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Abstract: In this study, we investigate ultra L-topologies (dual atoms) in the lattice FX of all L-topologies on
a given non empty set X when membership lattice L 15 a complete atomic Boolean lattice. All the ultra
L-topologies and their number in the lattice FX are determined.
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INTRODUCTION

Lattice theory and topology are two related branches
of mathematics, each in uencing the other. Many
researchers have already undertaken the study of the
lattice structure of the set of all topologies on a given set
(Birkhoff, 1936, Frohlich, 1964; Gaifman, 1966, Hartmars,
1958; Steiner, 1966, Vaidyanathaswamy, 1960, Rooy,
1968). It has been proved that this lattice 13 complete,
atomic, dually atomic and complemented but neither
modular nor distributive in general. Frohlich (1964) has
determined dual atoms of this lattice and proved that
1t 18 also dually atomic and if |X] = n, then there are n (n-1)
dual atoms m the lattice of topologies on the set
X. Analogously, the lattice structure of the set of
L-topologies on a given set has been investigated by
many researchers (Babusundar, 1989; Johnson, 1992,
2004). Johnson (1992, 2004) has investigated lattice
structure of the set of L-topologies on a given
set X and proved that this is complete, atomic but not
modular, not complemented and not dually atomic in
general.

In this study, we investigate the lattice structure of
the lattice Fy, of all L-topologies on a given non-empty set
X when membership lattice L 1s a complete atomic boolean
lattice. It 15 easy to see that Fy 1s complete, atomic, not
modular and not distributive.

However, in this study we prove that if Y is the set of
all atoms of a complete atomic Boolean lattice 1., then for
any non-empty set X, the number of ultra L-topologies in
the lattice Fy is [X| [Y] (JYFUHX[YF (X]-1). All the
ultra L-topologies are also identified.

MATERIALS AND METHODS

Preliminaries: Throughout this study, X stands for a
non-empty set, L for a complete atomic Boolean lattice

with the least element O and the greatest element 1 and Fy
stands for the lattice of all L-topologies on X. The
constant function in L*, taking value « is denoted by ¢
and x, where y(#0)cL., denotes the L-fuzzy point defined

by:
vy if y=x

xiv)=
& {0 otherwise

Any fel* is called as an L-subset of X. The
following are some important definition reported by
Balasubramanian (1992) and Davey and Priestley (2002):

Definition 2.1: An element of L 1s called an atom if it is a
minimal element of L\{0}.

Definition 2.2: Anelement of L 1s called a dual atom 1if 1t
is a maximal element of TA{1}.

Definition 2.3: Let (X, F) be an L-topological space
and suppose that gcL™ and g¢F. Then, the collection
F(g) = {gV(g,\g): g, 2,€F} 15 called the simple extension
of F determined by g.

Every complete atomic Boolean lattice is isomorphic
to power set of some set, namely the set of all of its
atoms. We assume that I, is isomorphic to (P(Y), <)
where Y = {c; IeIl} is the set of all atoms of L. Let
B, =Y\{a}, icll. Then {B; icll} is the set of all dual atoms
of L.

Consider the atom ¢, and the set A, = {8, = {o,, o, }:
pell and p#k? of those |Y|-1 elements in L that
immediately succeed o,. Let 8, = {a,, ot} be an arbitrary
element of A, and L denotes the sublattice of L
generated by the set {c,, 8,8 cA, and pell such that
p#q}. Then, L} is a complete sublattice of L with the least
element «, and the greatest element B, L\L, is also a
complete sublattice of L generated by the set {c, 8, Iell
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such that izk} with the least element 0 and the greatest
element 1. Clearly, (1) if ¢, < i for some peLiL," then 8 < p:

8, A7 =a, Ve L
L (LALE) = ¢

Throughout this study, we will use all these notations.
RESULTS AND DISCUSSION

Ultra L-topology: AnL-topology F on X 1s called an ultra
L-topology if the only L-topology on X strictly finer than
F is the discrete L-topology.

Remark 3.1: Let U be an L-topology in Fy. In order to
show that 1J 15 an ultra L-topology, it 1s sufficient to show
that simple extension of 1 by any I-subset gc1.* such that
g & U is the discrete L-topology. Now certain properties of
ultra L-topologies are derived. Let U be an arbitrary ultra
L-topology in Fy,.

Lemma 3.2: Atleast one L-fuzzy point does not belong to
U.

Proof: Suppose all I.-fuzzy points belong to U. Since, for
each fcL* f = Vx, such that x,<f=fcU, ¥fcL*=U = L*

which 1s a contradiction.

Lemma 3.3: If two L-fuzzy points a; and b, de not belong
to U, thena="h.

Proof: Suppose the lemma is not true, then the simple

extension U(a,) 18 an L-topology such that
b,¢U(a,)=U(a;)#*L*. But UcU (&) which is a
contradiction

Lemma 3.4: There is exactly one element acX and one
atom ;=L for some icIl such that a,;¢U.

Proof: By lemmas 3.2 and 3.3, there exists exactly one
element say ac3 such that a,¢U for some A(#0)eL—a,¢U
for some icll since L is atomic.

If possible, let a,, a,;&U for some 1, jell such that i#].
Then, the simple extension U(a,) 1s an L-topology such
that a,¢U(a,))=Ula,)*L* But UcU (a,) which is a
contradiction.

Theorem 3.5: Let acX be an arbitrary element. Then, U,*
(a) = {fcL*: f(a)# A for any AeL} is an ultra L-topology
net containing the T.-fuzzy point a,,.

Proof: Clearly, 0.1<U}(a). Let {f},., be an arbitrary family
of L-subsets in U4(:) Then, f (a)eL\L.% V,fA and since
L\L* is a_complete sublattice of L=V [ (a), /\,EAf1
(@ELL >V f (), NLFEUF (a). Thus, UXa) is an
L-topology. Clearly, (i) x, €U, a), vx(#a)eX and v1(#0)eL:

a, e Ul(a),Vy(#0)e L\l =a, e Ul (a),
vie [1suchthati #k

o elf =a, ¢ Ul(a)

Let g be an arbitrary L-subset not belonging to U, (a).
Then, g (a) = £ for some EcL". Let S = simple extension of
U\f(a) determined by g Then, geS and a,,
a5, €U (@) S=a,eS)=S = L~

Thus, simple extension of U,{a) by any of the
L-subset not belonging to it, makes a, an L-open set.
Hence, U, (a) is an ultra L-topology.

Remark 3.6: Since, a can be replaced by any other
element of X in the theorem 3.5, it follows that U (a) is an
ultra L-topology, ¥xeX.

o, was an arbitrary element of A, any element 8, can
be choosen from A, and corresponding to the element 8,
the sublattice L,* and ultra L-topology U (a) can be
formed in the same way as formed for §,.

Therefore, there are |3 choices for a and | Y]-1 choices
for &,, by multiplication principle, total number of such
ultra L-topologies containing the L-fuzzy pomts a, but not
containing the L-fuzzy points a,,, YacX is |X| (|Y]-1).

The same process can be done for any atom. Hence,
total number of ultra L-topologies U, (x) where x€X and k,
qell such that k=q is [X| Y] (|Y]-1).

Theorem 3.7: Let U be any ultra L-topology in Fy, such
that a,cU and a, €U for some acX and A(#0, 1)cL. Then,
U =U,%a) for some k, geIl such that k=q.

Proof; Case 1: A is an atom. Then, X = ¢, for some kell
and a,¢U. By lemma 3.3, x €U, vx (#a)eX and ¥n (#0)eL.
and by lemma 3.4, a,cU, ¥iell such that i=k. Clearly, no
pair of the distinct L-fuzzy points from the set
{as, 0,6A,% belongs to U and if &, ¢U, ¥d,€A,,. then
UcU, (a). vqell such that g#k which is a contradiction.
Without loss of generality assume that a;,cU for some
d,.eA,,. Thena, V(V,, a,) = al, where A = Ik},

If there exist an L-subset fel™ in U such that
f(a) = y for any yeL’, then a,, a,,, feU=a,eUwhichisa
contradiction. Therefore, feL.* such that f (a) = y for any
yeL, are the only L-subsets not belonging to
U=U= {feL* f(a)#y for any yeL,*} = L,(a) which is an
ultra L-topology by theorem 3.5.

4439



J. Eng. Applied Sci., 13 (12): 4438-4441, 2018

Case 2: A is not an atom. Since, L is atomic, a, # U=a,,¢U
for some 1€1l and then by case 1, U = U(a) for some tell
such that t#1.

Remark 3.8: From theorem 3.7, it follows that U"(x)
where xcX and k, qcll such that k#q are the only
ultra L-topologies containing the T.-fuzzy peints x, but not
contaimng the L-fuzzy points x,, ¥xeX and VA(#0, 1)eL.
Then by remark 3.6, total number of these ultra
L-topologies are |X| | Y] (| Y]-1).

Remark 3.9: Tt is easy to see that if a and b are
any two elements of X such that a#b, then 6, ,;, = {felL.™
f (a)20=b,<} is an L-topology.

Theorem 3.10: Simple extension 6,,; (a) = {fel™
fa)py, = 1=b,< [} of the L-topology 6, . by ag, for some
kell is an ultra L-topology.

Proof: Let f;, = a,Vb,, YA(*0)eL. Clearly, £,€06, ,,=0, vy
(ag,), VA(#ODEL. Then, aghAf, = a,€6, . (ag), Vy(#0)cL.
such that y=p,.. Also, x,€6, ,,, ¥ x(#a)eX and Vy(#0)eL.
Therefere a,, where n(#0)eL such that nVk = 1 are the
only L-fuzzy points not belonging to 6, ; (ag,).

Hence, 6, ,,,; (a) = {feL™ f (a)VP, = 1) by«f} and geL*
such that g(a) = ¢ and g(b) = n where 2, p(#0)eL such that
VP, = 1 and phw, = 0 are the only L-subsets not
belonging to 8, ,,; (ag). Simple extension of 6, (ag,) by
any of the L-subsets not belonging to it, makes each a,
where 1)(#0)cL. such that VP, = 1 an L-open set. Hence,
8, b (ag,) 18 an ultra L-topology.

Remark 3.11: From the theorem 3.10, it follows that for
any x, y€X such that x#y, the simple extension @, _,, (xp,)
for any keIl of the Ltopology 6, ., for any i<Il is an ultra
L-topology.

There are [¥]| choices for x and [X|-1 choices fory. L is
a complete atomic Boolean lattice 1somorphic to power set
algebra P(Y), so, there are |Y]| choices for ¢, and | Y| choices
for . Therefore by multiplication principle, total number
of such ultra L-topelogies is [X| [Y[ (|X]-1).
Theorem 3.12: Tf U is an ultra L-topology in Fy, such that
a,§U and {f},; is the collection of al] those L-subsets in
U which assumes value v at a, then /\_, feU, /\_; f=a,
and /\ie@ f =a Vb, forsomeb (#a)cX and q,eY.

, yoid

Proof: If X and L are fimite, then it 1s clear that /\@ feU
and /\@ fi#a,. Let g =/\ 4 f. Then, either g = a, or geL.*
such that g (a) =y and g (x)#0 for atleast one x (#a)c3.

Case A: g% such that g (a) = y and g (x)#0 for atleast
one x (#a)eX. If ggU, then the simple extension 17 (g) is an
L-topology such that a,¢U (g)=U (g)+L*. But UcU (g)
which is a contradiction.

Case B: g = a,. This case is possible only when atleast
one of X or L 15 infinite.

Case 1: X is finite and L 15 infinite. Then, there exists
some x (#a)c X such that f, (x)#0 for all 1€D, /\Eq, fx)=0
and /\ 4 £ (x)#0 for any finite subfamily Q=®. Since, L is
infinite power set algebra, there exists some 1n(#0)cl such
that:

f(x)#nand f (x)An 20,vie

Let heL* such thath (a) =y, h(x) =nand h (y) = 0,
Wy(#x, a)eX. Then, h#U and the simple extension U (k) 1s
an L-topology such that a,¢U (h). But U=U ¢h) which is
a contradiction.

Case 2: X is infinite and 1. is infinite. (i) the family {f};,
contains L-subsets which can be written as the join of
fimtely many L-fuzzy points.

Let f, be an arbitrary L-subset of the family {f}.
which can be written as the join of least number of L-fuzzy
pouts . Clearly, £, 1s the join of exactly two L-fuzzy points
and let f, (a) =, f, (b)#0 for some b (za)cX, f, (x) =0 for
allx (#a, b)eX. a ¢U=f (b)#0 for all 1c®, /\,Eq, f,(b)=0
and /\ 4, £, (b)#0 for any finite subfamily Qc®. Since, L is
infinite power set algebra, there exists some 1n(#0)cl such
that:

f,(b)#n and £ (b)An#0,vie

Let hel* such that h{a) =v, h (b)=nand h(y) =0,
Wy (#x, a)eX. Then, h#U and the simple extension U (h) 1s
an L-topology such that ay#U (h). But UcU (h), a
contradiction. (ii) no member of the family {f},, can be
written as the join of finitely many L-fuzzy pomts.

Corresponding to every member £ of the family {f}, ..,
choose a pair of distinct elements x', v’ (#a) of X such that
f, (x"), £, (¥/)#0 and corresponding to two different members
of the family {f}.., choose disjomt pairs of elements of X,
ie. if f£ {f},; such that j#i, then choose ¥, y¥£X such that
() x¥=x, y (1) y=x, ¥ (1) £ (x"), £ (¥)=0.

Let fcL* such that (i) f (a) = v G f (D = £ (xD), £ () =
0, ¥ie® (m1) f (z) = 1, ¥zeX such that z#a, x', v, vied.
Then, f&1J and the simple extension U (f) is an L-topology
such thata U (D=U (f)L*. But UcU (f), a contradiction.

Case 3: X 15 infinite and L 1s fimite. Clearly, in this case, no
member of the family {f},; can be written as the join of
finitely many L-fuzzy pomts. Now same as Case 2(11).
=/\ fi#a, Since, Uis an ultra L-topclogy, g = a, Vb, for
some b (#a)eX and €Y.

Theorem 3.13: Let acX be an arbitrary element. If U 1s an
ultra L-topology such that a,#U, then U = 6_,,; (ay,) for
seme b (#a)eX and 1, kell.

a, bei
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Proof; By lemma 3.3: x,e¢U, ¥x (#a)cX and YA(z0)eL.
a,#U=a, g U for some kell and by lemma 3.4, a,€U, Wiell
such that 12k=ag, a,eU, VA(*0)ell L such that A<f3,.

Clearly, 3, 1s the cnly dual atom in L such that agel.
Let B= {yeL: a,zv}. Forany veB, yVp, = 1=a,¢U=a,,
where yeB are the only L-fuzzy points not belonging to
U.

Let v (#1)€B be an arbitrary element. If possible, let
there exists no L-subset in 1J which assumes value vy ata
and let feI.” such that f (a) = y and f (x) = 1, ¥x (#a)cX.
Thern, f#U and the simple extension U (f) 1s an L-topology
such thata ¢U (D=U (f)#L*. But UcU (f), a contradiction.
Similar is the case when ¥ = 1 in this case consider fel.*
defined as f (x) = 0 for some x (#a)eX and f (y) = 1, ¥y
(#x)eX.

Let i{f}, , be the collection of all those L-subsets in U
which assumes value v at a and g = /\4 f. By theorem
3.12, geU, g#a, and g = a, Vb, for some b (#a)cX and
zEeY.

Since, veB was an arbitrary element, the same
process can be done for any element of B. Let §,
8,6B be two arbitrary elements. Then, «<d, and
<8, =0, <0A8, = d(say). Let {h}is and {g},. be the
collections of all those L-subsets in U which assume
value 8, and &, respectively at a. TLet G = /\Iﬁa h,
and H=/\_, g. Then, G; HeU and G = a; Vb, H=a,,Vc,,
where b, ¢ (#a)eX and o, €Y. If b#c or [#], then
GAH = a,.€U, a contradiction since, 8,6B=b = ¢ and
o; = o=there exists a unique element b (#a)cX and a
unique atom ¢ such that by, <h, vhell such that h (a) = v
for any yeB. Clearly, there 1s no L-subset g, n U such that
g, (@) =y and g, (b) = p, where veB and peL such that
pie; = 0. Hence, U = {fel.™: {(a) VP, = 1=b,<f} =6, 4y
(8.) which 1s an ultra L-topelogy by thecrem 3.10.

Remark 3.14: By remark 3.11 and theorem 3.13, it follows
that there are [X| Y] (JX|-1) ultra L-topologies not
containing the I.-fuzzy points x,, ¥ xcX.

Theorem 3.15: Let X be a non-empty set and Y be the set
of all atoms of a complete atomic Boolean lattice 1., then
there are [3{| | Y] (| Y]-1 43| |YF (|¥]-1) ultra L-topelogies in
the lattice Fy,.

Proof: Let U be an arbitrary ultra L-topology in Fz. By
lemma 3.2, a, ¢ U for some acX and A{+0)cL.

Case 1: A(#0) €L such that 0<A<1. Then by theorem 3.7,
U ="U/(a) for some aeX and k, qell such that q#k.

Case 2: 1 = 1. Then by theorem 3.13, U = @, ,,, (ap) for
some a, beX such that a#b and 1, keIl =U* (a) where

acX and k, g1l such that g#k and 6, .. (ap,) where a, beX
such that a#b and i, kell are the only ultra T-topologies
in Fy,. Therefore, by remarks 3.8 and 3.11, total number of
ultra L-topelogies in Fy is [X] [Y] (Y]-1+HX] [Y] (3-1).

Remark 3.16: By using the formula given by theorem
3.15, number of ultra L-topologies in F; can be found for
any non-empty set X and any complete atomic Boolean
lattice L.

CONCLUSION

In this study, we have identified ultra L-topologies in
the lattice of all L-topologies on a non-empty set X when
membership lattice I is a complete atomic Boolean lattice.
Topological properties of these ultra L-topologies will be
identified m future studies.
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