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An Asymptotic Solution to the Blasius Equation and Nonexistence of
Periodic Orbits of the Blasius System
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Abstract: In this study, we find a Blasius solution using Neumann series for big values of the independent
variable and we also prove that the Blasius dynamical system on the three dimensional space does not have
periodic orbits by mean of an auxiliary function and Pomcare’s methed of tangential curves. Also, we use finite
differences method to find a numerical solution of the Blasius equation, for this porpose we write a code in
MATLAB wlich gives values of the solution, first and second derivatives and its respective plot on the plane.

Key words: Boundary layer, Blasius equation, numerical solution, dynamical systems, periodic orbits, plane

INTRODUCTION gLV (2)

ax gy

Using Pomecare’s method of tangential curves some
non periodic orbits of fluids m three dimensional space
was treated (Osuna ef al., 2014). Something about thermal

conductivity with some velocity distribution and fluid

where, v = 1/Re<<] and Re is the Reynolds number.
Consider the region x>0, y>0 with the following

conditions:
flow can be found (Diaz-Salgadu et al., 2014). Using
Poi.nca.re trar.lsfor.mation was proved.that there are not U(x,0)= V(x,0) = 0, x>0
periodic orbits in a Duffing equation (Bush, 1992)
and in a Lienard system (Jimenez-Sarmiento et al., U(0.y)=1,v(0,y)=0, y>0
2014). Neumann series was used for the combined U(x,y)=1,x>0,y >
Sinh—C.osh-Gordon equation (Marin et al., 2014, .20.1 5).. A We define:
dynamical system was taken to study the dissipative oF
Klein-Gordon equation (Almanza-Vasquetz et al., 2015). U= % 3)
Blasius fluid dynamics can be found in (Tritton, 1989). It Where:
was found a method for the nonexistence of periodic ere:
orbits (Busenberg and Vandenriessche, 1993). The £=x.m _ % itha— ’ileadsto
Oreganetor system has no periodic orbits (Murray, 1989, Jx 2y
Osuna et al., 2014). By Ahmad and Al-Baralat (2009) an
approximate analytic solution of the Blasius problem was The Blasius equation:
found. In this study, we look for a new Blasius boundary
layer solution and we show that the solution does not F"4+FF" = 0 (4
have periodic orbits.
MATERIALS AND METHODS with boundary conditions:
. . oF
The governing equations are: F(0) =0, %(O) =0
z oF
vy 90 ey onimy L8 o
x oy oy m(n)
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RESULTS AND DISCUSSION

Theorem 2.1: The solution of the Blasius Eq. 4 is given

by:
F(x) —x-o{-\/’j xeﬁ(jij-e§+\/§ +1}

as X —ee

where, T 18 defined by:
b4 = —.I.DYI F(y)dy
TE)x)=[ [ e dndx

0 18 defined by 0 = F" (0 =0.47).

Proof: Taking:
F'=0
L (5)
L
FIF

and integrating with respect to y, we get:
mF"(y) =-[ Fly)d+C
where, C 1s a constant:
, Flvley (6)

F'(n) = kek

where, K = e” with e is the Buler number. Integrating with
respect to 1 with 1) between x and -, we obtain:

r F'(n)dn Kr e’J.D F(Y)dyd'n
Integrating with respect to 1 on the left hand side:
oo -J‘“ F(y)dy
LF'(x) =K[ e* "an
because F’ () = 1, then:
== -J"1 F(y)dy
K[ e an=F(x)
We have that if x-e= then:
- e ,
L e” dn —0 and F'(x) —1

Because F' (0) = 0 then:

[ ekt (7
By Eq. 6 -F” (0)= 0, then:

o F(x) (8)

157(0) [

With F (0) = 0 putting Eq. 8 in the form:

1=F'(x)+F"(0) [ &b g ©)

b4

Then, we can write:

S A 235
1_L; er 7 F(y)mdn - (-T)F () (10)
et E

We chserve I/ (x) -1 when x~e. F” (x) = 0 ™" for
big x. If: f (x) = a;ta,xtax tax+.. with f(0)=0, £ (0)=0,
" (0)y=athena,=0, a,= 0, a, = 6/2 we obtain for the main
term f (x) =0/2 x* and f' (x) = ox, {” (x) = ¢ for small x. By
truncated Taylor series and: "' = -ff" and e = 0.2:

f{x+e) = F{x)+el (%) (13)
f(x+e) = £(x)+ef "(x) (14)
frixte)=fr(x)pref "(x) = (x)ef (x)f"(x)  (15)

and with the initial conditions £ (0)=1{" (0) = Oand {' (x)-1
when x~ and £” (0) =0 = 0.47. We write the following code
in MATLAB:
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y0=0,20 =0, w0 =0.47, h = 0.2
t=0:h:10,k0 = zeros(size(t))

k2 = zeros(size(t)), k1= zeros(size(t))
k0(1)=y0,k2(1) = w0

For:
i =1:(length{t)-1)
kO(i+1) = kO(1)+h*k1(i)
k1(i+1) = k1(i)+h*k2(i)
k2(i+1) = k2{)-h*k0yk2()
End:

plot{t.ko,t, kl,t,k2)
legend (' f, .f1, ,f2)

Some values of £, {" and " are:

£(0) =0,£(1) = 0.1879,f (2) = 0.8289,..., f (10) =0.5217
£1(0) = 0,£'(1) = 0.4682,f'(2) = 0.8716,...,F'(10) = 0.2057
£"(0) = 0.47,£"(1) = 0.4525,£"(2) = 0.2938,....£"(10)

Non existence of periodic orbits: From the Eq. 4 and
taking:
z2=F",Z=F'and y=F"x'

Therefore, we obtain the following Blasius system:

I
N

(16)

NS o
[T

1

g

The critical points of the Blasius system are (x, 0, 0)
for all xeR. From Osuna et al. (2014) and Zhifen et al.
(2006), we have:

X =F(x), xe Q (17)
Where:
F(x) = (fl(xl, e Xy e £ (X0, xn)), QcR®

n

is an open set and fi: -R, 1< I <n are C'. We consider
the critical pomts. Z (F): = {xeR™ F (x) = 0}, then.

Theorem 3.1; Osuna ef al. (2014): Let QcR® be an open
connected subset. Suppose that there exists H: Q-R, ',
such that for any non-constant curve a: [0:T]-C/Z (F) the
integral:

_[UT DH(a)Ka)a's 20 (18)

then the Hq. 17 does not have any closed orbit in (.
Taking the following equation that satisfies the properties
of Theorem 3.1:

1—"1ail+f2‘:"7H+f387H = HC (19)
ax oy oz

Now, we use the Eq. 19 to prove nonexistence of
periodic orbits of Blasius system. We find a different H
from (Osuna et al., 2014).

Theorem 3.2: The Blasius system (Eq. 16) does not have
periodic orbits.

Proof: We suppose that H depends ont =t (x, y, z). Using
chain rule in the differential Eq. 19 and f, =y, f, =
obtam:

-XZ W

oH ot oH ot
+

o ox ot oy

oH ot
— =H(t)C
ataz () (X,y,Z)

Then:

gt _at ot \oH
+ =

Yoo zg—ng — =H{t)C(x,y.2)

ifa—H =thenH(t)=¢'
at

{yi-&-zg;—ng;} = (t)C(X,y,z)

if t = xy+zthen:

ot ot ot
— =y, —=x—~=1

ox gy 0z

and we obtain C (x, v, z) = y¥>0 with y#0, this indicates
(X, v, z) with y#0 is not a critical point, because (x, 0, 0)
with x€R are the critical points of the Blasius system. C is
positive outside the set of critical points. Then, we get the
integral:

[ @y atsnds >0

for any curve a. Hence, by Theorem 3.1 Blasius system
does not have periodic orbits.

CONCLUSION

In this reserach was found a new solution of the
aproximated Blasius equation using Newmann series and
was proved the comresponding Blasius dynamical
system does not have periodic orbits in all space
using auxiliary functions.
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