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Abstract: Let, Rbearingand o is an endomorphism for
R. With multiplication rule xa = o(a)x for all acR, the set
of polynomials a,+a,x+, ..., +a.x" where a;eR, forms a
ring. The ring is called skew polynomial ring. This ring is
non-commutative due to the multiplication rule.

INTRODUCTION

Definitions and notations: In mathematics, the
quaternions are a real scalar linear combination and three
orthogonal imajinary units (denoted by i, j and k) with
real coefficients that can be written as:

H ={0,*a,i+0,j+d.k|q,.0,.0,.0, € R}
Where:

==k =1 ij=-ji=kik=kj=i;
Ki = -i; ki =ik = j, ijk =-1

For more properties of quaternions, the reader is
referred to Shomake and Quaternions. In this study, it is
necessary to know the definition of skew polynomial ring
and the center of ring. It can be found by Amir (2016,
2017, 2018) and Amir et al. (2017).

Definition 1.1; McConnel and Robson (1987): Let
R be a ring, o be an endomorphism for R and & be
a o-derivation. The skew polynomial ring over Risaring
that consists of all polynomials over R with an
indeterminate x denoted by:

R[x; o, ] :{f(x) =a,ta X+, .., +a,X"ja, eR

With multiplication rule, for all, acR, then:
xa=oc(a)+d(a)
For cases where 6 = 0, the notations R[X; o, 8] can be
written as R[X; o.] Moreover, the structure of skew

polynomial ring R[x; o] is different with R[x; o, ].

Definition 1.2; McConnel and Robson (1987): Let, R be
a ring, the center of R denoted by Z(R) is defined as:

Z(R)={reR|rx=xr,vxeR}



Agric. J., 15 (1): 7-12, 2020

THE MAIN RESULTS

In this part, we give the forms of center of skew
polynomial ring over a couple of quaternions. Let:

(a,+aji+a,j+azk, by +hji+b, j+b,k) e HxH,
o :HxH — HxH

Where:
o(a,+ayi+a, j+ak, b, +hi+h, j+b k) =
(a-ayi-a,j+ak, b, +h,i+b, j+h k)

Itis easy to show that ¢ is an endomorphism on HxH.
So, we have HxH [X; o] is a skew polynomial ring. Center
of ring HxH [X; o] is stated in the following theorem:

Theorem 2.1:

HXH[X G]) {Zn 0 Agns Gn G"+
(aerl k b6n+1(1+|+J+k)) 6n+1+
(aen+2 6n+2 (1 i—j— k)) X624
(aGn+3k b6n+3) 6n+3+
( l+I+J+k)) XOMH 4
(ae”*f‘k b6n+5 1 |'J k)) 6Msl
ai,bi [S] R}

a

6n+4? Gn+4

Proof: We show that:
Z(HxH[x;c])=P
Where:

P {Zn 0 Gn’ ( 6n+1k b6n+1(1+i+j+k))xﬁn+1+

(a6n+2Y 6n+2 l I_J k)) 6n+2+(a6n‘3k7b6n+3)xﬁn+3+

(a6n+4’ 6n+4 1+I+J+k)) 8n+4+

(a6n+5k b6n+5 l I_J k)) 5”*5 |ai’bi € R}

The proof will be divided into two parts, i.e., PcZ
(HxH [x; o]) and Z(HxH [X; o])<P. First, we show that
PcZ (HxH [X; o]):

Letp(x)eP

Let p(X) = Z;:O(aen! b )X6n+(a6n+1 6n+1(1+|+J+k)) 6n+1+
( 6n+2! b6n+2(1'i'j'k))xsn+2 ( 6n+3k b6n+3) X

( 6n+4? bﬁ"“‘ (1+i+j+k))xsn+4+( 6n+5k b n+5(:|'-i'j'k))xsﬂ+5

We will show that p(x) q(x) = q(x) p(x), Vq(x)eHxH
[x; o]. Without loss of its generality, the proof will be
done for two cases g(x). They are q(x) = (a, b)eHxH and
q(x) = (1, 1)x.

Case q(x) = (a, b). Let:

a=a,+a,i+a,j+akandb =b,+b,i+b, j+b,k

Then:

p(x)q(x) _ zt (aen, ben)xen+(a6n+1k’ By (l+i+j+k))xﬁn+1+

a6n+21 6n+2 l_l J k)) 6"+2+

6n+3

a +

( 6n+3 6n+3)

(a5n+4' on+4 1+|+J+k)) X614 4

(a6n+5k by, (1-i-- k)) X6+

(2g+a,i+2, j#a,K by +b,i+b, j+b k) =

z;=0|:(a5n, bsn)

o™ (a,+a,i+a, j+ak, by+b,i+b,j+b,k)x""+
on:Ks b6n+1(1+i+j+k))

o (a,+a,i+a, j+agk, by +hyi+h, j+b k) X"+

(a
(asmzr onsz (LJ k))

Gﬁn+2(ao+a1|+azj+a3k, b0+b1i+b2j+b3k)xen+2+
AgnagK, D55 )0
(a,+aji+a,j+ak, by+b,i+b, j+h k) X"+
(a6n+41 onsd 1+I+J+k))

en+4(ao+a1|+a2j+a3k, bo+b1i+b2j+bak)x6”*4+

(e}
(a6n+5k’ b6n+5 (1-|'J'k)))
o’ (a, tayi+a, jtask, b0+b1i+b2j+b3k)x5n+5]

So:

P()a(x) =3, _,[@.bs)
(ayt+ajita,jtazk, b, +hii+h,j+h k) x* +

(a6n+1’ b6n+1) (aok - a1j+azi - aa’(bo - b1 - bz - b3)+

(bgtb,+b, - by )i+ (b, - b, +b,+b,) j+
(bo by = b, +0, )XT™ + (g5, Bensz )
(aptaji+a,jrak, (b, +h +b,+b, )+
(-by+b, - b, +by, )i+(-by+b, +b, - by)

J+ (b - by +0,+b X2+ (85,5, Benis )

6n+3

(apk -a,j+a,i -ag, by +h,i+bj+h k) X" +

(a6n+4 ' b6n+4 ) (ao +ali+azj+aakr ( bo 'b1'b2 'ba ) +

(bothy+b, - by )i+ (b, - b, +b,+b,)j+
(b0 +b,-b, +b, ))X6"+4 + (8gn45: Dgnss)
(ak-a,j+a,i-a,,(by +b, +b, +b;)+
(-bg+b,-b,+by, )i +(-by+h, +b,-b, ) j+
(-bg-b,+b,+b, )X

On the other hand:

)
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q(x)p(x) = (a, +a,i +a,j+ask, by +bji +b,j+b.k) p(x) a(x) = q(x) p(x), then such that pcZ (HxH[X; o]).

t o o onst Second, we show that Z(HxH [x; o])<P. Let, P(x)eZ
aEin’thn X7+ a6n+1k b6n+1 1+ I+]+ k X +

(2o B 4 (ririeio) (it b . s p0 s p0) 60 =60 0 Y409

(Bgnez: Do (1-1- - K)) X2 4 (@g, K, by ) X2 + eHxH [x; o] and p(x) =3" ( ". By choosing q(x) =
(a6n+4 b6n+4(1+i+ j+ k)) 6n+4 + (J |) then
(aGIH-Sk b6n+5(1 i- J k) 6"*‘5] Zn O(asn’ben)
(ap +a,i +a,j+a.k,by +bji+b,j+bk)x’n+ p(X)q(X){Z; o(3,,0,)x }( i)=
(a(en+1)vb(en+1))(aok'a1j+azi'a3|(bo 'bl'bz'ba)"' (ao )X +(a b. )X +(a2 )X +(a3 )x3+ .
(g +b, +b, -b,)i+(by-b, +b, +by)j+ (a,,0,) %" +(a5,b5) x*+ (a5, bg ) X +...+ (a,, by ) x' G
(b0+b1-b2+b3))X6"+1+(:’:16n+2,b6n+2) (2) :(a0 0)( (j I))X +(a1, 1)( (] I))
(a, +aji+a,j+azk, (b, +b, +b, +b;)+ (a,,b )( (j, |))x2+(a3,b3)( (], ))
(g +by,-b, +by)i+(-by +b, +b,-b,)j+ (aA,bA)(G“(J |))x4+(a b )( ; ))x5+
(-bo-b1+b2+b3))X6n+2+(a5n+3vben+3) ( b )( 6( )) + +( b )( ( )
ag, b, )X a,, i
(aok'a1j+azi'a3vbo+b2i+b3j+b1k)xen+3+(asn+4|bsn+4) ’ oY b oy K (5)
= + +
(ao+a1i+a2j+a3ky(b0'b1'bz'b3)+(bo+b1+b2'b3)i+ p(xi)q(X) (aO )LJI)X_ _(al )(Jb )Xk
+ +
(bO-b1+b2+b3)j+(b0+b1-b2+b3))xen+4+(a6n+5’b6n+5) (a2‘ 2)(IJ) 5 (a )(J I)X6 (a4’ 4)(J' )
L . (85, 05) (-1, )X+ (a6, b5 ) (3 1) X+,
(ak-a,j+a,i-a,, (by+b +b, +b,)+(-b, +b,-b, +b,)i+ _
(a.b,) (0" (j.i))x!

(-by +b, +b, -by) j+(-by - b, + b, +hb, ))x*"

o
—
x
=
o
—
x
=
Il
—_
Qo
S

b) ()X (2, b,) (4. k) '+

From Eq. 1 and 2, we can see that p(x) q(x) = q(x) (82,52) (1 )x"+(2,b, )(-J:’ _i)xs +(8,,0:) (k)X +
p(x). Case q(x) = (1, 1) x: (25,05) (-1,3) X"+ (8,0 ) (3.1) X°+...., (8, b, ) (0" (1.1))X'
t 6n 1+i+ :
p(X)q(X) :[Zr\:o(aGn’bGn )X +[a6n+1k’b6n+1[j+:( jj Furthermore
X7 (B (1)) X 24 a(x)P(x) =) 1 0P Q)X =
(505K, g )X+ (g0, Dy (LHHf+K) )X+ 3 (31)(a0,bg) +(3:1) (b, )X +(Ji 1) (a,,b, ) x*+ )
(2gnssKi bgyes (171K ) )X ] (L1) x = (31) (a3, by )X+ (J1) (a0, ) x* +(Ji1) (a5, bs ) X*+
[0 (B0 Don ) X"+ (85,.1K D6, (144K )) (31)(36,be)x"+..+(jii)(a,,b,)
X6M2+aen+zvbsn+2(l'|'J'k) xE+ ( 6n+3k b6n+3) onvat
(g1 Dgnea (THI+j+K) ) X0 Because p(x) g(x) = q(x) p(x) then (Eg. 5) = (Eq. 6), we
get:
On the other hand: o
(ao'bO)(“)=(J")(aovb0)
A(P() = (LA (2 by )"+ Let:
(a6n+1 6n+1 l+|+J+k)) 6n+1+
(a6n+2 6n+2 1 i-j- k)) MU (aen+3kvbsn+3)xan+3+ a, :ag+a}]i+a§j+agk
6n+41 6n+4 1+ * +k 6H+4+
e ) @ And
(@gnssK: Dgpas (1-i-5K))x°"*] =
Do @ans D X (8K, by (L HK) ) X2+ b, = b+bli+b2j+bik
(a6n+2 6n+2 1 I J k)) 6H+3 ( 6n+3k b6n+3)xenm+
(a6n+4Y 6n+4 1+|+J+k)) 6n+5+(a6n+5k)'b6n+5(1-i'j'k)xen+6 Then
From Eq. 3 and 4, we can see that p(x) q (x) = q(x) (@0}, bo) = (12,1, )

p(x.) From the two cases q(x) above it proves that  So, we have:
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(agvativaiva )= jagalisaiivalk)
agjragk-a2-aldi =adj-agk-a2+ali

ask =-atk—ag =0

Ali=ai—>al=0

. 0 ,2;
S8y =a,1ag)

(b3 +bgi+bgj+bok )i =i( by +bji+h3 j+bik)
bGi-bt -2k +bj = bli-b} +bZk-b?j

b2k = bk — b2 =0
bgj=-Qai —>b; =0

by = Db +bii

(al,bl)(-j,k) = (j,i)(al,bl)

a, =a)+ali+a’j+a’k
b, = b0 +bli+b2j+hlk

(-a,d,bk) =(ja,ib,)

So, from this equation, we get:

And:

Let:

Then:

a, = aji+a’k

b, = b + bli + b?j + blk

(az,bz)(j,j):(j,i)(az,bz)

(a,,b,)G,0) = (.0 (a,,b,)
b, = b + bli + b2j + bk

(a,5,b,]) = (ja,.ib, )

So, from this equation we get:

And:

a, =aji +a’k

b, = bY +bti + btj- bk

(asvb3)('jvi) = (j,i)(as,b3)
Let:

a,=aj+aji+alj+alk
b, = b2 + bk +b?j + bk

Then:
(-a3j,b3i) = (jazribs)
So, from this equation we get:

— ali 3
a, = agi +azk

And:
b, = b + b
(a,0,)(J. k) = (§.1)(a,.b,)
Let:
a,=aj+aji+alj+alk
b, =bS +bji +b2j+blk
Then:

(a,j,b,k) = (ja,.ib,)
So, from this equation we get:

— A0 2
a4_a4+a41

And:
b, = bY + bli + bj+ bik
(as,b)(-3,1) = (J.1)(as, bs)
Let:
a,=al +aji+alj+alk
b, = b2 +blj + b2j + bk
Then:

(-5, bsj) = (jas,ibs)
So, from this equation, we get:

a; =aji+ak
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And:
b, = b + bti + bj- bk
(a:be)(1,1) = (1) (a5, be)
Let:
ag =a)+ali+alj+ak
b, = bC + bii + bZj+ bik
Then:

(asi.bei) = (jag,iby)
So, from this equation we get:

a, =2 +ag]
And:

b, = b + bt

Based on the results above, it can be concluded that:

For coefficients x®" can be written as:

(0,0, ) X*" = (5 +a3j, b +b5i ) x°

For coefficients x5 can be written as:
(Rgns1 .1 ) X" = (ati+ark, b) +bji+b) jrbik ) X

For coefficients X" can be written as:

(a6n+21b6n+2)xen+2 (a I+a k b0+b1|+béj bo ) 6"+2

For coefficients x™** can be written as:

(a6n+3’b6n+3)xen+3 (a i+agk, b +bi ) X

For coefficients X" can be written as:

(gnsar Dayeg ) X" = (a4+a41 b2 +bi+h?j-bik ) X+

For coefficients x®™*® can be written as:

(Bgnss: Denes ) X = (agi+adk, b +bji+hy j-bZk ) x°"*

Hence, p(x) can be written by:

11

p(X):Z; 0(a6n1b6n)xn =
z; -0 [(aGn’ )X +(a6n+1+b6n+1)x
(a6n+2' b6n+2) BMZ
( b

6n+1+

+

(a6n+4‘ b6n+4)X6M4 +
6n+5] —

6n+3
a6n+3’ 6n+3)

(86nss:Denes )X
> (aS+azj by+bhi)xe+
(agi+alk, bii+bji+b)j+bjk ) x*" "+
(aji+azk, b3 +bji+b} j-bok ) x*"*+
(ai+adk, b +oji )%+

(a]+a2j, bl +bji+hgj+bik)x* "+
(aji +agk, b2 +bii+bgj-b2k )x*"®

Choose q(x) = (i, j), then:

p(x)a(x)=[ T, ,(ad+a2j, by +bii)x+
( aji+a’k, b°|+b1|+b°J+b1k) N
-
(ati+ask, b+bii ) x“ %+

(a4+a41, bC+bti+h? j+bik ) KO 4
(a5

ayi +agk, b +bi+by b2k ) (i, j)

So:
P(x)a(x) =X, ,(ab+azibg+b5i)Gi, x*"+
(ati+afk, b +bji+by j+oyk ) (-i,i) X+
(abi+a3k, b3 +bji+by j-bok ) (i, k) "%+
(asi+adk, b +o3i ) (i, x°""+
(g +alj, b +bli+hej+bik ) (i,i)x*"*+
(a3 +adk, by +bli+by j-bek ) (i, k) "
Furthermore:

a(x)p(x)
(a I+a3k b0+bll+boj+b1k) N
(aji+ask, b +bji+b}j-bok )2+
(a |+a k b0+b1 ) NS

(a 4j1 bg+bii+b2j+bik)xen+4+
(ati+alk,bl+bi+bij-bk )] =

(i) (a5 ag b b} ) +

=(i,J)[X, ,(ap+asj b +hpi)x*"+

U]



Agric. J., 15 (1): 7-12, 2020

(i, j)(ati+aik, by +bli+b{ j+bik ) x*"+

i, J) (agi+ak, by +b5i+by b0k )x* 2+
2

(l.J)(a3l+a3k b0+b1 ) 6n+3

(l J)(a +a4J b0+bll+bgj+b1k) VT

(i.)(a

i, j) (@i+aZk, by +ogi+b} j-b2k ) x**

)

Because p(x) q(x) = (X) p(x) then (Eq. 7) = pers (Eq. 8),

we get:

(ag+agi. g +b3i) (i, ) = (i ) (ag +ag), b +b3i)
(aSi-agk, by j+byk ) = (afi+azk, b j-byk)

Then:
-a’k=a’k—a2=0
bik =-b%k— b} =0
(agi+alk, b +bji+b]j+b} ) (-i,i) =
(i, J) (ali+agk, by +bji+b j+bik )
(ai-a7j, byi-b}-bk+byj) = (-aj-a7j, b? j-bik-b; +bji )
Then:

a) =-a
b = bl

—a;=0

— bl =h}

(agi+adk, b+bi+blj-blk)(i,k) =
(i, j) (i+a3k, b +bji+b} j-bok)
(-a3+a3j, bok-bj j+oji+b3 ) = (-a3-a3j, b3 j-bsk-by-bi)

Then:

ajj=-a;j —aj=0
b2k = -bik — b? =-b}

(abi+adk, b +b3i)(-i, ) = (i, j) (asi+adk, b +b3i)

(a5-a3j byj+bik) = (-a3-a3j, b3 j-b3k)

Then:

-ai=-a;—>a;=0
bik = —blk b} =0

(ag+ajj, bl +bji+hlj+bik) (i) =
(i, J) (a8 +a3j, b} +bji+bl j+bik)
(ai-ajk, bji-b;-bok+bij) =
(afi+aik,bgj-bik-bg +bik)

£O0 £O

12

Then:

-a’k=a’k—ai=0
b%i = bti —bf =D},

(ati-ak, bl+bii+btj-bk)(-i,k) =
(i, j)(ai+aZk, b +bgi+b} j-bok )
(a5-a3], bSk-bi j+bii+bgk ) = (-a5-adj, bEj-bi-bSi)

Then:

aj=-at—a;=0
b% = -bik - b? = -bl

So that:
p(X) Zno a6n Gn)X +(a6n+1k b6n+1(l+|+J+k)) 6n+1
(aemzn 6n+2(1'|'1'k)) X2+
( 6n+3k b6n+3) 6n+3+

(a6n+4’ 6n+4(l+|+J+k))X6n+4+

(a6n+5 K, b6n+5 (1-I-J-k)) X"
Where:

a;,b,eR
Therefore, p(x)eP, it show that Z(HxH [X; o])<P
because PcZ (HxH [x; c]) and Z(HxH [x; o])<P then it
proves that Z(HxH [x; c]) = P.
CONCLUSION

In this study, will describe the center forms

of skew polynomial ring over a couple of
quaternions.
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