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Abstract: The main purpose of this study is to investigate the case where the retailer’s umt selling price and
the purchasing price per unit are not necessarily equal within the EPQ framework. Under these conditions, we
establish the retailer’s inventory system as a cost minimization problem to determine the retailer’s optimal
mventory cycle time and optunal order quantity. Three easy-to-use theorems are developed to efficiently
determine the optimal inventory policy for the retailer. Some previously published results of other researchers
are deduced as special cases. Finally, numerical examples are given to illustrate these theorems obtained in

this study.
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INTRODUCTION

The traditional Economic Order Quantity (EOQ)
model assumes that the retailer must be paid for the items
as soon as the items are received. However, in practice the
supplier will offer the retailer a delay period, that is the
trade credit period, in paymng for the amount of
purchasing cost. Before the end of the trade credit period,
the retailer can sell the goods and accumulate revenue
and earn interest. A higher interest is charged if the
payment 1s not settled by the end of trade credit period.
Therefore, it is clear that the retailer will delay the payment
up to the last moment of the permissible period allowed by
the supplier. In the real world, the supplier often makes
use of this policy to stimulate his/her customer’s demand.
Recently, several papers have appeared in the literature
that treat inventory problems with varying conditions
under the consideration of permissible delay in payments.
Some of the prominent papers are discussed below.

Goyal'! established a single-item inventory model
under permissible delay in payments. Chung™® developed
an alternative approach to determine the economic order
quantity under condition of permissible delay in
payments. Aggarwal and Jaggi™ considered the inventory
model with an exponential deterioration rate under the
condition of permissible delay in payments. Chang et al.l¥
extended this i1ssue to the varying rate of deterioration.
Liao et al.”! and Sarker et al.'” investigated this topic with
inflation. Jamal et al.'” and Chang and Dye™ extended this

issue with allowable shortage. Chang et al.™” extended this
issue with linear trend demand. Chen and Chuang!”
vestigated light buyer’s inventory policy under trade
credit by the concept of discounted cash flow. Hwang
and Shinn™! moedeled an inventory system for retailer’s
pricing and lot sizing policy for exponentially deteriorating
products under the condition of permissible delay in
payment. Jamal et L' and Sarker et al'” addressed the
optimal payment time under permissible delay in payment
" assumed that the selling price
not equal to the purchasing price to modify the Goyal’s
model. Chung et al!'! and Chung and Huang!’
discussed this issue under the selling price not equal
to the purchasing price and different payment rule.
Chang et al.!"” investigated the credit term that supplier

with deterioration. Teng!

provides a permissible delay to the purchaser if the order
quantity is greater than or equal to a predetermined
quantity. Shinn and Hwang!*
optimal price and order size simultaneously under the

! determined the retailer’s

condition of order-size-dependent delay m payments.
They assumed that the length of the credit period is a
function of the retailer’s order size and also the demand
rate is a function of the selling price. Chung and Huang!"”
extended tlus problem within the EPQ framework and
developed an efficient procedure to determine the
retailer’s optimal ordering policy. Huang™” extended this
1ssue under two levels of trade credit and developed an
efficient solution procedure to determine the optimal lot-
sizing policy of the retailer. Huang and Chung™! extended
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Goyal’s model” to cash discount policy for early
payment. Arcelus et al™ modeled the retailer’s profit-
maximizing retail promotion strategy, when confronted
with a vendor’s trade promotion offer of credit and/or
price discount on the purchase of regular or perishable
merchandise. Abad and Jaggi™ developed a joint
approach to determine for the seller the optimal unit price
and the length of the credit period when end demand is
price sensitive. Salameh et al™ extended this issue to
contimious review mventory model.

In 2003, Chung and Huang modeled the retailer’s
mventory system under payment delay within the
Economic Production Quantity (EPQ) framework and
developed an efficient procedure to determine the
retailer’s optimal ordering policy. However, they implicitly
make the following assumptions:

¢  The umit selling price and the purchasing price per
unit are assumed to be equal. However, as we know,
the unit selling price for the retailer is usually
significantly higher than the purchasing price per
unit in order to obtain profit. Consequently, the
viewpoint of Chung and Huang!" is debatable
sometimes.

¢ Atthe end of the credit period, the account is settled.
The retailer starts paying for higher interest charges
on the items in stock and returns money of the
remaining balance immediately when the items are
sold. What the above statement describes 1s just one
arrangement of capitals of enterprises. Based on
considerations of profits, costs and developments of
enterprises, enterprises may invest their capitals to
the best advantage.

According to the above arguments, this paper will
adopt the following assumptions to modify Chung and
Huang’s"” model.

¢ The selling price per unit and the unit
purchasing price are not necessarily equal
to match the most practical situations. This
viewpoint also can be found in Teng!?,
Chung et al." and Chung and Huang!"®.

¢ The retailer needs cash for business
transactions. At the end of the credit period, the
retailer pays off all umits sold and keeps his/her
profits for business transactions or other
mvestment use. This viewpomt also can be
found in Teng™.

The main purpose of this study is to incorporate the
assumptions (1) and (i) to modify Chung and Huang’s™?
model. That is, we incorporate both Chung and Huang!®
and Teng™! to develop the retailer’s inventory model.
Then, we develop three easy-to-use theorems to

efficiently determine the optimal inventory policy for the
retailer. Fially, numerical examples are given to illustrate
these theorems.

MODEL FORMULATION

For converience, most notation and assumptions
similar to Chung and Huang (2003a) will be used in this
study.

Notation:

A = Cost of placing one order

¢ = Umt purchasing price per item

D = Demand rate per year

h = Umt stock holding cost per item per year excluding
interest charges

I, = Interest earned per $ per year

I, = Interest charges per $ mvestment in inventory per
year

M = The trade credit period in years

P = Replenishment rate per year, P>D

s Unit selling price per item

T = The cycle time n years

p =1-D/P=0

TVC(T) = The total relevant cost per unit time when T=0
T* = The optimal cycle time of TVC(T).

Assumptions:

»  Demand rate, D, is known and constant.

»  Replenishment rate, P, 13 known and constant.

»  Shortages are not allowed.

¢ Time horizon is infinite.

*  szc; =l

»  During the time the account 1s not settled, generated
sales revenue 1s deposited mn an interest-bearing
account. When T =M, the account is settled at T = M,
the retailer pays off all units sold and keeps his/her
profits and starts paying for the higher interest
charges on the items in stock. When T<M, the
account is settled at T = M and we do not need to
pay any interest charge.

Mathematical model: The total ammual relevant cost
consists of the following elements.

»  Amnual ordering cost = A/T.
» Annual stock holding cost (excluding
charges) =

interest

DT
hT(P - D)? _ DTh (1 B E) _ DThp
2T 2 P Z




J. Eng. Applied Sci., 2 (1): 149-156, 2007

¢+ For inventory interest charges per year, we must

consider three cases.

M

Case 1: M<L5T,as shown in Fig. 1.
D

Annual interest payable =

2 B 2 2 2
CIk[DT p_(P-DM ]/T:CIkD(DT M
2 2 2
Case2: pf<T SM as shown in Fig. 2.
- - DIT-MY
Annual interest payable = el [ ( ) VT (2)

2
Case 3: T<M.

In this case, no interest charges are paid for the items.

+ For interest earned per year, we must consider three

cases.
Case 1: [ < M <T
D
Annual nterest earned = ; (DM2 )/T. 3
o2
Case2: \[<T< M
Annual interest earned = sI (DM2 WT {4)
e 9 )

Case 3. T<M, as shown in Fig. 3.

DT | DTM -T)/T. )

Annual interest earned = | [

Tnventory level
A L. = (P-D)(DT/P)
£ D‘Tp

DT
L

P Time

T
Fig. 1. The total accumulation of interest payable when

PM/D<T
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Inmventory level
&
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Fig. 2. The total accumulation of interest payable when

MzT< PM/D

DsT

=

T

AN

The total accumulation of interest earned when
T<M

Fig. 3:

From the above arguments, the ammual total relevant
cost for the retailer can be expressed as TVC(T) = ordering
cost + stock-holding cost + interest payable-interest
earned.

We show that the annual total relevant cost, TVC(T),
is given by

TVC(T) if TEP%A ©a
. M
TVAT)={TVC/(T)  if MSTSE (@)
TV 0<T<M &)
where
A DThp DT* PM’ DM’
TVC(T) ==+ +ol - /T —sl /T
1()T ckp(2 2) Se(z)
(7)
A DThp D(T -MY DM’*
TVC,(Ty=—+ +l /T -3l /T
(T T 5 el 5 ] o 5 )
(8)
2
TVCB(T):%+@—ME[D2T +DTM =TT ()
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Simee Ty (7) TVC ( ) and TVC,(M) = TVC,

(M), TVC(T) is continuous and well—defined. ANNTVC/(T),
TVCLAT), TVC,T) and TVC(T) are defined on T=0.
Equations (7), (8) and (9) yield

. 2A —M*(cl,Pp+ Dsl h+cl
T\[C1 (T)—|: ( kzp e):| +D ( k)
2T
2A + DM {el, —sl,)—PM%cl, h+cl,
- { (cl, sl.) } Dp ey
2T
(10)
” 2 _ _ 2
v (my— 2A + DM*(cl, lee) PMcl, an
T
I 2 -
T™vE, (T) = - 2A + DM (ZCIk sI.) +D(hp+ clk) (12)
2T 2
” 2 —
Ve, (T):2A+DM 3(c1k s1.) (3)
T
Tve, (1) = e pdP ek (14)
T 2
and
TVC, (T)—zT—A>0 (15)

Equation (15) inplies that TV C,(T) 18 convex on T> 0.
However, TVC,(T) is convex on T>0 if ¢>0 and TVC,(T)
is convex on T=0 if (>0, where ¢ = 2A+DM?
(clesly and P = 2A+DM* (cl-sl,). We can find a<p.
Furthermore, we have TVC', (PM/D) =TVC' , (PM/D) and
TVC, (M) ==TVC', (M). Therefore, equations 6 (a, b, ¢)
umnply that TVC(T) 18 convex on T=0 if ¢>0. Ther, we have
the following results.

Theorem 1 :

If p<0, then TVC(T) is convex on {0, M] and concave
on [M, o).

If <0 and B0, then TVC(T) is convex on (0, PM/D]
and concave on [PM/D), oo).

If ¢>0, then TVC(T) is convex on (0, =).

DETERMINATION OF THE OPTIMAL
CYCLE TIME T*

Let TVC, (T*)=0foralli=1, 2, 3. We can obtain

|

2A + DM (cl, —sI,)— PM?c,
Dp(h+cl,)

(16)

if o =0,
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2A+ DM?(cl, —

T,* = SL) i g0 (17)
Dihp + oI, )
and
ao |28 (18)
’ D(hp+sl_)
Equations 10, 12 and 14 yield that
TVC, ( ) TVC, ( )
2
oA MF[P(P Dt (P DYesipr] U
PM
2 R,
)
and
’ ’ — z
Tve, iy =Tve, vy = 22 TPMIbeEsL) - 20)
2M
Furthermore, we let
MZ
A=-2A +E[P(P—D)h +ol, (PP -DY)+sI,D*] (1)
and
A, =-2A + DM’ (hp +sl,) (22)

Then, we have A=A,

Suppose that B<0: When (<0, then ¢<0. We can find
TVC(T) is increasing on [PM/D, <) from equation (10)
and TVC,(T) 18 mcreasing on [M, PM/D] from Eq. 12. In
addition, we can obtamn A>A,>0 from Eq. 21 and 22. By
the convexity of TVC,(T), we see

<0 if T<T* (23a)
TVC, (T)4=0 if T=T;* {(23b)
>0 if T>T,* (23¢)

Then, we have the following result to determine the
optimal cycle time T*.

Theorem 2: Suppose that p<0, then TVC(T*) = TVC(T,;*)
and T* = T,*

Proof. If p < 0, then we can find g<0, A>A,>0 and

» TVC(T)1s mcreasing on [PM/D, <) from equation (10).
TVC,(T) is increasing on [M, PM/D] from equation

(12).

Since A;>0, then TVC (M) = TVC',(M)=0. Equations 23
(a, b, c) imply that
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TVC,(T) is decreasing on (0, T,*] and increasing on
[T*, M].

Combining (1), (11), (111) and equations 6(a, b, ¢), we
have that TVC(T) 1s decreasing on (0, T,*] and increasing
on [T5* «). Consequently, T* = T,*.

Suppose that & < 0 and p> 0: When« < O and > 0, we
can find TVC(T) is increasing on [PM/D, <) from
equation (10) and A;>0 from equation (21). By the
convexity of TVC(T) (i =2, 3), we see

<0 if T<T* (24a)
TVC, (T){ =0 if T=T* (24b)
>0 if T>T*. (24c)

Then, we have the following result to determine the
optimal cycle time T*.

Theorem 3: Suppose that ¢ < 0 and > 0. Then,

(A) IfA, 20, then TVC(T*) = TVC(T,*) and T* = T,*
(B) IfA, <0, then TVC(T*) = TVC(T,*) and T* = T,*

Proof. If ¢¢ < O and B> 0, we can find A, > 0 and TVC(T)

is increasing on [PM/D), <) from equation (10). Then,

(A) Tf A, = 0, then TVC, (M) = TVC', (M) = 0. Equations
24 (a, b, ¢) imply that

(i) TVC,(T) is increasing on [M, PM/D].
(1) TVCH(T) 1s decreasing on (0, T;*] and increasing on
[T,*, M].
Combimng (1), (1) and equations 6 (a, b, ¢), we have
that TVC (T) 1s decreasing on (0, T,*] and mncreasing on
[T,*,c0). Consequently, T* = T,*.

(B) TfA; <0, then TVC' (M) = TVC (M) 0. Equations 24
(a, b, ¢) imply that

(i) TVCLT)is decreasing on [M, T,*] and increasing on
[T*, PM/D].
(1) TVC,(T) is decreasing on (0, M].

Combimng (1), (1) and equations 6 (a, b, ¢), we have
that TVC(T) 1s decreasing on (0, T,*] and mcreasing on
[T;*,e0). Consequently, T* = T,*.

Suppose that ¢ > 0: Wheng >0, allT*(1=1, 2, 3) are
well-defined. By the convexity of TVC{(T) (i=1, 2, 3), we
see
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<0 if T<T* (25a)
TVC, (Ty{=0 if T=T* (25b)
>0 if T>T*. (25¢)

Then, we have the following results to determine the
optimal cycle time T*.

Theorem 4: Suppose that ¢ > 0. Then

(A) If A, > Oand A, 2 0, then TVC(T*) = TVC(T,*) and
T* =T,*

(B) If A,> Oand A, < 0, then TVC(T*) = TVC(T,* and
T* = T,*

(C) Tf A, < O and A, < 0, then TVC(T*) = TVC(T,*) and
T*=T,*

Proof.

PM

(A) If A, > 0and A, 2 O, then TVCl’(i
D

r PM
)=TVC, (?)
>0andTVC, (M) = TVC, (M) 2 @
Equations 25 (a, b, ¢) imply that

TVC,(T) is increasing on [PM/D), «).

TVC,(T) is increasing on [M, PM/D].

TVC,(T) is decreasing on (0, T,™ ] and increasing on
[T.*, M].

Combimng (1), (11), (111) and equations 6 (a, b, ¢), we
have that TVC(T) is decreasing on (0, T,*] and increasing
on [T;*, ). Consecuently, T* = T,*.

(B) IfA>0and A, <0, then rye, (PMy -y (PM,
D D

> 0 and TVC;(M):TVC3’(M) < 0. Equations 25

(a, b, ¢) unply that

TVC,(T) 1s increasing on [PM/D, «).

TVC,(T) is decreasing on [M, T,*] and increasing on
[T,*, PM/D].

TVC,(T) 18 decreasing on (0, M].

Combining (i), (ii), (iii) and equations 6 (a, b, c), we
have that TVC(T) is decreasing on (0, T,*] and increasing
on [T,%, «). Consequently, T* = T,*.

PM

(C) IfA, < 0and A, <0, then ¢, (FM
D

- PM
)=TVC, (5

< Oand rye oy =Tve, vy < ¢
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Equations 25(a, b, ¢) imply that

¢ TVC(T) is decreasing on [PM/D, T % ] and
mcreasing on [T *, «).

»  TVC,(T)1s decreasing on [M, PM/D].

»  TVC,(T)1s decreasing on (0, M].

Combining (i), (ii), (iii) and equations 6 (a, b, ¢), we
have that TVC(T) is decreasing on (0, T,*] and increasing
on [T,*, ). Consequently, T* = T *.

Incorporating the above arguments,
completed the proof of Theorem 4.

we have

SPECIAL CASES

In this section, some previously published models are
deduced as special cases.

(I) Chung and Huang’s (2003a) model
When s = ¢, let

A DTh DT? PM? DM?
TVCM=2+ P el pl T d ()

T,

Tve,(T) = 2 4 DThe

+cl, [

ERVY 2
D(TQM) 11 —el (M,

2

2
TVC,(T) _A  DThp —cIe[DT
T 2 2

+DTM =TT,

[2A + DM%e(1, —1,) - PM’cl,
¥ Dp(h+cl,) :

T,*=

T |2AT DM%e(I, - 1)
’ Dihp + ¢l, )
and

2A

T,* =
D(hp+cl,)

Then TVC, (T*)=0fori1=4, 5, 6. Equations 6 (a, b, ¢)
will be reduced as follows:

PM

TVG(T) if T2 (26a)
TVOT)=1TVC,(T)  if MSTS% (26b)
TVC,(T) if 0 <TsM (26¢)

Equations 26 (a, b, ¢) will be comsistent with
19]

equations 6 (a, b, c¢) in Chung and Huang'?,

respectively. Hence, Chung and Huang!”

case of this study.

will be a special

(II) Teng’s (2002) model
When P, let

TVC,(T) = %+ DTh

a2 2
D(T — M) 1T s, DM

+cl [ ( 5

VT,

2
TVC,(T) = A DIh —sIE[DT
T 2 2

+DT(M-T))/T,

T,*=

7

2A + DM*(cl, —sl.)
D(h+cl,)
and

T | A
; D(h+sl,)

Then TVC, (T*)=0for I = 7, 8. Equations 6 (a, b, ¢)
will be reduced as follows:

TVC,(T)
TVC,(T)

if M<T
if 0<T=M

(27a)

TVC(T) =
(270}
Equations 27 (a, b) will be consistent with equations
{1y and (2) in Teng"?, respectively. Hence, Teng"* will be
a special case of this study.

(ILI) Goyal’s (1985) model

When P-«ands =c, let

TVC,(T) = % . DTh

- 2 2
D(T . M) 1T —al, DM

+cl, [ ( 5

M,

2
TVC,, (T)= A DTh o T
T 2 2

+DT(M -T)]/T,

Tl [2A DM, — 1)
’ D(h+cl,)
and

_— 2A
. D(h+cl,)

Then TVC, (T*) =0 forT=9, 10. Equations 6(a, b, ¢)
will be reduced as follows:

TVC,(T)
TVC,,(T)

if M<T
if 0<TEM

{28a)

TVC(T) =
{28b)
Equations 28(a, b) will be consistent with equations
{1y and (4) in Goyal™, respectively. Hence, Goyal™ will be
a special case of this study.
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Table 1: The optimal cycle time and optimal order quantity using Theorem 2, Theorem 3 and Theorem 4

Optimal cycle Optimal order

A D P c 5 L L h M o B Ay Ay Theorem time, T# quantity, DT#
100 2000 3000 60 160 0.15 0.12 5 01 =0 <0 =0 =0 2 T;=0.069227* 138
100 4000 5000 50 100 0.15 0.12 5 01 =0 =0 =0 =0 3-(A) T; = 0.062017* 248
100 2000 3000 50 60 0.15 0.12 5 01 =0 =0 =0 <0 3-(B) T, = 0.106002% 212
150 2000 3500 30 90 0.15 0.12 10 01 =0 =0 =0 =0 4-(A) T;=0.099716* 199
200 3000 4000 50 80 0.15 0.12 5 01 =0 =0 =0 <0 4-(B) T,=0.113305* 340
150 2500 3000 35 40 0.15 0.12 5 01 =0 =0 <0 <0 4-(C) T, =0.189737* 474
Table 2: The optimal cycle time with various values of P and 5
Let A = $200/order, D = 3000units/year, ¢ = $50/unit, h = $10/unit/year, Ik = $0.14/$/year, Ie = $0.12/$/year and M = 0.1y ear

8 = $60/unit s = $80/unit. s = $100/unit
P o B A A, T* o B A A, T* o B A A, T
3500 >0 >0 <0 <0 T; =0.14301* =0 >0 =0 <0 T;=0.11285% =0 >0 =0 >0 T; = (0.09964*
4000 =0 =0 =0 <0 T,=0.11758* =0 =0 =0 <0 T,=0.10620* <0 =0 =0 =0 T; = 0.09589%
5000 =0 =0 =0 <0 T,=0.10927* <0 =0 =0 =0 T;=0.09901 * <0 =0 =0 =0 Ty = 0.09]1 29*

NUMERICAL EXAMPLES

To illustrate all results obtained in this paper, let us
apply the proposed method to efficiently solve the
following numerical examples. The optimal cycle time and
optimal order quantity are summarized m Table 1 and
Table 2, respectively.

To study the effects of replenishment rate per year, P
and umt selling price per item, s, on the optimal cycle time
and optimal order quantity for the retailer derived by the
proposed method, we solve the example on Table 2 with
various values of P and s. The following inferences can be
made based on Table 2. When 7 1s increasing, the optimal
cycle time and optimal order quantity for the retailer are
decreasing. So, the retailer will shorten the ordering time
mterval since the replemshment speed 1s faster. When s
is increasing, the optimal cycle time and optimal order
quantity for the retailer are decreasing. This result implies
that the retailer will order less quantity to take the benefits
of the payment delay more frequently.

CONCLUSION

This study 1s to amend Chung and Huang’s EPQ
model (2003a) to the case where the retailer’s umnit selling
price and the purchasing price per unit are not necessarily
equal, reflecting the real-life situations. Then, we provide
a very efficient solution procedure to determme the
optimal cycle time T*. Theorems 2, 3 and 4 help the retailer
accurately and quickly determimng the optimal inventory
policy under mimimizing the annual total relevant cost. In
addition, we deduce some previously published results of
other researchers as special cases. From the final
numerical example, we find a result that 1s interesting. This
result implies that the retailer will order less quantity to
take the benefits of the payment delay more frequently
when the unit selling price per item 1s larger than the umit
purchasing price per item more and more. A future study
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will further mcorporate the proposed model into more
realistic assumptions, such as probabilistic demand,
deteriorating items and allowable shortages.
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