).

There are many algorithms for solving the
optimization problems, such like the line search such
as algorithms which are the classical methods for
optimization and the Trust Region Methods (TRM).

The (TRM) are one of the famous methods in this
field. These methods are used also to solve the nonlinear
systems of equations. They begin with defining a region
around the current best solution in which a certain model
can make some extent approximation to the original
objective function. Then, the next step is taken according
to the model depicts within the region. Un like the line
search methods, (TRM) usually determines the step size
before improving the direction (or at the same time). If the
value of the function decreases, the model 1s believed to
be a good representation to the original objective
function.

The concept of (TRM) has developed over 50 years.
The first study in this area appeared in such as (1944) by
Levenberg (More, 1978) who consider adding a multiple
of the identity to the Hessian matrix as a such
asstabilization procedure in the context of the solution of
nonlinear least-squares problems. In 1983 such as a
review paper in (TRM) was given by More (1983).
Recently, Conn, Gould and Toint have such asfinished an
enormous monograph on (TRM) (Conn ef al., 1999).
Most researches on trust region algorithms are such
asdone in the last 20 years. In recent years, the trust
region methods are very necessary and such as active

Corresponding Author: Mushtaq A K. Shiker, Department of Mathematics, College of Education for Pure Science,

University of Babylon, Hillah, Traq

9667



J. Eng. Applied Sci., 13 (22): 9667-9671, 2018

methods in the area of unconstraint optimization and its
algorithms have attracted such asattention from more and
more researchers.

The iterative methods for optimization are classified
in two classes, one class 1s called the line search methods
and the other 1s the trust region methods. Trust region
methods are iterative method in which a model (m,)
approximate the objective function bf(x) and this model 1s
minimized in a neighborhood of the current iterate.

TRM start with an initial point x, and with the
arbitrary approximation initial radius Ay, then the following
subproblem must be solved:

Minm, (x,+d) = fk+dTgk+% d"B,dst. [d|=4, @)

Where:

gVt (%) = The gradient at (x,)

B, = The approximates of the Hessian of f (x)
Az = The radius

Many researchers used the following subproblem to
find the trail step d,:

min " gld+ %dT B, = @,d s.t]|d||,< A, 3

Then the ratio nmust be defined and computed:

f(x, )£ (x,+d,)
m, (x, )-m, (x,+d,)

“4)

L, =

Where:

f(x, )-f(x,+d,) = The actual reduction
m, (%, )-my(x,+d,) = The predicate reduction
X, = The current iterate

d, The trial step direction

The next iteration will be decided depending on the
value of, either setting 1, or X,.,, = X, OF ¥, = X, td,. Then
when 1, closes to 1, then the model has a good agreement
with the original problem at the current iterate x,. If 1, is
greater than a positive constant p, then, we will accept the
trial step d, and x,,, = x+d,, so, the trust-region radius
can be expanded or kept the same. If 1, 1s near to zero or
negative, then the trust-region radius must be diminished
and the subproblem (Eq. 2) must be solved again to
possibly find an acceptable trial point in the sequel of the
process (Nocedal and Wright, 2006).

(TRM) can be traced back to the classical
Levenberg-Marquardt method for nonlinear equations
F(x) =0 which chooses the step as follows:

a, == (1) I+ 1) 10 )F(x,) O
Where:
I(k) = The Jacobian matrix of F(x)

4,20 = Parameter which is updated from iteration to
lteration

The original idea of Levenberg-Marquardt method 1s
to overcome the ill condition of T(x;) by introducing the
parameter A, in other words, to prevent ||d ||, being too
large.

In tlus study, a new adaptive radius has been
introduced to improve the trust-region methods for
solving an optimization problems, that is prevent the
increasing and decreasing the radius by controlling the
size of the radius of the trust-region algorithm.

Trust region algorithm: The first issue of the trust region
algorithms relates to how to choose the trust region
radius A, at each iteration. The ratio r,, we will note since,
(po) 18 obtained by minimizing the model (im,) on a region
that includes p = 0, the predicted reduction always be
non-negative, thus, if () is negative then f(x4p,)
[objective value] is greater than f(x,) [current value], so,
the step should be rejected. If (1) is closed to 1, then there
is a good agreement between (m,) and (fx,) on this step,
so, 1t 1s safe to expand the trust region for next iteration.
If (r,) 1s positive, then, we don’t alter (TR) but close to
zero or negative (Amim et af., 2016) as well as before the
implementation of the trust region algorithms, we must
define all the parameters, we use m algorithms.

MATERIALS AND METHODS

Trust region subproblem: The trust region subproblems
are one of the basic parts of trust region algorithms, since,
in each iteration in the requires solution, a trust region
sub problem (Eq. 3) must be solved. The trust region
subproblem presents two modulations:

»  Updating the radius m different way if hard case
oCeurs

¢+ Using techniques and
provided followed by

sensitivity analysis are
the algorithms on un

constrained optimization

The trust region subproblem are using to minimize
the trust regio methods and working to improve them.
Below, our trust region algorithm for unconstrained
optimization with new adaptive radius.
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Algorithm 1 (The trust region algorithm for
unconstrained optimization):

Given x; € R, A”=0, Age (0, A), €20, Bye RV is symmetric, 0<p,<p,<1,
0=o; oy<1.

Step 1:Fork=0,1,2, ...

Use min, "eTd + %dTBk =g,d tocompute d,

Use,p = fix, ) —f(x, +d,)

. T, to compute 1
m, (%, }—m,{x, +d,)'

Xy, +dy ifr >p
Xpa =
Ky =Xy else
Step 2: Compute the new radius:

1 1

—| d, ifn, <=

ZH Ll B9y

Ay, =4min [éAk, A'J ifg, >%and [ENErS (6
Ay Else

Step 4: Update B, k = k+1; goto Step 1
End For
End

The next lemma proves that d is a solution of Eq. 3.

Lemma 1; (More, 1983): A vector d* is a solution of the
following problem where d*e R™

1
min,.," g'd+—d"Bd = O(d) s.||d]|= A (7)

where, geR", BER"™ 1s a symmetric matrix and A>0.

Lemma 2; (More, 1983): There is A*=0, such that for a
positive defimte B+A*1, ||d||,<A and A*(A-|d|;) = 0, we
have:

(B+2T)d = ¢ (8)

where, A" is Lagrange multiplier. So, instead of identifying
the exact lagrange multiplier A’, there are algorithms
directly computing an approximation to the solution d” of
Eq. 6. There are three different approaches: the truncated
conjugate gradient method, the 2-dimensional search
method and the dog-leg method.

Convergence properties: The convergence can be
ensured that the size of the (TRM) in each iteration would
depend on improvement previously iterate. Overall, the
(TRM) have the quadratic convergence rate while being
globally convergent (Amini ef al., 2016).

The convergence of trust region algorithms for
comstramed optimization, similar to uncenstrained
optimization, depends on some lower bound condition of
the predicted reduction of the form:

pred, =8¢, min{Ak,Ek} (9)
=n

where, & is some positive constant. To prove the
convergence of algorithm 1, we benefit from Powell (1970,
who gave the first convergence result for algorithm 1
under the assumption that the matrices B, are bounded.
Also, he proved that if there exist a subspace S of R, and
d, 1s any selution of the subpreblem miny g . 24 (d) and
if g3, then:

B 1 : lgll, 10
@(0) @(ds)>2|g|2mm{A,|B|j {10)

The relation Eq. 10 prevents the predicted reduction
from being very small, unless either ||g||,A or ||g||%, /|[Bllis
very small.

Now, if d, satisfies the following property, then the
global convergence can be showed as a long as the trial
step dy

@k(O)—Qk(dk)Zp.min{Ak,g#h} (1n

where, | 18 some positive constant. After that it was
shown that |[Bk||,<Pk where PB,is any positive constant.
(Powell, 1975, 1984).

Lemma 3: Assume that f(x) is differentiable and V f(x) 1s
uniformly Lipschitz continuous. Let x, be generated by
algonithm 1 wath d, satisties Eq.10 for all k. If there exists
a positive constant & such that ||g,/|,>5>0, §>0, for all k,
then there exists a constant 1>0, such that A,>n/M,
holds for all k where M, is defined by M, = 1+ max, .,
Bl

Lemma 4: Let {A,} and {M,} be two sequences such that
A 21/M, 20 for all k where v 1s a positive constant. Let T
beasubsetof {1, 2,3, ...} assume that A,,, < u A, for all
kel), Au <p, A, for all kel, M ,,>M , for all k and
T s UM, <0 where p>1, p,<1 are positive constants,

Then:
Zl/Mk <00

k=1

Theorem 1: Assume that f(x) 1s differentiable and Vi(x) 1s
uniformly Lipschitz continuous. Let x, be generated by
algorithm 1 with d, satisfies Eq.10. If Mydefined by M, =
l+max, ;. |[By, satisfy that:

i:l/Mk <00

k=1
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In algorithm 1, if we chose € = 0 and it {f(x,)} is bounded
below, then:

lim

kel 81 =0

So, the matrices B, can be updated by some known
quasi-Newton formulae such as Powell’s or by the BFGS
method. With some additional conditions, Shultz et al.
(1985) reinforced theorem 1. The techmques of More and
Sorensen (1983) are used to show that the trial step
converges superlinearly.

RESULTS AND DISCUSSION

In this study, some numerical experiments are
reported to compare the performance of the new method
along with the following three algorithms:

+ DFPBI: this method is coming from Ahookhosh et al.
(2013)

* M1 : this method 1s coming from Li and L1 (2011)

+  M2: this method takes the direction (2.8) in Li and Li
(2011) with a different line search

The experiments were run on a PC with CPU2.20 GHz
and 8 GB RAM. All of the codes were written in
MATLAB R2014b programming environment. The
runming of the codes will check if the presented data
comverges to the comresponding pomts. All of the
algorithms terminate whenever |[F,| <10 or the number of
iterates surpasses 500000. In all of the algorithms, the
parameters are specified as follows p, = 0.23, p, = 0.25, 0,
=0.3,0,=0.35, e =10"

The performances of these methods are compared
with respect to the number of iterations, the number of
fimetion evaluations Nyand CPU time. In order to compare
these algorithms some famous test problems are used
where the dimensions are trapped between 5000-50000 for
the following initial points (Ahookhosh et al, 2013;
Liand L1, 2011):

X, =(10,10,..,10)",  x, =(-10,-10,..,-10),

%, =(1L1,., 1), %= (L1 1),
111y

X, :(1,5, 5,..,;] . % =(01,01.,01),

To have a comprehensive comparison for the
above methods, the performance profile introduced by
Dolan and More (2002) is used as a well-known
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Fig. 3: Performance profile of CPU time

procedure to present some wealth information meluding
efficiency and robustness. The proposed performance
profiles of algorithms (MTR, DFPBI1, M1 and M2) are
exploited depending on the number of iterates, the number
of function evalvations and CPU time m Fig. 1-3,
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respectively. From these Fig. 1-3, it is easy to see that the
new proposed method obtains the most wins on
approximately 89, 75 and 70% of problems, respectively
and this clearly shows the efficiency of the new algorithm.

CONCLUSION

In this study, a new adaptive radius has been
introduced to improve the trust-region methods for
solving an optimization problems, that is prevent the
mcreasing and decreasing the radius by controlling the
size of the radius of the trust-region algorithm.
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