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Abstract: Damodar river basin is repository of 40% of India coal reserve. Exploitation of coal and related
industries m the area has exerted a great impact on the water pollution. In this study, an attempt has been made
to develop a mathematical model to obtain time histories of concentration levels under different dumping
policies so as to select the policy which disposes maximum waste without exceeding acceptable limits. An
analytical solution 1s obtamed to study the concentration levels for different tume histories. The model can be
useful m guiding engineering and management decision concerned with the efficient utilization of Damodar river

water and protect their quality.
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INTRODUCTION

There are several companies which perform coal
mining activities and 1s located on the banks of Damodar
river. In the past, it has disposed of its waste by
indiscriminately dumping it into the river, causing high
levels of pollution. As a consequences, the local
authorities passed new legislation with very high fines if
polluton 1n the r1iver exceed certain specified
concentration limits. The problem in this study is to frame
a policy for discharging the waste so as to ensure that the
concentration levels never exceed the specified lumits.
Mirbagheri et ad. (2009) developed mathematical model of
water quality in river systems of Jajrood river in Tehran
Iran

The water quality of Danube river and its
analysis through mathematical model was studied by
Antohe and Stanciu (2009). Agusto and Bamigbola (2007)
studied the numerical treatment of the Mathematical
models for water pollution. Shukla et af. (2008) developed
Mathematical models and studied its analysis of the
depletion of dissolved oxygen in eutrophied water bodies
affected by organic pollutants. The remedy through a new
technique for water pollution n river was well studied by
Pimpunchat et af. (2009). In order to solve the problem of
how to keep concentration level of pollutants below
prescribed level of pollutants levels, companies need to
obtain changes to concentration levels in the river over
time under different dumping policies for chemical waste
(Murphy, 2011; Chapra, 1997). A policy for dumping is
defined by time history of dumping. Researchers assume

that the dumping is carried out at discrete tume instants.
The effect of dumping is increase the concentration level
suddenly at the moment it occurs. With the passage of
time, the chemical waste diffuses mnto the water and also
gets transported downstream. Depending on the waste, it
can either go through a process of transformation so that
it ceases to be an undesirable waste or relation its
chemical structure or continue to be an undesirable
chemical waste.

Assumption: Researchers treat river as a single object
with the waste dumped bemng an input varable (from the
system environment) and the water discharge to the sea
being an output variable (to the system environment). In
the simplest characterization, the river is viewed as a one
dimension al channel of constant cross-section A,
with x = 0 corresponding to the location where the waste
is dumped into the river. Let L., and 1, represents the
length of the river upstream and downstream from the
point where the waste 13 dumped.

As aresult, researcher have -L,<x< L, with distances
measured downstream being positive and those measured
upstream being negative. Let T (t, x) be the concentration
level of chemical waste at location x from the point of
dumping at time t. The vanable changes contmnuously
with t and x. Let v be the velocity of flow which researcher
treat as a constant. Since, the river receive clean water
from an external source the concentration is zero at x = -L,,
hence T (-L,, t) = 0. Resaerchers assume that the sea to
which the river discharge is very then the concentration
level there is also negligible. Hence, T (L, t) = 0. The
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Fig. 1: Coordinate frame for river pollution

diffusion and transportation of the waste is predictable
and governed by the law of fluid mechanics. Researchers
describe this model as an open determimstic dynamic
system. The main objective of this study is to obtain time
histories of concentration levels under different dumping
policies so as to select the policy which disposes
maxiumum waste without exceeding acceptable limits. In the
above characterization, researcher assume the river as a
one-dimensional channel with cross-section and ignore
the lateral diffusion of the chemical waste across the
width. Since, the waste 13 dumped at a point, rather than
along the whole cross-section, the above characterization
is over-simplification.

A more redefined characterization includes the spatial
variations. For example, researchers can treat the depth as
being nearly constant and researcher represent this by a
parameter h and the width of the river is changing with x.
Let w(x) represent the width of the river at a distance x
from the point of dumpmg along the river then the
area A(x) changes The
concentration level is given by a variable T(t, x, y, z), the

cross-sectional with x
concentration at a point whose coordinates are given by
(x, y, z) as shown in Fig. 1 at time, t. The limits for y and z
are given by O<z<h and O<y<w(x). Since, the flow volume
must be constant for all x, the velocity of flow U(x) is a
function of x.

MATERIALS AND METHODS

Model 1: Let T(x, t) represent the concentration level of
pollution at a distance x from the point of discharge at
time, t. From the system characterization researcher have:

(1)

L, Sx <L, and 0 <t < oo
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The concentration level changes due to diffusion and
transportation. Let D be the coefficient of diffusion and U
be the velocity of the river which 1s assumed to be
constant. The diffusion 15 governed by Fick’s law of
diffusion current vector T is given by:

OT(x,t)
ax

J=-D (2)

From the equation of continuity, for the diffusing
substance researchers have:

2 T(x,1) _
ax

(3)

U AT (x,t) D ' T(x.0)
ox ax’

This is obtained by considering a small volume
centered at x at time t and evaluating the net mflow and
outflow of pollution in a small time &t. The net change in
the small volume can be related to the net inflow and net
outflow and in the limit t~0 and 8x~0. Researchers have
the above equation. Clearly, Eq. 3 involves a parabolic

partial differential equation. Researchers have the
following mitial and boundary conditions:
IC:T(x,0)=G(x), ~L, £x <L, (4

Indicating the concentration levels along the river at
t=0and BC:

T(-L,, t) =0, T(L,,t) = 0,<t <o &)

Researchers slightly modify the model by taking nto
account the discharge of the pollution at x = 0. In Eq. 3,
researcher include an extra term F(x, t) which is of the
form:

F(x, t) = ag()8(x) (6)

Where, g(t) is the time history of dumping and &(x) is
the Dirac delta function.

Model 2 and its analytical solution: Assume that the
velocity of flow is negligible hence, U = 0. As aresult, the
model for pollution concentration is given by:

* T(x,t) _19T{x.t) (7)
' D
With the BC and IC given by:
BC:
T(-L,,t)=0=T(L,,t), 0Lt <o
IC:
Tix,0) =G(x) (8)
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Researchers use the method of separation of
variables. This method assumes a solution of the form:

T(x,1) = W(x).V(1) )

Substituting Eq. 9 in Eq. 7, yields:
%W(x) Vi) :V(t)dzwf") (10)
1 dEwWE 1 dv an

Wix) dx’ DV(t) dt

As aresult, W(x) 1s given by:

W(x) =} {C, sinA(x+L)+D,cosh(x+L)} (12)

and V() 1s:
Vit)y=e" (13)
Since, the BC has to be satisfied, we have D,= 0 and
A must satisfy:

MLAL) =nll;n=0,1,2... a4
or;
L | (15)
L +L,
As aresult, the solution is given by:

T(x,t)= iotnef“sin nllGx+ L) (16)

= L +L,

2 2
y=2n (17
(L,+L,)

and «, to be selected to satisfy the IC From Eq. 16
researcher have:

T(X,O):Eotn sin{nn(XJrL‘)} (18)
< L +L,
and for this to equal G(x) researcher must have:
a, =" G (osin AGEL), (19)

1 2

Thus, the analytical solution is given by Eq. 16 with
¢, evaluated from Eq. 19.
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Fig. 2: Time histories of different biochemical deposition
in Damodar river at Dhanbad region
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Fig. 3: Time histories of different bio gradient deposition
in Damodar river at Dhanbad region
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Fig. 4. Time histories of different chemical deposition in
Damodar river at Dhanbad region

Data on pollutants dumped in the Damodar river at
different times: Time histories of different biochemical,
chemical and bio-gradients waste being deposited in
Damodar river at Dhanbad region 1s collected. Their
chemical composition representing pH, DO, BOD, COD,
TS, TSS, TDS, TH, Cal, Mg, Chloride and Alkanality
{mg 1.7") were well studied in the sample collected for the
last 3 years that is JTanuary, 2009 till October, 2011. An
analysis of all these chemical compositions is shown in
Fig. 2-4. Chemical Oxygen Demand (COD) has a very high
variation and has exceeded all its limits in October, 2011
which 1s shown i1 Fig. 2 an immediate attention has to be
paid for this wide variation. Disposal of Chloride 1s also
varying too much and has reached a limit in the month of
March, 2011which needs an immediate attention (Fig. 4).
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CONCLUSION

Based on the time histories of dumping pollutants
(chemical, bio chemical and bio gradient) in the Damodar
niver at Dhanbad region, researchers developed two
different Mathematical models. The time histories of
concentration levels under different dumping policies
were taken mto consideration so as to select the policy
which disposes maximum waste without exceeding
acceptable limits. As Damodar river at Dhanbad passes
through coal reserve areas, the concentration level of
pollutants is very high and also the disposal of coal
extracts into the river is not at a single pomt, the
developed models will be useful in guiding engineering
and management decision concerned with the efficient
utilization of Damodar river water and protect their quality.
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