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Abstract: In the study, stochastic period inventory model analyzed with the back order ratio is fully depends
on the length of protection interval, which is expressed as the sum of review period and lead-time. Also, back
order discount and protection mterval considered as decision variables, which control to wider applications
for a periodic imventory model. Two parameters perfect information and partial information about the protection
interval demand distributions have been discussed. We first assume that the protection interval demand follows
a normal distribution and relax this assumption by considering the first and second moments of the probability

distribution of protection interval demand are known.
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INTRODUCTION

In the recent nventory control system literature deals
the assumption that the demand during the stock out
period in fully Back ordered or fully vanished out. The
most of the inventory papers concentrated on the
assumption that the back orders ratio 1s a prescribed
constant, which leads to uncontrollable. In latest
literature, some studies (Ben-Daya and Hariga, 1999,
Chung et al., 1999, Ouyang and Wu, 1997, Ouyang et al.,
1996) have been analyzed the continuous review model
with the partial back order rate as a fixed constant.

In this study, we analyze the assumption that the
back order ratio 1s dependent on the length of protection
mterval. In many practical situations where shortages are
allowed, we can often observe that some customers may
refuse the back order case.

When a shortage occurs, many factors may affect
customer's willingness of accepting backorders. Tt is
obvious that for well -formed products or fashionable
goods such as certain brand gun shoes, hi-fi-equipment
and clothes, customers may prefer to wait, in order to
satisfy their remands. Besides the products themselves,
there 1s a potential factor that may motivate the customers
desire for backorders. The factor is some extent by
offering a price discount on the stock out item by
negotiation to secure more backorders it may take the
customer more willing to wait for the desired items. In
other words, the higher the price discounts from the
supplier, the higher the advantage of the customers. And
hence, a large no. of back order ratio may result. This
phenomenon revolts that, as unsatisfied demands occur

during the stock out peried, how to find an optimal back
order ratio by controlling a price discount from a supplier
to mimmize the relevant mventory total cost 1s a decision -
making problem worth discussing.

In a recent study, Pan and Hsiao (2001) studied the
continuous review inventory model with backorder
discounts. The applications of periodic review mnventory
model can often be found m managing inventory cases
such as smaller retail stores, drugs stores and grocery
stores by Taylor (1996).

The applications of the periodic inventory models
can often be found in managing inventory cases such as
smaller retail stores, drugstores and grocery stares. For
this, in contrast to the continuous review inventory
model, we seek to investigate a periodic review model with
back order discounts to accommodate more practical
feature of the real production/ inventory systems.
Congequently here we consider an option in which while
a shortage occurs, a price discount can always be offered
on the stock out them in order to secure more back orders
for the periodic review mventory models. The main object
of this study is to testing the effects of controllable back
order discount on the periodic review inventory model (ie)
the study proposes a general model which allows review
period and backorder rate as decision variables to fit a
more realistic inventory situation. We commence the
inventory cycle with the protection interval demand that
follows a normal distribution and finally we exclude this
assumption by considering that the first and second
moments of prob. distribution of the protection interval
demand to be known and finite in the inventory situation
then solve this problem by using the minimax distribution
free approach.
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ASSUMPTIONS

The following are the assumptions, which are
applicable for this proposed model.

¢+  Back order ratio, which depends on the length of
protection interval N.

* M = The target level can be explamed as the sum of
expected demand during the protection interval and
safety stock sst.
st = pxo m , where p is the safety factor and
satisfies the relation, P (M > N) -1 =10,

*  The inventory level is reviewed every t, units of time.

¢ During the stockout time, the backorder ratio B, is
two variable functions of t and L and 1s in
proportion to the price discount offered by the
supplier per unit ;.

(i.e.) Py = B.(t+L) /7, where By = [0, 1], 7, = [0, m,].
MODEL DESCRIPTION

By our assumption the protection mterval demand X
has a p.d.f £,(x) with finite mean D(t,+L) and 3.D m .
and the target level M=D(t,+1.)+po m .

As in montgomery for the periodic case, it can be
found that the expected holding cost per year 1s,

h[M-DL- Dt,/2 +{1-B(t,+1.); BE(N-M)]
and the expected stockout cost per year is,

tl[nlB(tl +Ly+m, (1= Bit, + L)) |[E(N - M)

Where E (N — M) is the expected demand short at the
end of the cycle.

Since the total expected annual cost 1s the sum of the
ordering cost + holding cost and stock-out cost, we have
to minimize the expect annual cost (i.e.,)

EC(t,, B) = B/t +h[M-DL- Dt,/2 +{1-p(t,+L)} EN-M)] +

tl[nlﬁ(tl + L)+ m, (1-Bt, + L)) JE(N-M) - (D)

1

Now using the value of B = Py /T, in the above, we
get,

B Dt
EC(1,, B) = -~ +h[M-DL-—*+

1

(1- M(t1+L)} E(N-MJ] +
o

2

t{nl Bt (4 v Ly, {1 B L)J E(N-M) (2)
T

1 2 2

~B v -Pi g Py
1 2 T

1 2

+tl'n2 [1 M(t1 + L)J

1 Ty

E(N - M)

The model proceed further by the assumption that
the protection interval N follows a normal distribution
withd, (t, +L)and 3.D. 0 { :

Since N = d,(t, + L) EQI--ZJE ¢ + L. the expected
shortage quantity E(N-M) at the en of the cycle 1t can be
expressed as,

E(N-M) = T(X— M)=fN(x) dx:cs.,/t1 +L alp)

Where, a(p) = 8(p) — pl1-v(p)], 3(p) and y(p) denotes
the p.d.f and distribution function of a standard normal,
respectively.

Substituting the values of E(N-M) in (2), we get the
revised total annual cost and it becomes,

EC(t, 1) - tE+ h[%ﬂm JoiL+]
1

- PaM oy L
m, t

1

{1—8”—11‘2(‘[1 +L)+m, - BNRIH oyt + L ap)
T

2z

For obtaiming the optimal values of t; and 1, we will
find the mimimization of EC(t,, m,).
Differentiate (3) partially w.r.t ‘t,” and 1, we get

ECm) B 4 PO |
ot t 20 2t +L

_Bym,, Clm)
C(m, )G,f‘[1 + La(p) N {h(l m, )+ t, }GG(P)
t? 2t +L

(4

ZBan _ BN

atiEC(tl,ﬂl): ﬂztithN G,/t1+Lot(p) (5)
1 1 TI:Z
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Where C(n) =m, - PN=n, +

2
BNi> 0 since %> BN(l—i).
m m,

7[2 2

Next we will prove that EC(t,,
in (t,, m,) which satisfies

) 18 convex function

CEC(t,m)
ot

COEC(t,,m)
on

—0=

1 1

Proof: First we obtamn the Hessian matrix

&EC(t,.m,) &ECd,.7m,)

_ ét,’ ét,om, 3 3y
aZEC(tl, m,) 82Ec(t1, m) dp Hdyp
om ot én’

1

From the above matrix H, finding the principal Minor
of H, then we continue our procedure for convexity of EC

(t, ).

CECt,m) B
T
1

. d, po

Since h{? + 72 m
h(l— BN“l T+ C(" )

_Cm)oft+Latp) t

t12 2\’/’[1 +L

| (4.1)
co(p)

GEC(t,. M) _
ot

Put

1

B hd he Bum,

— =t | p+|1- ol

t° 2 24t +L {p [ T, ®
B C(m, )cr.,/t1 + Ladp)

t?

(4.2)

Where C(mt,) =T, - BNTEI + BNﬂ12 > 0.
Ty
B ~ hd, ho
e = + 372
G+ L) A L) At L)

{p + (17 Br;:nlz) CL(p):|+ C(nl) g G(P)

4t (t, + LY
B C(m,) cr,/t1 +L alp)
2t%(t, + L)

de)

(4.3)

Differentiating (4.1) partially w.r.t °t,

- Cm) N 20(m Wt + L
FECH.m) _ 2B | t 't +L t,’
ot t’ )
4t (1, + LY

ho By,
a(p) W{P +(1- R)G(P)}

2

(4.4

Letf(tl):—i—]?Jr

! (4.5)
__Cm)  2C(x, Wi+l comy o)
t’ |t +L t’ at (t + LY? P

and gt ) =—— = C(m )oop) C(’El)G\/tl+L0:(p)
s 2t, (t +L) At (t +L)m 2t12(t1+L)
(4.6)

From (4.3), which shows that,

g(t))> {p (kBN 1)a(p)} (4.6)

( L)SIZ
By using (4.5) and (4.6) we get,

aEC(tl, 2 B
T >t ) —glt)

1

B(3t + 4L) (t, + AL)C(m Joulp)

2t (t+L) 2t 4t +L 7
B(3t +4L)(t, + 4L)C{m, yoo(p)
2t°(t, + L)
Hence, |a,,| of H> 0.
Next, we will prove that |a,,| > 0.
BNTI:I B
M
Now CEC(t.m) _|_ _hby oyt + L o(p)
atl tl T[2
(4.8)
32Ec(t1= ) ZGBNG(P)\/t +L (4.9)

on’

1 2 1
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oPu jca(p)F

azEc(tpm)_[ T

61’[1@111 t1
n
24B; ! 7BN hB
— " |alp)
tl 7[2
N 2750(2111 — )G phft, + L
2/t + L m,t,”
FEC P, h
Since when (t,m,) =0,= ™ _ ﬁ: 0
8111 tl T,
- Mol + L [From(7)]
nZtl
fEC(,,m) &ECH,.7)
at,’ atém,
Now, |a,,| = 5 .
FEC(t,m) FEC(t,m)
on ot &nlz

B(3t +4L)+ (t, + L.L)C(m )oo(p)

2t7(t, + L)
{ZGBNa(p),/tl L } ) {—hBNGa(p)Jtl L T
Tt Tt

Using (4.7), (4.8) and (4.9)

{(t +L)C(n, )Go:(p)MZGBNOL(p),/t n }

2t +L 7t
{hBNca(px/t +L} {Bna(p)\lt T w
m,t m,t

| €t + L)C(m)oalp) hZBNcmL(p).,/tl +L
t 4t + L m,t,

“(p)“” P o WL a1 By 3B, mm, — )]

=0

=la,,[>0

Hence, it is clearly EC(t,, 7,) is a convex function in
(t, ). By examining the 2™ order sufficient conditions,
we have

CEC(t,.m,) _ _ OEC(L.m)
a on

1 1

:)th: %+2his]_[p+ [1—Mja(p)}
" ©)

7C(n )G-‘/t + oc(p) C(m, Joaip)
t? 2t + L

andnlztlh% (7)

Substituting (7) in (6), we get,

:)E_hd he 1- BN[th-HIJo',()
t’ 2,/ 2 P

B H(t1)c\‘ t, + Lalp) i H{n )ooip)
t} 2t Jt, + L

(8)

th+m, . By {tlh +m, }2
+
Pl 2 )n2 2

Where,

Hit,) = C(”‘;”Z)

Now we will discuss, about obtaining the optinal
values of t, and m,. Based on the following algorithm we
can find the optimal values.

ALGORITHM

Step 1: For a given q, determine t,, from (8) and then
calculate 1, from Eq. (7) and compare 1, and ;.

o Ifm . m, m, isfeasible and the optimal solutions is
(t,’m,) = (t, 7,) then go to step 2.

o Ifm.m, m is not feasible. Let m, = m; and calculate
the corresponding value of t, from Eq. 6 the optimal
solution is (t,",7,") = (t,, 7,) then go to step 2.

Step 2: Compute the corresponding minimum expected
total annual cost EC (t,",m,") and hence the optimal target
level M = d(t1 +1L"+po ,t 4 1 - Andthe optimal back

order ratio 1s

By =Bym (tl* LUy
T[2

In many practical situations, the distributional
information of the protection interval demand is often
quite limited. Hence, we exclude the assumption about the
normal distribution of the protection interval demand and
only assume that the protection interval demand X has
given finite first 2 moments: (1.e.) the p.d.f £,£€, of class of
p.d.f’s with finite mean d{t,+1.) and standard deviation

o itl +1 . Since the probability distribution of X is
own, we cannot find the exact value of E(N-M). We
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propose to apply the minimax distribution free procedure
for our problem. The minimax distribution free approach
for this problem is to find the p.d.f. £, in Q for each (t,, 7,)
and then mimimize the expected total annual cost over
(L, 7).

We need the following propositions to solve the
problems of find optimal values of t, and T,

Proposition I:
Forany f, € £,

BN < [‘jc(t+L)+{M ] 10
Dit, + L) —{M—D(t, + L)}

Proof: Since M = dt+L) + po G\/m for any
probability distribution of the protection interval demand
X the above mequality always hold. Then, using
mequality (10), it suffixes to mimimize.

EC'(t,-m,) =

. %wcmﬁ[l—mj
TI:Z

——+h

E Gyt + Liyfl+p* —p (11)
+C(ﬂ1)6‘\,t1 +L (W*P)

2t,

Once again the approach employed is utilized to
solve (11). It can be shown that EC (t,,,) which satisfies,

SEC(t,,m) 0 OEC(t,,m,)
ct, om,
B hd ho 1 B,ym
ie. —7—+7 +—| 1 ( 1+pf — )
0=y o )
C t,+L
_ C(m)o (’1+P2*P)+ (ﬂl)G\‘21+ (rlerZ*p)
at Nt + L 2,
(12)
and m, = tlh;r L (13)
Using (13) m (12), we get,
1 th+m,
B hd,  ho 2[1 P J
:>—2:—
t, 2t +L
( 1+p - )
H(t,)o ( ) H{t)c t+L( > )
Jiept -
4t 4t + L PP
(14

From the Eq. 13 and 14 we can obtain the optimal
(t, m,) and the corresponding expected total annual cost
EC(t,, m,) can be obtained. However m practice, since p.d.f
f, (x) is unknown even if the value of ¢ is given we cannot
get the exact value of p.

Therefore, in order to find the value of p, we need one
more proposition

Proposition 2: Tet N
terval which has a pdf f(x) with fimte mean
d(t+L) and standard deviation m then for any
real numberb > Q.

represent the protective

02(t1+L) 15
P(N>b) S ot L) [bdy(t, + LT "

Proof: Since the target level M = d,(t, L) +p c,ft, +L as
mentioned earlier, if we take M mstead of b in (15), we get,

L (16)

P(N=M) = 2
1+p

Since it is assumed that the permissible stockout
probability q during the protection 1s termed, 15 given,
(1.e.) q = P(N>M), thus from (16). We can obtain

1
O<p= ’——1
q

It is easy to verify that EC'(t,, 7,) has a smooth curve
for pe

q
CONCLUSION

In this study, we present a new stochastic periodic
review inventory model involving controllable backorder
discount. In the real market as unsatisfied demands occur,
the higher the price discount from a supplier, the higher
the advantage of the customers and hence, a large no. of
backorders may result considering the reason, we assume
that the backorder ratio 13 dependent on the amount of
price discount from a supplier. In this study, we first
assume that the protection interval demand follows a
normal distribution and then exclude their assumption and
apply the minimax distribution free procedure to solve the
problem.
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Fixed ordering cost per order.

Inventory holding cost/unit/year.

Target level

Length of a review period

Length of lead-time

The protection interval, which can be
expressed as the sum of length of review
period of length of lead-time length of lead-
time = t, + L, demand which a probability
density function (p.d.f) f, with finite mean
D(t+L) and S.D. Gm.

B(t, + L) back order ratio which depends on
the length of protection interval

Upper bound of the back order ratio.

Back order price discount offered by the
supplier per unit.

Marginal profit.

Mathematical expectation.

1273

REFERENCES

Ben-Daya, M. and M. Hariga, 1999. Some stochastic
inventory models with determimstic variable lead
time. Eur. J. Operational Res., 113: 42-51.

Chung K.J., P. Chu. 5.P. Lan and W.J. Wan. 1999. A
simple method to locate the optimal solution of the
inventory model with variable lead time. Computers
and Operations Res., 26: 599-605.

Ouyang, LY. and K.5. Wuy,
nventory involving  variable

1997. Mixture

lead time with a

service level constraint Computers and Operations
Res., 24: 875-882.

Pan CH. and Y.C. Hsiao, 2001. Inventory model with
backorder discounts and variable lead time Int. J. Sys.
Sci., 32: 925-929.

Taylor, BW., 1996. Introduction to Management Science,
Prentice Hall, New Jersey.



