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Abstract: Attempt have been made to show that the equation x* — py’ = -1 is always solvable for integers if P

is a prime of the form 4n+1.
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INTRODUCTION

The study of pell’s equation x* - dv* =N using the
properties of periodic continued Fractions 1s an
ancient cnel'l.

An TInvestigation for numerical solution of the
equation X* — py’ = -1 has been carried out by BACH, B.D.
and Williams H.C . In their work they presented a table
of values of P (1<P<10% for integers x,y withy = 0.

Here we have used a different and generalized
method to show that the equation x* — py’ = -1 is always
solvable m integers if P 1s a prime of the form 4n+1. By a
representable number we shall mean a number, which is
representable as a sum of two squares.

Theorem: The equation x° — py* = -1 is always sclvable in
integer if P is a prime of the form 4n+ 1.

To prove this theorem we shall use minimality
condition and the identity™.

(AHBH(CHDY = (AC- BD)? + (AD+BC)? OR (AC+BBY
+(AD-BCY.

Since P 1s a prime of the form 4n+1 and -1 1s a quadratic
residue of P, there is a positive integer u such that

u'+1=0{modP) (D
Therefore, for some natural number m
wtl=mP (2)

Let R be the set of all positive integers for which mP
can be represented as a sum of two squares. Then R is not
empty. Suppose m, be the smallest of them. If m,=1, there
1s nothing to prove.

If m, = 1, then for certain integers x,, y, we have

m, P=x,"+ YB2 3

Obviously m, cannot divide both x, and v, . Hence we can
write

%y = %, (mod my), v, = y; (mod m,) (4
Now from (3) and (4)

X Tve =%’ +y’= 0(modm,)
Therefore, there are some m, such that

X’ +y’=m m, (5)

where 0 <m, < m,
Using the identity we get from (3) and (4)

mm, P = (xgx, + vy, ) + (X, — %y ) (6)
Now

X% T yy: = %° + y’= 0 (mod my)

Xgp — XYy = X,Y; — Xy, = 0 (mod m,)
Therefore,

m,P=a’+ b 7
Where

a= (X%, + vy, Y my
b= Xy — %y ¥ my

But this contradicts the mimmmality of m, unless
m;=m, orm,=1.

Hence in both the cases we get an integral number m,
such that

w+1=m? P

te. w-miP=-1
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Now to complete the theorem we shall show that in
mP =1’ + 1, m must be a squred number.

If P is not a number of the form w* + 1, then we must
have m>1 such that

mP=u’+1
And then for some m,< m, equation (6) yeilds.

= (xg%, + YUY1)2 + (%gy - Xqu)z
=a’+Db?

m m,P

ifm, = 1, there is nothing to prove.

But if m>1 then, since every prime factors of a
representable number 1s also representable proceeding as
above we must have a number m, < m, such that

m,*m,P =a,” + b,(say)

ifm, # 1 we must have m, <m, and so on.
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Continuing the process we shall get m =1 since P is
representable.
Thus 1t 15 always possible to have a number

m =k =m,’such that
KP =x,*+ v,°, for some (x;, v;)

Hence the thecrem.
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