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Abstract: This research investigate the way of using the polar decomposition of matrix in solving the least

squares problem. By using tlis decomposition, researchers can solve the liner system. Also, this study

mcluded the way of obtaimng inverse of a non-singular matrix and determinant of a matrix by tlus
decomposition. Finally, the problem of least squares solved by normal equations and Pseudo-inverse matrix

by using the polar decomposition. With solving some example, researchers show that the accuracy of this

method.
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INTRODUCTION

Linear equations system have many applications in
engineering and social sciences and solving them
mvolves bulk of the engineering computation and other
disciplines (Zhou and Wei, 2006). They can be solved by
various methods such as: Gauss elimmation method,
inverse of coefficients matrix, Kramer method, Iterative
methods of Jacobi and Gauss-Seidel, Analytical method
and so on.

In the decomposition method, recommended by Alan
Matheson, coefficient matrix is decomposed into two or
more simple matrix (Pool, 2006).

The main advantage of this method over other
methods is when it is clear that researchers want to solve
the system Ax = b for several b. In this case, the number
of computations can be dramatically reduced.

Matrices can be decomposed by different methods
such as: LU decomposition method, Cholesky, SVD, Polar
decomposition and several other methods. The present
study aims at finding answer of the least squares problem
by using the polar decomposition.

The general form of this decomposition similar to the
polar form of a non-zero complex mumber, Z = re®, r=0
(Higham, 1986).

Tf A is areal or complex m»*n matrix (not necessarily
m = n) then decomposition A = PU called a polar
decomposition of matrix A, where P is positive-semi
definite Hermitian matrix and U is unitary matrix (U™ = I).
The most important feature of this decomposition is that
1t can be computed from the singular value decomposition
and vice versa (FaPbender and Tkramov, 2008).

If A =u)'v" is the singular value decomposition of A,
by getting P = u}u" and U = uv’, researchers can
calculated the polar decomposition as:

A= (uZuT)(uvT)

Considering the properties of matrices u, v and %, P
is a positive-semi definite Hermitian matrix and 1T is
unitary matrix (Golub and van Loan, 1996). The polar
decomposition can be used in noise reduction and data
compression (Calinger, 1999).

To solve the system Ax = b, researchers must first
determine whether it is consistent or inconsistent. The
command rref(A) can be used for this purpose. If the
above system is consistent, there would be one or infinite
answers. Otherwise, it has no real answer and in order to
find the approximate answer, the least squares problem
must be solved (Calinger, 1999).

The method of least squares 1s a standard approach
to the approximate solution of incompatible system. The
means of least squares is that the obtain solution
mimmizes the sum of the errors made in the results of
every single equation. To solve an incompatible system,
first the rank of coefficient matrix must be determined so
that a suitable method for solving the least squares
problem 1s proposed. If the rank of matrix A, 1s perfect to
find the approximate solution, the normal equations by
using the QR and Cholesky decomposition is used (Lay,
1994). Otherwise to solve this system, the Pseudo-inverse
matrix by using the singular value decomposition can be
used.
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As mentioned before, polar decomposition can be
computed by singular value decomposition. By using this
feature, a method is proposed to solve the incompatible
systems.

Considering, if the rank of the coefficient matrix in an
incompatible system is incomplete to find an approximate
answer, the Pseudo-inverse matrix is used.

SOLVING THE LEAST SQUARES PROBLEM BY
USING THE PSEUDO-INVERSE MATRIX

One of the methods for solving the least
squares problem in incompatible system is using the
Pseudo-mverse matrix.

Definition 1: Considering, the real matrix A, A%, matrix
which is verified in the following condition (Moore-
Penrose condition) is called the Pseudo-inverse of A
(Golub and van Loan, 1996).

AATA — A (1)
ATAAT — AT (2)
(ATA) =AlA (3)
(AAT)T — AAT (4)

Definition 2: For m>n real matrix A, matrices A"A and
AAT are Hermitian positive definite. If m<n then second
square eigen-values of AA” and if m>n then the second
square of eigenvalues of A"A called the singular values
of A (Golub and van Loan, 1996).

Consider incompatible system Ax = b and assume
that A_,. 1s rank deficient. In this case, normal
equations as x = (A’A)"" A™b can not be applied to find
the least squares. In this study by using the polar
decomposition the pseudo-mverse of the matrix 1s
calculated and by replacing in the equation =4, the
problem will be solved.

First, researchers obtained the polar decomposition
of A as:

A= (uZuT )(uvT)
Where:

uandv = Unitary matrices
% = Diagonal matrix

For this purpose, the eigen-values and eigenvectors
of the matrices ATA and AAT must be calculated. After
thinning these vectors, matrices u and v are formed. To
obtained the diagonal matrix of X, singular values of ATA
or AAT are calculated and the matrix X is formed as

216

¥ =diag (0, ..., 0,), then the polar decomposition of A is
obtained. Pseudo-inverse matrix from the polar
decomposition could be calculated as:

A= (uE uT)(uvT ) —Al = [(uz u' )(uvT )T
Where:
1. = diog| —,—, ,i,o,...,o]
G G, k
G, 206,2.26, >0

Now, the solution of the least squares problem can
be easily obtain by replaced the Pseudo-inverse matrix on
the equation of z=a'b.

SOLVING THE LEAST SQUARES PROBLEM BY
USING THE NORMAL EQUATIONS

One way for solving the least squares problem when
the coefficient matrix 18 full rank is using the normal
equations. When A is asymmetric matrix, the system
ATAx = A'b called normal equations can be solved
instead of the system Ax = b. Therefore, 1if the vector % 1s
the answer for equation Ax = b, then it will be answer for
ATAx = Ab. For solving the normal equations by using
the polar decomposition first, the matrix A decompose in
into the multiply of two matrices as A = UP (right polar
decomposition) by using the method mentioned by
Golub and van Loan (1996) then the normal equations are
solved as:

Ax=b, ATAx=ATb

A=UP—(UP) (UP)x=(UP)b
PTUTUPx = PTUTb(Uisunitmy,i.e.,UTU = 1)

Since, P is nonsingular, researchers {ind the least
squares solution by solving the triangular system:

Px=U"b

So to getting the vector x in normal equation
ATAx = A'b, first the polar decomposition of A in the form
of A = UP must be obtained, then try to solve the
following system of equations in which the equation
Px y can be solved by applying the backward
substitution. Researchers have:

)

Px=vy
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CALCULATING DETERMINANT AND INVERSE
OF A MATRIX BY USING THE POLAR
DECOMPOSITION

One of the other applications of the polar

decomposition 1s that researchers can use it to calculate
the determinant and mverse of the non-singular matrix. As
researchers know, the determinant of a square matrix A,
is obtained by the following equation:

A|=+IT% 6

i=1"1

If consider the polar decomposition of matrix A

das:

A= (uZuT )(uvT)

Since, v and u are orthogonal matrices, so

researchers have:
1A = o3 0o = o[£ ffuful[v7]
S () - 25 -+T
If A = (uXu’) (u") is polar decomposition of the

square and full rank matrix A,., then researchers can say
about the inverse of this matrix:

A={uu)w ) > A7 =[ (w3 )}1
=(w™) (WX =Y e =y S

Where:
5 diag[l 1 1}

o, ’ C, ’ C,
NUMERICAL EXAMPLES

In this study, three examples have been solved.

Example 1: Consider the linear system:

1 0 -1 1
Ax=b—A=|1 2 1| b=|1
01 1 1

Since, rark’s (A) = 2 so that rank’s A 18 incomplete
and system is inconsistent. By solving this system by
using the polar decomposition of A. First, calculated the
u, v and X:
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—0.0849 0.9089

u=| 0.8736
0.4792
0.2852

v=|0.8052
0.5199

0.2650
0.3220
0.7651
0.1355
—0.6295

0.4082
~0.4082 |,
0.8165
0.5774
—0.5774
0.5774

27651 0 0
Z:diag(cl,...,cp): 0 15344 0| >3 =diag

0 0 0
- .
0
2.7651
1 1
o000 | =
o, o, 1.5344
0 0 0

In thus step, calculate the Pseudo-inverse matrix, 1.e.,

calculate the AT matrix:

A= (uZuT)(uvT) S Al = (vuT )(uzT uT)
0.4444 02222 -0.1111
=[0.0556 02778 0.1111
0.3889 0.0556 02222

Now, the answer of the least squares problem with

replacing Pseudo-inverse matrix in the equation, &=a'b

calculated:
k=ATb—=%=

0.4444 0.2222 -0.1111(|1 0.5556

0.0556 02778 0.1111 ||1|—| 0.4444

0.3889 0.0556 02222 |1 -0.1111

And error 1s:

—-0.3333

le|= A% —b||— & =] 0.3333 ||=0.8165
—0.6667

Since, one of the features of the Pseudo-mverse

matrix is that ATA and AA" is symmetric, so researchers
can proved this feature with calculating the matrix:

0.6667 03334 -0.3333

A'A=| 03334 06667 03333 | > A'A is symmertric

—0.3333 0.3333  0.6666
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Example 2: Consider the linear system: A= (uEVT)(uVT)
o ! (02255 —09674 0.1152
Ax=b >A=|0 3 2|b=|1 ' e '
09005 0.1662 -0.3810
0z 1 1
10.3493  0.1910  0.9173
Since, A 1s a full rank matrix, so researchers can solve 3.9577 0 o
above system by application the normal equations. So A= 0 1.1345 0
that first calculate the right polar decomposition of the | O 0 02227
matrix A, researchers have: _02253 09674 0.1152 a7

0.9095 0.1e62 -0.3810

12655 0.6186 0.1254 03493 0.1910  0.9173 |

A=PU=|0618 33376 12156

0.1254 12156 0.7117 T02253 09674  0.1152 ]

08836 03755 -0.2797 0.0005 0.1662 —0.3810
—02957 09107  0.2885 103493 0.1910  0.9173 |
03631 -0.1722 09157 A= T

[0.0569 —0.8527 0.5192 ]
0.8346 —0.2448 —0.4935
| 0.5479  0.4614  0.6978 |

Now, researchers solve the equations:

{y - uTb} At=vi T
PX=¥
[0.0569 —0.8527 05192
0.8836 0.3755 -0.1797][1 1.4841 AT =|0.8346 —0.2448 —0.4935
y=|-0.2057 09107 0.2885 1| —>y=1]06102 105479 0.4614  0.6978
03631 —0.1722 09157 | |1 0.6520 30577 0 0 T
0 11345 0
In this stage, researchers solve the equation px = y: 0 0 0.2227

T

[0.2253 —0.9674 (.1152
0.9095 0.1662 —0.3810
10,3493 0.1910 09173

[1.2655 06186 0.1254
px=y—|0.618¢ 33374 1.2156
|0.1254 1.2156 0.7117

- 1 -1 2
X, || 1.4841 1.3742 o
—A"=|0 1 -2
X, || 0.6102 | - x=| 08396 0 1 3
| X, || 0.6520 2.1079
CONCLUSION

Example 3: In this example, researchers calculate the

inverse of matrix A by using the polar decomposition: In this study, a method to obtain the least squares
solution by using the polar decomposition is presented.

With using this method, one can solve the least
squares problem by using the normal equations and

110
A=|0 3 2 ) 4
01 1 Pseudo-inverse matrix.
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