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Abstract: Bipolar fuzzy sets are the generalization of fuzzy sets. In many domams dealing with bipolar

mformation 1s an essential. In this study, we deal with bipolar information and introduce the concept of
decomposition of fuzzy finite state machines and transformation semigroups and investigated some of their

algebraic properties.
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INTRODUCTION

Fuzzy set theory mtroduced by Zadeh (1965) 1s an
alternative to the probability theory. Tt has many
applications in the field of science and technology. In
1967 Wee (1967) mtroduced the mathematical formulation
of fuzzy automata. Since, then many researchers proposed
and studied the various types of fuzzy automata in a
different context. Bipolar fuzzy sets introduced by Zhang
are the generalization of the concept of fuzzy sets (Zadel,
1965) which 18 an extension of fuzzy sets whose
membership degree range is (-1, 1). The bipolar fuzzy set
is now growing and expanding in its applications
mcluding graph theory, automata theory and pattem
recognition.

Malik et al (1994) introduced the notions of
submachine of a fuzzy fimite state machine. They also
mitiated a decomposition theorem for fuzzy finite state
machines considering primary submachines (Mordeson
and Malik, 2002). Further, they have introduced and
studied fuzzy transformation semigroups in Mordeson
and Malik (2002). Inspired by the notion of bipolar fuzzy
valued sets, Jun and Kavikumar (2011) mtroduced the
algebraic properties of bipolar fuzzy finite state machines
and investigated some related results.

Kavikumar introduced the notion of bipolar fuzzy
finite switchboard state machines and mvestigated
several properties. In this study, we generalize the
concept of decomposition and transformation semigroups
of fuzzy fimte state machine into the bipolar fuzzy fimte
state machine environment and mnvestigate some of its
algebraic properties.

Definition (Jun and Kavikumar, 2011): A bipolar fuzzy
finite state machine (bffsm, for short) is a triple M = (Q, X,
&) where Q and X are finite non-empty sets called the set
of states and the set of mput symbols, respectively
and @ = {@, @"} is a bipolar fuzzy set in QxX*Q. Here, the
set of all words of element of X of finite length 1s denoted
by X'.A and |x| dencted by empty word and length of
xvxeX.

Definition 2 (Jun and Kavikumar, 2011): Let M = (Q, X,
@) be a bffsm. Define a bipolar fuzzy set ¢. = {@., ¢."} in
QX0 hy:

-1 if g=p
0 if q=p

-lifg=p |

N 37\': = . & :)‘4: =
@ (9, A.p) {0 1fq¢p(p(q p) {

¢ (g, xa,p) =inf [g7(g,x.1) v ¢~ (r.a.p)]

. (q,xa,p) :Sug[fpf (g.x.1) v¢'(r.a,p)]

vp, geQ and x, yeX'.

Definition 3 (Jun and Kavikumar, 2011): Let M = (Q, X,
@) be a bffsm. Let (vT<Q). Let ¢g = (5. ¢4 be a bipolar
fuzzy set in T*X=T and N = (T, X, ¢,) be a bffsm. Then N
is called a bipolar submachine of M, it 1.¢o|rur - g and
2.8(T)cT.

Let X' is a semigroup with identity A with respect to
the binary operation concatenation of two words. Let x,
veX'. Define a relation~on X by x~y if and only if
¢ (X p)=¢ (qgy. pande’ (g x, p)=¢: (qy, p) for
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all g, peQ Then ~ is a congruence relation on X
(Kavikumar et al, 2012). For any x€X we denote
¥[x] = yeX'| x~y and S(M) = {[x]|xeX.

Theorem 3: Let M = (Q, X, ¢) be a bftsm. Define a binary
operationoon S(M) by [x]a[v] = [xy] for all [x], [y]eS(M).
Thenm (S(M), @) is a finite semigroup with identity.

MATERIALS AND METHODS

Decomposition of bipolar fuzzy finite state machine:
Every fuzzy finite state machine can be decomposed to
primary submachines (Malik et al, 1994). This
decomposition property can be extended to bipolar
submachines as follows.

Definition 4: Let N = (T, X, @) and P = (P, X, @) be
bipolar submachine of M = (Q, X, ¢). Then P 1s called a
primary bipolar submachine of M if (3qeQ) such
that T = P = <g>; ¥s€Q if Pc<s>then P = <>

Theorem 1: (Decomposition theorem) let N = (T, X, @) be
a bipolar submachine of M = (Q, X, ¢). LetP={P, P,, ...,
P} be the set of all distinet primary bipolar submachines
of M. Then:

N=ULP

N=U?

i1 B forany je {1,2,...,n}

Proof 1: Let qeQ if Vqe@ then either {q}eP por
Jgw€QN3(qy) such that {q)={q.;} = P for some i which
implies that {g;<U,”~' P, Now, we have either {q,)€P or
there exists a positive integer k such that {qy={qyep
since ( is finite. Thus, Q = 1", 3(p) where P, = {pJ, i=1,
2, ...n Hence, N=1F_ P, Let N=1"_ ., P,and P, = {p,.
It suffices to show that P;#P;. If we assume that P, = P; for
some 1, then:

n
1=1,1#)

P

1

0

if peU s(p.)

i .
otherwise

If B, = O then P#P, since P,#0 which proved the
theorem. Suppose if pel”, _, ., S(p) then peS(p;) for
thensome i#j. Hence, P, = {pjcP,. Since, P; = P, this

contradicts that the maximality of P;. Thus, p,#U"_
S(p,). Hence, M=N.

Li%

Corollary 1: Let M = (Q, X, @) be a bffsm. Then every
singly generated bipolar submachines of M+ is a bipolar
submachines of a primary bipolar submachine of M.

Corollary 2: Let M = (Q, X, @) be a bffsm. Then P, P, ...
P, in theorem 1 are unicue.

]
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Bipolar transformation semigroups: In this study, we
introduce the notion of transformation semigroups of a
bffsm in order to consider state membership as bipolar
fuzzy sets.

Definition 5: A bipolar fuzzy transformation semigroup
(bfts, for short) 1s a triple T = (Q, S, p) where Q 15 a finite
nonempty set, S 1s a finite semigroup and p 13 a bipolar

fuzzy subset of QxSxQ such that for all u, veS and
P, qeQ we have:

p(au,p) =inf,_o{p” (g u.r)ve (r,v.p)}
p*(q.uv.p) =sup . {p* (qur)Ap (r,v,p)}

If S contains the identity e then:

i} -1 ifg=p
PBOP) =1 g rp

1 ifg=p
p+(q’e’p)_{o if g#p

Forall p, geQ. If in addition for all u, veS and p, qgeQ
satisfies the following property then we can say that
T =(Q, S, p) 1s a faithful bipolar fuzzy transformation
semigroup (faithful bfts for short):

P {q.u,p) =p (q.V.p)

[p*(qau,p) —p*(qavap)}i e

Theorem 2: Let T =(Q, S, p) be a bits. If we define an
equivalence relation “=” on S by:

U=V<I>(

For every p, qeQ and let [[u]] denote the equivalence
class = of each uc(Q then the equivalence relation = is a
congruence relation on S and hence the quotient set
[[S1]: = {[[ulljueS} is a fimte semigroup. The triple
T. = (Q, [[S]], p) is a faithful bfts where #={s.7} be a
bipolar fuzzy set in Qx[[3]]xQ 1s defined by for all p, qeQ
and [[x]]€[[S]]:

p {gwp)=p (q.v.p)
p'(q.u,p)=p"(q,v,p)

7 (a[[x]]-p) =p"(a.x.p)

p*(a. [x]].p)=p" (a.x.p)
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Proof i: Let we can assume that u, ve S are such that u=v.
Suppose if wes, then:

=inf

reQ{ p_(q=u=r) Vp_(r=w>p)}

1P (av.r)ve (nw.p)}=p (g yw.p)

P (quw.p)

inf,_,

1) vp*(r,w,p)}
p)}=p" (g, vw.p)

¢ (g uw,p) =sup,. . {p" (q.u
=SUp,.q {p+ (q.v.r)vp'{r,w

Forall p, qeQ. So, uv=vw. Similarly, v =w=uv=uw for
all ueS. Hence, the quotient set [[S]] is a finite semigroup.
Let T. =(Q.[[811. P) be a biis. Let e 13 the identity element of
the semigroup S and also € is the identity element of the
semigroup [[S]]. Since:

., _ -1 ifp=q
P (g.e.p)=p (gep)= 0 ifprq
1
0

ifp=gq

—+ = At _
p'{a.ep)=p'(q.ep) { iFprq

For all p, geQ and we conclude that the Definition 5
holds. For all u, wes and Q. Now:

p(a[[v1w]].p) =
{p’(q,v,r)vp’(r,w,p)}
P (alv]lr) v (nlw]lp)]

o {@l[vw]l.p) =p (g vW.p)

= mfreQ

=inf,_,

p (@ [[vIliw]].p) =p" (a.lvw]l.p) =p (g, vw.p)
=sup..o fp (qmr ~p* (rw.p)}
s o (allvh) A5 [l o)

The conditton from Defmition 5 also holds.
Hence, 1t 13 clear that bipolar fuzzy transformation

T. =(Q,[[8]], p) is faithful.
RESULTS AND DISCUSSION

Theorem 4: The triple (Q, S(M), p) is a faithful bfts
Where:

p (alx].p) =9 (a.%p)
p*(a.[x].p) =0 (@.x.p) Vp.ge Qxe X

For any bffsm M = (Q, X, @).
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Proof: By Theorem 3 (S(M), ©) is a finite semigroup with
identity [A]. Clearly p and p" are single valued. Let p, qeQ
and [x], [y]. Then:

o (a[x]Clyl.p) =0 (a.lxv].p)
,mfrEQ{(p (g.x.1r)ve. (r,y,p)}
=inf,_,{p" (q,[ x],r )vp’(r,[y],p)

=@ (q.xy,p)

p*(alx]olyl.p) =p*{a.[xy].p) = ¢! (¢.xv.p)
= supreq{(pf(q,x,r) v !, y,p)}

=sup,_ ot (a[x].r) vp @ [y]. p)
Now we have:

-1
0

ifg=p
ifq=p

o (a[r]lp) =@ (a.hp)= {

1 ifg=p
0 ifg#p

pt{a[r].p) = @ (g hp) = {

So, . satisfies the definition 5. Suppose:

P (q.xLp)=p (q.[y].p).p" (0.[x].p)
=p*(alyl.p) X ¥a.pe Q

Then:

@ (0.x,p) = ¢ (4, y.p), o (0.%.p), 2 (q.¥.p)¥P. 9= Q

Thus, x~y or [x] = [y]. Hence (Q, S(M), p) is a faithful bfts.
Definition 6: Let T, =(Q, S, ppand T, = (Q,, S,, p,) be a
bfftss. A bfts homomorphism from T, te T, 1s a pair (f, g)
such that:

f: Q~Q; 1s amap

g: 3,- 5, is a semi homomorphism

If S, and S ;are both semigroups with identity
elements e,£S; and e,£S,, theng (e,) =e,

pr{qu.p)zp;f(q).g(u).f(p)p; (q.u,p) <p;(f(q),
g(u).f(p)) (¥p.qe Qand(ue 8)

In addition for all q, peQ, and uesS,, the following
properties:

P (£(a),(w). £ (p) =inf e (a0.0)17 () =F(p)
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pi (f(a).g(u)-£(p)) = suptp (q.0.1) £(r)

=f{pj}

and satisfies both (f, g) is said to be a strong
homomorphism. A bipolar (strong) homomeorphism (£, g):
T,-T, 15 called a bipolar (strong) iscmorphism if f and g
are both bijective. Let T = (Q, S, 8) be a faithful bits where
S 18 a semigroup with identity. Define the bffsm
M =(Q, X, @) by taking Q = 8. Consider BFTS (M) = (Q,
S(M), p) where S(OM) = '~ and p (g, [ul, p) = @+ (d & p)
and p* (g, [ul, p) = ¢« (g, u, p). Let e be the identity
element of S and A the empty word in S, Then:

-1 ifq=p

p”(alel.p) =9 (q.e.p) =5 (q.e.p) = { 0 ifqep

1 ifg=p
0 ifq#p

p+ (q,[e],p) = CPf(q,e,p) = 8+(q,e,p) = {

= p (q [AL p)

[2].

Theorem 5: Let M, = (Q,, X,, ¢,) and M, = (Q,, X,, @,) be
bifsms. If for each bffsm strong homomorphism (£, g):
M, ~M, with f bijective we define g X, -~ X,” by means
of:

Hence, p (q, [e]. p)
(q.[el, p) = p" (q, [A]. p) for all [e] =

g () =h
g (ux) =g (wg'(x)

whenever ueX,;” and x£X and the map g stM,) >s(,) by
means of % (u])=gu] for any [u]eS(M,) then the
pair  (f,2'): BFTS(M,)BFTS(M,) 15 a strong bfts
homomorphism.

Proof: Consider the faithful bftss BFTS (M,) and BFTS
(M;) We have to show that g X,>X;" is a semigroup
homomorphism that maps the identity element of X, to
that of X,". Now we have to prove that g'(uv) =g" (0) g’
(v) (vu, veX,) since. We can approach the prove by
induction method on the length of v: If |v| = 0, then
v=lhandg (uv)=guh) =g (=g Wh=gWeR).
Let |v] n>0 and write v = wx with weX,” and
x€X,. Then h’ (uv) = h' (uwx) = h" (uwhx) =
h'(wh'(w)h(x) = h'(wh(v) by using the induction
hypothesis 1n the last but one equality. By using
induction on |v| we show that for any q, peQ, and veX,":

@, {f(a).g (u).f(p)) =9 (q.v.p)

;{£(a).g" (v)£(p)) =9l (q.v.p)
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If |v| =0, then v = A and we have:

@ (Fa).g" ().f(p)) = @: (F(a).2f (p)) = ¥ (0. 2p)

o} (f(a).g" (1).0(p)) =i (f(a). . (p)) =] (q. 2.p)
If |v] =1, thenveX," and g" (v) = g (v). So:

o, (f(a).g (v).F(p)) = 0. (f(a).8(v).f(p))

=@ (q,v p) @ (9. v.p)

o; (f(a).g" (v).£(p))=0i(Fla).e(v).E(p))

=/ (q.v.p) =9 (¢.v.p)

Let |v|

e (flq

= meEQ i,

=n>1 and take v = wx with weX," and xeX. Then:

(V) (w)e(x). £(p))
(f{a) g (w).s )v<p2<s g( ). £(p))}

(£(a), " (w). f) v @ (fir), g(x), £(p))}
=inf_o, {@(q w. 1)V @, , P} = ¢ {q. WX, P) = ¢;{q, v, p)

q).g (v). £(p)) =@, {f(q
f{q)
71nfrEQ 19, f q)

@; (f{a).g (v).0(p)) = ; (F(a).g"(W)e(x).0(p))

:ilg{(pz(f q).g (W )/\(Pz (s.8(x).L(p)}
:sup{(pz( (x).f(p)}
(

rely
=sup{; (g, w,r) A @] (r,x,p)} =@ (¢, wx,p) =@

rell;

fq).g" (w),f(0)) A @ (F(r).g

F(9.v.p)

Finally, we have to show that :sm)—som,) 18
well defined. Let [x], [y]eS (M) and [x] = [y]. Then

(P*- (q> X, P) - (P* (q> ¥, P): (P*+ (q= X, P) - (P*+ (q= Y P) fOI' all
g, peQ,. Now:

@; (F(q).g" CO.1(p)) = 9 (4.x.p)
=0, {a..p) =, (f(a)-& (y).£(p))

3 (f{a).8 ).£(0)) = 9 (q.%.p)
=9 {ay.p) = 0;(f(a).8 (v).f(p))

Forall g, peQ,. Thus, since fis onto [g" ()] = [g" (1)].
s a

Hence g* is well defined. We conclude that g
semigroup homomorphism from BFTS (M,) to BFTS (M)
which maps A-2.
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Theorem 6: Tet M, M, and M, be bffsms. If (f, g,
M-M, and £, g) MM, are bffsm strong
homomorphisms with f, and f, bijective, then the
pair  (fef, geg) s alse a Dbffsm strong
homomorphism with f,e f, bijective and Tg, o g} =g, 5.
BFTS fof,, geg;)=BFTS (f, g,)°BFTS(f,, g).

Proof: It is straightforward.

Theorem 7: Let S be a semigroup with identity. Then
BFTS (M) 1s 1somorphic to T = (Q, S, 8).

Proof: Define f: Q-Q by f(q) = qv¥qeQ and g: S-3 (M) by
g (x) = [x] ¥xeS and so Vg, peQ, ¢+ (q, X, P) = @ (. ¥. p).
¢ (@ X, p) = ¢ (g v, p). Hence, ¢ (g, X, p) = ¢
@ ¥ P ¢ (4% p) = ¢ (& 3 p) (Vg peQ-0d
(4. %, p) =0 (q. ¥, p), 8" (g, X, p) = 8" (q, y, p) (Vq, pEQ).
Since, T =(Q, S, 8) is faithful, it follows that x =y. Thus,
g is one-one. Let - denote the binary operation of the
semigroup S. Let a, beS, then a-beS and a, beS”. For any
g, peQ we have:

(pi(q,a-b,p) :cp’(q,a-b,p):S’(q,a-b,p)
:1rI51£{8'(q, ar)vd(rh, p)}
=inf{¢"(q. 8, 1)v ¢ (.b.p)} = (q. ab. p)
¢ (qaeb,p)=9 (qab,p)=8(qasb,p)
= sup{S+ (q,a,1)v8 (r,b, p)iL

req)

= sug{(p+(q,a,r) v (pJ'(r,b,p)\JL =@/{q,ab,p)

Hence, g (a'b) = [a'b] = [ab] = [a] [b]] = g (a)g (b).
Using induction, it can be shown that if v,eS5, 1<i<n, then
[yryz = ¥al = [¥i ¥ -0 ¥al- Let [u] = Althen [A] = [e] and
g(e) = [1]. Suppose u =a,,a, .., a for aeS and 1<i<n.
Then, g (a,a," .- a,) = [a,a, .- a,] = [a, a, ... a,] = [u] and
thus g is onto. Finally:

P (£(a).e(x).f(p)) =0 (a.[x].p)
=9 (4,%,p) =0 {q.x,p} =8 {q.%,p)
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p*(f(a).8(x).L(p))=p"(a[x].P)
=@ {q.x.p)=¢"(q.x,p) =d"(q.x,p)

This completes the proof.

CONCLUSION

In this nutshell in spired from Homry (2016), the
concepts of decomposition of a fuzzy finite state
machines and fuzzy transformation semigroups have been
generalized by substituting the interval [-1, 1] as the truth
structure of the transition function in bipolar setting for
the study of algebraic automata. It will be of mterest to
study with other types of products in the bipolar fuzzy
finite state machines (Jun and Kavikumar, 2011) which 1s
for future research.
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