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Abstract: This study discusses optimal asset allocation strategy of a utility-maximizing investor dynamic in time
as new market information becomes available to the mvestor. The objective 1s to find the optimal strategy that
maximizes the expected total discounted log-utility of consumption over finite life time. Trading 1s assumed to
take place between stock and risk-free bond (money account) paying constant interest rate. The underlying
uncertainty in the stock price is governed by binomial process based on simple Markov chain approximation
of diffusion process. The problem is solved using stochastic dynamic programming approach. In contrast to
the continuous-time counterpart, the optimal trading and consumption strategies are found to be
time-dependent in recursive manners. Sufficient conditions for short selling are given mn terms of physical and
martingale probabilities of the stock price. The result 1s then applied to Indonesia’s stock data.
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INTRODUCTION

The problem of finding optimal asset allocation
strategy has been an mteresting theoretical topic and of
practical importance on itself. Tt goes back to the seminal
work of Markowitz (Solem, 2012) in which the optimal
strategy is done by minimizing the volatility of investor
wealth for given level of target return. The Markowitz
problem 1s solved n the static way using the Lagrange
multiplier technique. Due to the nature of the problem the
optimal solution is of time independent so that the
strategy is unable to be adjusted as new market
information arrives. This drawback was taken further and
improved by within discrete-time setting in which it was
assumed the existence of risk-free (money account)
asset paying constant rate of interest and nsky asset
having continuous distribution. The objective of that
study was to find optimal trading strategy that
maximizes investor’s expected value of total discounted
utility of intertemporal consumption by applying
stochastic dynamic programming. The solution to the
mvestment-consumption problem was found in terms of
simultaneous nonlinear equations for weight of risky
asset to satisfy. Later on Merton (Joseph, 2013; Bradski
and Kaehler, 2008) extended the Samuelson’s model
within continuous-time framework under which stock
price process was driven by Ito process. The objective
was to obtain optimal asset allocation strategy that
maximizes expected discounted future life-time
consumption and terminal wealth under utility function of
Hyperbolic Absolute Risk Aversion (HARA). Under the

HARA utility function and due to separable property of
the portfolio value function Merton was able to obtain
closed form solution to the investment-consumption
problem with time-dependent effect m the portfolio
weights on stocks. This result was cuite opposite to
those obtained earlier by Samuelson. However, when
applied applied to power utility or log-utility function,
Merton'’s result would be siumilar to Samuelson’s results;
the portfolio weight would be just a constant. It was
noted 1n discrete-time by Kuo and Hsu (1996) and Swain
and Ballard (1991) that this findings could be improved by
updating the conditional joint distribution of asset returns
every time period. By doing so, the optimal portfolio
strategy obtained would be able to adapt to the new
market nformation when it becomes available to the
investor over time. Ohkubo and Kobayashi (2008) adapted
similar technique to various utility. continuous-time and
Samuelson’s model, the optimal portfolio weight obtained
for the stock is time inhomogeneous in terms of recursive
equations. The short selling constraints are given
explicitly in terms of expected log-return and volatility of
the stock price process. The time mhomogeneity nature of
the optimal solution allows us to apply the result to real
data so that it is possible to adapt the investment position
when the market information arrives.

MATERIALS AND METHODS

The market model and portfolio dynamics: Assumed that
market model consists of two assets; bond as a risk-free
asset and stock as a risky asset. The bond price is set as
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Pl, grows at a constant interest rate of R where P,
(t+1) = (1+R) P, (1), for every time of t and the stock price
is set as P,, evolves using a simple model of Markov
chain:
P(t41)= {u X P, (t)w*.ith probab.il.ity Py } 1)
dx P, (t)with probability p,

where, uxd and pqp, = 1 In many literatures, the
probability and are often considered as the true
probability or physical probability. Using model
(Melntyre, 2002), the stock price will always be positive,
because its nature is multiplicative. The expected return
and the variance of price change logarithm of the real
stock return can be matched with the model by choosing
the parameters of p, u and d given by:
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where, At 13 the period of length, 11 and ¢ are respectively:
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where, P,(0) and P, (1) are, respectively the initial stock
price and the end price of period. The readers will be
suggested to read Luenberger (Brettel ef af., 1997) for
more details. Nelson and Ramaswanny (Jeffries, 1880),
shows that the Binomial Model by Melntyre (2002) and
Rigden (1999) converges, when goes to mfinitesimally
small to the simple geometric Brownian motion:
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where, B = (B(t): >0) is the standard Brownian motion. In
this market model, the absence of arbitrage opportunity 1s
necessary and sufficient to prevent stock return
dommates the return on the bond and vice versa which 1s
given as follows: d<(1+R)<u The interest reader should
read (Nathans et al., 1986; Neitz and Neitz, 2000) for more
details. He also says that condition, Neitz and Neitz (2000)
that (1+R) 1s convex combination of u and d, defined
by: (1+R) = g,xuqg,+=d where q, and ¢, are the martingale
probabilities and defined by:

:(1+R)7d
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The mvestor trades two assets between stock and
bond, meanwhile she consumes part of 1t for her living. In
this trading process, assuming that there is no injection of
exogenous capital into the portfolie and no withdrawal of
money, this 1s called as self-financing portfolio. Further,
the wealth process of the mvestor over time t 1s
represented with X(t). The portion of bond and stock that
investor holds is respectively represented with w,(t) and
,(t) and 1t 1s also satisfied the constrain of: o, (t)+w,(t)
Therefore, the shares number for each is given by:
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that the number of assets held is
infinitesimally divisible which means that the number of
shares could be fractional number. Further, the wealth

of imvestor over time t and for each asset can be

Asgsumes

defined in terms of the asset prices and the number of
shares as follows:

X(0) =8OR +8, (P +6 Py )

For every tcZ. where 0(t) = (0,(t), 6,17 and
P(t) = (P,(t), Po(t)". The portfolio dynamics is further
derived by first deriving the portfolio constraint
where the investor can withdraw the amount of
consumption from the portfolio. Define C(t) as the
consumption proportion that 1s drawn over period t to t+1,
the constramnt of portfolio budget can be written as
follows.

Proposition 2.1 budget constraint: For every teZ+ the
consumption C{t) 1s given as:

6t + DTP(t + 1) =0T P(t + 1) — C(1) (6)

Proof at time t+1 the value of investor’s wealth
is equal with the value of old portfolio subtracted
with the consumption. The remaining value 1s reinvested
in the assets. By inserting Eq. 6 mto the portfolio, the
wealth process of the investor can be described as
follows.
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Proposition 2.2 portfolio dynamics: The investor’s
portfolio dynamics 1s given by:

x{t+1) = 1+ RIX(D) +6,[ B,(t +1) — (1+R)B,{t} | - C(D)
(M

The first term describes the time value of money of
the investor’s wealth from time t to t+1, the second term
describes the proceeds that investor make from trading on
stock in excess of the holding period time value of money
of the stock when held during time t to t+1. The last term
15 the withdrawal consumption. Proof during the period t
and t+1 following (Brettel ef al., 1997):

X(t+1)—-X(t) =08t + 1) Pt + 1) - 8(t) P(t)

=0 P+ D 6O PO+ +DTPA+ D -6 Pt + 1)
=0 (Pt +1) — PO + Pt + DO +1) — 6t

= B(t)TAP(t) + P(t + )T AB(T)

B(t)TAP(t) — C(1)

where, AP(t): = (AP,(t), AP, (t)7 and C(t) using model
(Poret et al., 2009). From (Brettel et al., 1997) we get that
(AP(t) = RP|(t) and B8,(t)P,(t) = X(t)-0,(t)P,(t). The wealth
process could be further simplified with:

N+ 1) = RN+ X, (Dhu - C{t)

with probability p, (®)
X (t+ 1y =RX({t)+ X, (t)d - C(t)

with probability p,

X(t+1)=

where, R;; = 14R, 0= -R,, d =u-R, X,(t): = 6,(t) P,(¢).

The asset allocation and consumption optimization:
Defining the underlying wealth process by X = (X, tez,
which has uncertainty generated in the probability space
(Q, F, P). The system had filtration of F = (F, t<TeZ,). The
control of (X,, C) assumed to be F, adapted mn wealth
process is required to only allow past observed value of
X. To conduct analysis, let X become time-dependent
function X, = X, (t, X)) such and C, = C (t, X)) and define
the expectation associated with the X law wlich XeR. at
time t 1s E,,. Hence, in order to maximize the investment
and consumption strategy (X, ), set of admissible
control Ay = (340s), Cr s =, t+1, ..., T) must define the
t-value of function T which described the expectation of
total discounted comsumption and terminal wealth at
time t under utility u, and p, Giving J-function is
following:

T-1

PO =E, {2 D(t,s)x uy(C) D Thuy (X))
s=t

where, D 1s the discount factor defined as Dits) = R*?

and R, = (I1+R). The log-utility function being used

hroughout this studyr 1s Ni(x) = log(x), 1= 1, 2. Thus, the

optimal value function formulation is then become:

V(%) = (X, eA, "7 (4,x) (10)

The optimal value function V, optimal asset
allocation, p,, and consumption strategies (X;,C) need to
be determined within the admissible control set of Ap,. In
order to satisfy (Neitz and Neitz, 2000), above variables
must set to be positive. The discrete time stochastic
dynamic programming methodology 1s to be applied to
find vestor’s mvestment and consumption strategy
(Dowell, 2008; Yang and Ro, 2003).

Proposition: The optimal value function v is given by:
V(,x) = d(D<log(x) + u(t) (11)

where, ¢(t) and (t) solves the recursive (Eq. 12):

_ Rt 7Rtt
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R, R, +(t+1) R,
=.1nR{1+{[(pu_l)d_(Pu)U]x ot +1) }XX}
u R, +o(t+1)
_ RS (gt
R, +o(t+1) R,
__mRt(l{[(Pul)d(Pu)@X ot +1) }X}
d R, +o(t+1)
R, +o(t+1)

(12)
The optimal asset allocation and consumption
strategies are solved:

(P 1) —(p.)u]

dxu

X {Rtx oLt }X

(R, +o(t+1))
(13)
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Short selling of stock asset is strictly prohibited with
Po~q. Satisfymmg the protubition of short selling on bond,
thus the required condition is p,<qu.uw/(1+R). Satistying
the protubition of short selling on bond and stock, thus
the required condition is:

@ <p, < XU
Y A+ R)
Proof: Usmng the standard stochastic dynamic

programming argument and for further details) and the
Bellman equation of the optimal value function, V is

described:
v(t, x) = (X, (0", CE, ,
W, (C(t) +
{Rtl\/(t +1, X(t + 1))}

Substituted from Eq. 11 and 15 and rearranging the
equation:

A1) In(X) + yit) = {1 + q)(;:l)}xln(}()

t

m{ R, } puxdt+D)

R, +o(t+1) R,
R, +
Mg e -1)d=(p,)u]
In 2 dxu

O(t+1) e (15)

DR IChE
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R, x7¢(t+l) xd
(R, +d(t+1))
D XxR, RRA(RRY
R R, +¢(t+1) R

t t

R, +R,x

Applying Buler condition on static optimization with
the respect to X, gives:

0:pu<I>(t+1)fl Pt + 1) 3
XP+D) XOu+D "

0=p,0t+ DixX7(t+1)
+ POt + D Xt + 1)

0= p, ot + D] (R, x X(1) ~C(1) +3, () |
+pa0lt + Ddx [ (R, xX(8) — C(t)) + X, ()< |

0:q)(t+1)(RtxX(t)—C(t))[puﬁ-#—pda}-?— 16
X, (0Gd[p, ot + 1)+ p,d(t+1)]

0= ot + (R, x X(t) - C(t))[puﬁ + pd&} +

X, (t)ado (t+1)

and the selution can be obtained:

ot+1)

[(p, ~Dd—(p,)up]
(R, +o(t +1))

(=R, dxup

(17)
The same procedure of application of Euler condition
with the respect to C gives:

1 pd+l)  pot+D

TCM) RxXP(+1D) R xXO(t+1)
0=R X"+ DxRX7(t+1)—Cltio(t+1)
[P XOU+D+p XY+ 1)
0=R,[(R,xX(t) - C(1)) + X, (t)x1 |

[(Rr % X() — CD) +X, (1) &]

P (R X0~ C0) + X, (0xd | }

~C{OH(t+1)
+pg [ (R 2 X(0) - C(0) + X, (0% ]

(18)
Then, the equation of algebra can be obtamed:

0=R} xX(t){l - puug pdd}{l - pu“fpdd}
u

RtXP%HIM} 19)
1

vorteny |1 PeitPad | puli+pud
a d

From which the expression of in follows. The optimal

—C(t)

asset allocation decision (t) is obtained after replacing by
which indeed proves the claim. Inserting the equation into
the Bellman’s equation, then the simple form can be
obtained:
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c(t)In(X) + yit) =

m[ R? } ax(t +1) XIHR;

R, +¢(t+1) R,
|:1 + (I)(;\—TI)}XIH(X) + {(pu - l)j\a7 (pu )ﬁ:| +
1+ da il
Ot +1)
(R, +(t+1)) |
Qapaty li(p“‘l)d‘(p“)“L WD
R, din (R, + ¢t +13)
RGN XxR,} Lw+n
R, R, +oit+1) R,
(20)

The proof for clamms in i1s complete by checking
w, (130, 0, ()=0 and 0<w, (1)<1 are satisfied under the
condition on p,.

RESULTS AND DISCUSSION

The numerical example to be implied into this model
are those that satistfying the proposition constraints,
which already described in Eq. 1-4. The Indonesian risky
asset that satisfied those constrains is MAYORA stock
(MYOR.JIK) in Rupiah (TDR), based on weekly basis price
(from January 1st, 2008 to January 1st, 2012. As for the
bond, none of the Indonesian bonds satisfy those
constrains, mstead we search for other Asian bonds and
one that suitable 1s the Japanese Government Bond with
2 year yield selected with R = 0.23%.

Portfolio mitial investmentis Rp. 1,000,000. The stock
prices movement is taken from closing prices and started
from 01-01-2008-01-01-2013. Ttcould be seenmn Fig. 1. The
growth rate and volatility of MYOR. JK are respectively,
u = 0.95%, 0 = 9.7%. and The risk-free asset of which
Tapanese Government Bond with 5 year yield been
selected has annual return of 0.24%.

Following proposition, the value function of the
portfolio shown in Fig. 2 below is decreasing from
Rp. 2,114-0 as the time goes to maturity and forms a
concave function. The consumption increases from
Rp. 3,9178-500,000. The composition of the stock weight
and the bond are varying respectively from 88.26-0 and
11.74-100% as it can be seen that the portfolio 1s
dominated by bond at the end of period. In Fig. 3, the
fumetion of and are 1s also fulfilling the proposition of 3.1.

Further 1s the simulation of the wealth process X(t)
using the data of MYOR.JK, the amount of consumption
C(t) and the wealth portion invested in bond X(t) and
stock X, (t) and the portfolio time-value process V(t). The

simulation is shown in Fig. 4. Due to the withdrawal of the
consumption by the investor which goes increasingly,
results that the wealth process of X(t) 13 gong up and
down in decreasing mamner. The portfolio V(1) 15 also
moving randomly up and down. These all findings
resemble with the theoretical facts in Proposition
31

Model sensitivity: The optimal model will be perturbed to
ensure that the solution of optimal consumption C*(t) and
optimal trading strategy 3(*(t) is the highest giving
wealth and consumption for Investor. Compared with
another number in parameter X,(t), one is held constant at
50% and one 15 X,*(1)-0.15 for which the wealth dynamics
as well as consumption rate are about to derived. The
results are depicted in Fig. 5 and 6.

w10 Mayara. K Price

T
clase, ayo

il i I
01-Jan-2008 30-Aug-2009 28-Apr-2011 26-Dec-2012

Fig. 1: Mayora stock (MYOR.JK) stock price movement
from 01-01-2008 to 01-01-2013; the data 1s taken
from www.finance.yahoo.com accessed at 26

September 2013
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Fig. 2: Optimal Portfolio of Consumption and Weight,
Based on Proposition 3.1 (Model)
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Fig. 3: Function of @(t) and r(t) based on proposition 3.1.
Results has shown that optimal consumption C*(t)
and optimal trading strategy X,*(t) 1s the highest
giving wealth and consumption for Investor after
84 day of investment period

% 10° w1

Fig. 4 Upper left showed total investor wealth process
with optimal trading strategy while lower left
showed the wealth process for stock and bond,
respectively. Upper right showed the consumption
rate of investor which reach optimally at the end of
period. Lower right showed walue function
decreasing as time reach maturity

x10°  Wealth Process Comparation, Optimum Model and Perturbation Models
3 T T T T T

250 !
W
/‘ \ |
M. i '\\ﬁl\u\
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Fig. 5: The wealth process of optimum model (the solid
line) and perturbation models (the dash line 1s the
model held 50% for X, and the dot line is the model
with X, = X,*-0.15)

x 10° Consumption Rate comparation: Optimum Model and Perturbation Model

o] 50

Fig. 6: The consumption rate of optimum model (the solid
line) and perturbation models (the dash line is the
model held 50% for X, and the dot line is the model
with X, = X,*-0.15)

CONCLUSION

In this study, we have derived the optimal asset
allocation strategy of a utility maximized investor dynamic
in life-time investment. Closed form expressions were
obtained for the optimal portfolio strategy that maximize
the expected total discounted log-utility of consumption
over finite life time while short selling 1s not allowed for
both stock and bond. In this model, the mvestor 1s
constrained from the assumption that the injection of
exogenous capital into portfolio is not allowed. But the
consumption is designed so that investor can withdrawal
some portion from trading gain. The optimal portfolio was
achieved from an investment in bond and stock which
respectively grows at constant rate and using simple
model of Markov chain. The model was implemented into
Mayora stock from Indonesian Stock Exchange and 2
times of Japanese
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